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The Schr'odinger equation is solved in a semi-infinite molecular crystal. Exciton
states localized at the surface are found. The energy spectrum of surface excitons is obtained.

by Van der Waals forces, and the binding energies
are much smaller than the dissociation energy of
a molecule. These properties are indicated by the
fact that, when a molecular crystal sublimes, the
molecules evaporate without dissociation. The
weak binding of the molecules in the crystal preserves to some extent the individuality of each
molecule and allows us to use the most powerful
method of calculation, perturbation theory.

I. INTRODUCTION

A

S. DA VYDOV 1 investigated the excited states
·• (given the name "excitons" by Ia. I. Frenkel')
of an ideal molecular crystal. If the number of
elementary cells in the perfect crystal is large,
it is obviously permissible to regard the crystal as
infinite and to impose periodic boundary conditions.
It has been shown theoretically 2 that in a large
crystal the finiteness of the volume, if taken into
account accurately, does not lead to a noticeable
disturbance of the normal motions. But the assumption that a crystal is infinite necessarily makes it
impossible to investigate physical phenomena occurring at the surface. Very few papers 3 have
been written on this subject, mainly because the
disturbance produced by the free crystal surface
is not small compared with the molecular interaction energy, and therefore ordinary perturbation
theory is inapplicable. I. M. Lifshitz's theory of
regularly degenerate perturbations 4 - 7 makes possible some significant progress in this direction.
Our problem is to study the behavior of an excited state (exciton) at the surface of a molecular
crystal. For simplicity we consideT a cubic lattice with one molecule per unit cell. We neglect
the molecular motions, i.e., we study a "free'
exciton. The equation for a stationary state of a
molecular crystal can be written in the form

"' nm

Since V 0

function for the crystal can be expressed in the form
<I)= 'f -N' · · 'f -1<f'o<f'1· • · 'fN

where

Hn

=IT <f'm·
m

Here (2N 1

+ l) (2 N 2 + l) (2N 3 + l) = 2N + l is the

number of molecules in the crystal, and cp

m

is the

eigenfunction of a single molecule.
Suppose that the nth molecule absorbs a photon
and makes a transition to an excited state. Then

Cf' n ...... Cf' / , where cp n f is the molecular wavefunction of the excited state. The wave-function
of the crystal will he a superposition
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Here \a no [ 2 is the statistical weight of the state

(l)
1l

is small, an approximate wave-

nm

is the energy operator of the molecule in
-"

0
the n'th cell of the lattice, v\nm
the interaction

operator between the m'th and n'th molecules, 2
the eigenvalue, and <1> the wave-function of the
crystal. The summation extends over all molecules
in the crystal, and the prime means that the terms
with n = m are omitted. The molecules are hound
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in whioh the excitation is carried by the nth molecule. From the definition of an ideal crystal it
follows that this quantity should he independent of
n. The antisymmetrization of the wave-functions
gives rise to very complicated formulas without
significantly changing the results, and will for the
sake of simplicity he omitted in our analysis. We
substitute Eq. (2) into Eq. (l), multiply by X f
m

and integrate over the internal variables of the
molecular wave-functions. The result is
~I

f

0

f

0

LJ MnmGn-8 am= 0,
n

(3)
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where

f

(7)

(4)

Vo

Mfnm- ('j (!)1mTm
wf nmTn1n
mf (!; d 't.,

nm

f represents all the remaining terms, in-

cluding the eigenvalue 2 (see Ref. l, in which the
same notations are used).
The matrix element M f determines the probanm

bility for transferring the excitation from the nth
molecule to the mth. The formula shows that the
greater the interaction energy, the more rapildy the
exciton will migrate. Hence when we go from
molecular to ionic crystals the migration velocity
will in general increase. Further, the exciton will
migrate with highest probability and therefore with
highest velocity along those crystallographic directions in which the interaction is strongest.
If the interaction is due to a dipole-dipole force,
·then the transfer probability is W "" IM
2 ,....., R -6,

nm

nm

where "'
A nm is a perturbation operator. If the
nth and mth molecules are on opposit~ sides of
the cutting plane, then by definition V nm "'0. If
the moleculep are on the sarre side of theplane,
A
O
then V
nm
nm , an d t he pertur bation opera-

=

tor is zero, except for molecules at the surface.
Thus it i:s assumed that the perturbation does not
penetrate deeply into the crystal.
We substitute Eq. (2) into Eq. (6), multiply
by X ,£ , and integrate over theinternal molecular
variables. The result is

hn\

where R is the molecular separation. Any vibration of the crystal, even if the changes in the
molecular separations are small, will produce a
strong effect on the interaction, on the migration
velocity, and finally on the line widths in the
optical spectrum.

n

(8)

n

where

f

n

/denotes all the remaining terms, as

before. The index n may be represented as a
vector n = n 1 i + n J. + n k where i J. k are

II. THE SEMI-INFINITE CRYSTAL

2

In an ideal crystal

I

a n

°

12

is independent of

.the index n, since all molecules in the crystal are
equivalent. In a finite crystal the molecules at
the surface are distinguished from molecules inside
the crystal, and the values of I a ~ I 2 will be different.
Suppose that a crystal is cut by a plane and the
interaction between molecules on opposite sides
of the plane ceases to exist. Between the molecules
in each half of the crystal we suppose the interaction to be the sarre as in theinfinite crystal. The
lattice is supposed to be undisturbed, except for
molecules close to the cutting plane where the interactions are different and some disturbance of
the lattice may occur.
The equation for the semi-infinite crystal is

nm

"' 0
differs from V

nm' Equation (5)

may be written in the form
~ A
~/ Ao
"'l/A
( ~Hn+
1 /zL.J Vnm- 1 /2L,JAnm
n

nm

nm

'

'

3

k't' == ~ (T: I Ni) b/1 '1i•
i~2

Here b i -l is a vector of the reciprocal lattice,
,

b 3 are vectors of the physical lattice

defining a plane cell.
This ansatz for the amplitudes means physically

nm

"'
The operator V

'

The problem can now be reduced to one dimension. Since thecrystal remains periodic in the
plane of the vectors j, k, we can write

and b 2
n

3

generators of the cubic lattice. The cutting plane
is parallel to the plane of the vectocs j, k and
passes through thepoint n 1 = 0.

(6)

-£

)

<P=O,

that we resolve the exciton wave into three directions and let these three component waves propagate independently of each other. The probability
of finding the exciton at a given position (molecule) n 1 , n 2 , n 3 , is then the product of the
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probabilities for finding it in the J;hreeplanes pa~s
ing through that position perpendicular to the lattice
axes i, j, k.
We sum separately over thevariables n 2 , n 3 ,

n,

11

Mn,m (k . . )

!=

~

einTk'r

M~,mn,n,.

n2ns

In the same way we write

n

n,

This summation means physically that we are considering the interaction of the mth molecule with a
whole plane, say the (m +g) th, of lattice-sites.
The interaction of the mth molecule with the lattice
plane in which it itself lies will not be disturbed by
the cutting plane, and this interaction therefore
does not affect the amplitude a m or the energy
level. Pictorially, we may say that the cutting cf
the crystal, with the assumptions which we have
made, changes its properties only in the n direc1
tion. Now n 1 may coincide with m.
The equation for a one-dimensional chain may
he written

Henceforth we shall write n instead of n

1•

To avoid writing the factoc l/2, we suppose it
henceforth included in the definition of each matrix
element.
The first two terms represent the perturbation
acting between the first layer of molecules of the
left half of the crystal (n :':_ 0) and the first layer
of molecules of the right half. This Rerturbation
must be assumed a little larger than V ~ 1 , since in
our model there is some interaction between the
first layer of the right half and the second layer
on theleft. To avoid having additional terms in the
operators, we suppose this perturbation of the first
layer on the right by the second layer on the left
to he already included at the beginning of the cal culation. The magnitude of this perturbation will
affect the numerical values but not the form of our
results. The third and fourth terms represent the
change in the interaction between thelayers n = 1
and n = 2. The surface layers of the crystal will
be compressed in the direction normal to the surface, and l is a measure of the magnitude ofthis
effect. The fifth and sixth terms are the perturbation of thelayer n = 2 by thelayer n = 0. The o ik
are Kronecker sybols.
III. THE PERTURBATION OPERATOR

We consider the one-dimensional perturbation
operator as it was before the transition to matrix
notation:

In

nm

matrix notation, the system of equations (9) becomes

m n

First we transform it as follows:

(M- A- s{E) a= 0,

(ll)

(10)
n

n

Here M is the matrix with elements Mn~ , E is
the unit matrix, A has elements A nm
f and a is a
column -matrix.
We consider the case in which the molecules interact not only with nearest neighbors but also
weakly with next-nearest neighbors. Since we are
now interested only in one half of the crystal (with
n 1 2: 1), the perturbation operator may be written

flnl

2

=

2} ~
n

(aniOno

+ ~niOn, + Xn;0

112 )

(.---ocJ

The coefficients a. , [3, y, etc. in Eq. (ll) are determined by requiring that the final expression
after expanding the brackets becomes identical with
the preceding expression. In matrix notation the
operator (ll) becomes
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(12)

2

.A= ~ ~anL~L~;
nm i=1

(13)

Eq. (10) may be written

vectors of the unperturbed and perturbed system are
constructed in our model from the same basic states
(the unit matrix is the same). From Eq. (15) it
appears !that the perturbed vector a has only 3 components different from zero, indicating that the
exciton is localized close to the surface. In the
expansion coefficients of the vector a [Eq. (15)]
there appear the coefficients £ 0 , £ 1 , £ 2 defined by the expansion (14). To complete the so-

£0

lution of the problem we must calculate

a= (M- r:/Ef!Aa.

fl
' J..;

1 '

£2 .

1

By operating with L

11

1

on Eq. (15), we obtain

We express the vector A a as a superposition of
eigenvectors of the1:1nperturbed system, A a
= ~ £ n a n ° , the vectors a n ° being orthogonal
to each other. The orthogonality coooition implies
Sf' n

= a~

Aa,

(14)

2

.7'o

= ~ aZ (L~Lta1 + L~L~a 2 ),

The operation of L n 2 gives the analogous result

i~1

2

-"\ =

~ a~ (L;L~a0

+ L{L~ a

+

2 ),

.'=1
2

.2'"2

.'? 1
AI-

c:{

Lia~

+

These equations reduce to the form

= ~ ag (L~L~a 0 + L~ L~a 1 ).

(16)

1'=1

All the remaining coefficients are zero, since in
the perturbation operator only three matrix elements are different from zero. We now let the
operator (M- l 1 f E )-1 act upon A a :

a= (M- s{Et 1 Aa =

.7'n

). 0 -r/1

+
a1

aZ

2

'

is an eigenvector of the unper-

turbed problem, i.e., it is an eigenvector of the
operator M and A n is the corresponding eigenvalue.
The absolute square I a i

12 ,

-N ~ i .::._ N, of

the ith component of the (in general infinite-dimensional) vector a in Eq. (10) is the probability
of finding the exciton at the ith molecule. The
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1
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therefore commute with the operator (M-e/ £)"1.

°
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The coefficient £ in the expansion of the vector
A a in terms of the a 0 are c-numbers and

The vector a 11

(L~
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Using the condition that the two halves of the
crystal a~re identical, we have put I a 0 I = Ia 1

I.

In order thaJt Eq.(16) should have a non-zero solution, the determinant must vanish, and this gives
a quadratic equation for l 1f .. When l f 1s
.

1
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known, the coefficients can be calculated from
Eq. (15), and hence £ 0
£ 0
and finally
the eigenvalue

2,

'

1 ' .L 2 '

can be determined.

IV. CONCLUSIONS

The solution which we have found[Eq. (l5)et seq.]
extends only over the region of the crystal which
is disturbed by the surface. We saw that a
n 1

=

an

1

onl 2

+an

1

2 ,

i.e., the amplitude is non-

zero only at the surface. Such a solution, obtained
by writing Eq. (10) in the form

a = (M- c{ E) Aa
exists only where the operator A is different from
zero. Inside the crystal, where the surface has no
effect on the molecular interactions, Davydov 1
has shown that solutions have the form of a plane
"t
i (kn-wt)
exc1 on wave e
. Using Davydov's
terminology, we may call the solution (15) a surface
exciton wave, as opposed to a volume wave.
The surface exciton wave, which we call for
brevity a surface exciton, occupies levels distinct
from the levels of volume excitons . The number
of lattice planes, into which the surface exciton
penetrates, is fixed by the depth of penetration of
the surface perturbation. The number of levels of
a surface exciton -in turn cannot exceed the number of lattice planes into which the exciton penetrates. Or if there are not one but a.. molecules
in each plane cell (b 2 b 3 ), then each lev~l splits
into a.. bands. Each band finally has a continuous
structure connected with the variation of the surface wave-vector k .,. of the exciton.
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To observe a surface exciton spectroscopically,
one must use a crystal with a large inter-molecular
interaction. The heat of sublimation should be
of the order of 10 kilo-calories per mole. The
experiment must be done at the lowest possible
temperature, and the specimen must have a large
surface-to-volume ratio, (for example, a powder).
Mosaic structure and microscopic cracks in a crys tal should also cause surface excitons to appear
at internal surfaces.
The method of calculation which we have used
can also be successfully applied to problems connected with any kind of lattice irregularity in molecular crystals.
In conclusion, the author expresses his thanks
to V. L.Levshin for his interest in the work, and to
A. S. Davydov and I. V. Ohreimov for valuable
advice and criticism.
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