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As is well known, the requirement of gauge invariance of the equations for arbitrary spin
induces a vector field, where the vector character of the field is prescribed by the locality
of the transformation. Similarly, we can derive in as natural a manner a gravitational interaction in terms of a tensor field, by assuming that the parameters of the Lorentz group
depend on the coordinates. It can be shown that the known affinity coefficients can be obtained in the case of a spinor field. Gravitational coupling to a scalar field for the KleinGordon equation is given by the ordinary affinity coefficients.
SAKURAI [i] has recently proposed an interesting method of introducing vector boson fields.
To each conservation law there corresponds a
phase transformation which induces a vector field,
in the same way as charge conservation, connected
with invariance under the transformation 1/J' =
ljJeiACx), leads to the introduction of the electromagnetic field described by the gauge invariant
vector potential A~ = AJ.l. + BA/ axJ.l.. The isotopic
conservation laws (baryon charge, isospin,
strangeness) correspond to invariance with respect to definite phase transformations. In contrast to the usual treatment, the phase transformation parameter is in this case not considered
constant, but depends on the coordinates in such
a way that it has differing values only in points
separated by space-like distances. In other words,
we impose the natural requirement that the phase
transformations in such points be independent
of one another.
Since phase transformations with coordinatedependent parameters do not any more commute
with derivative operators, they will give rise to
additional terms in the field equations which cannot have any physical meaning. One therefore introduces new vector fields which transform in
such a way under the gauge transformation as to
cancel these additional terms. This is completely
analogous to the procedure one uses in the case of
the electromagnetic field. We should like to call
attention to the fact that, by analogous considerations, one can introduce not only vector fields, but
also tensor fields with zero rest mass (in the
case of an exact conservation law), and, in particular, a field with spin 2.

This is a natural way of introducing a field
which is in many respects equivalent to the gravitational field and yet follows from considerations
which are different from the usual ones of Einstein.
We must start with a generalized Lorentz transformation the parameters of which, while always
satisfying the condition

(1)
are not constant, but depend on the coordinates in
such a way that for all time-like vectors aO!
(a O!aa < 0 )
(2)

For space-like aCI! the left-hand side of (2) is
arbitrary. As a result, the components of the Minkowski metric tensor gJ.l.V• viewed locally, will depend in a definite way on the coordinates, conserving everywhere the Galilean values g~}J(x) (orthogonal system rotating around spatial directions ) .
Since the metric tensor depends on the coordinates,
the differentiations in the field equations must be
replaced by covariant differentiations which give
rise to the appearance of an additional term involving a Christoffel symbol with a gJ.l.V of the
particular form mentioned above. At the same
time the Lorentz transformation can be given the
form of a phase transformation, which emphasizes
the analogy to the introduction of other boson fields
even more (see below).
For clarity, let us first consider the simplest
case of the equation for a scalar field cp, which
can be written in covariant form:
(3)
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In our case the metric tensor ga/3 in (3) must have
the Galilean values everywhere, and its derivative
in space-like directions must be different from
zero:
g"-P (x) = g<o> "-13 (x);

a• ogcxil (x) 1ax• =

o,

OXCJ. oxfl

+ oh"-il (x) ~- m2cp =
axcx

0.

(5)

axil

In order to remove the additional term involving ahaf3;axa, which does not have any physical
meaning by itself, we must, according to the basic
novel idea, introduce a field with the corresponding gauge group transformations. This field will
evidently be related to the field cp in the same way
as the linearized gravitational field and must, by
gauge invariance, have a vanishing mass.
In the general case of a field with arbitrary
spin we can start with the equation

r,a;'Y + im'J!' = o.

(6)

We give the Lorentz transformation the form of a
phase transformation by associating with it the
matrix
l;i = exp [ {- Esph/h;;. (g 1mbtj- gubmj)

J,

(7)

where hf are the unit vectors of the orthogonal
coordinates and Esp are the ~roup parameters.
Let us now assume that the hm are not constant,
but are functions of the coordinates in the sense
explained above. Then the transformations (7)
will not take Eq. (6) into itself but into
(8)

where
(9)

where the Ips are the infinitesimal generators of
the representation of the Lorentz group. In the
general case we must therefore also introduce a
compensating field <I>a which transforms under
gauge transformations as
(10)
Using the following formula for the derivative
of an operator exponential [ 2]
1

_!}_ eA (I)=
dt

eA (I)\' e-sA (I)

J

A' (t) esA (t) ds

-

1

:oest

= fmt oxa.

~

.

~ exp {tf (Emsbpl

(11)

+ B,zflpm + Bpmflsz)} df.

(12)

Here we have made use of the formula [ 3]
(13)
where ( k I bi I 0'.) = I cfk 1. and the cfk are the
structure coefficients of the associated Lie algebra
Xi· If (13) is substituted in the relation [ XiXj]
= cfJxa for the Lie algebra, it leads to the well
known Jacobi identity.
In the particular case of the Dirac equation,
(14)
From this we find the known affinity coefficients
obtained earlier [4., 5] by covariant differentiation
of the spinors. In the case of the Klein-Gordon
equation we obtain the expression quoted earlier.
We note that one can take account of the nonlinear character of the gravitational field with the
help of interaction terms in the equations for the
new field itself, which must be introduced owing
to the presence of derivative terms in the equations.
Finally, we call attention to the fact that the
conservation law for isotopic spin and, possibly,
baryon number are not exact, [ 6, ?] which induces
a nonvanishing rest mass in the corresponding
boson fields of Sakurai. In analogy, the presence
of gauge noninvariant terms (of the type of the
cosmological term) in the gravitational field
equations can be related to the violation of
Lorentz invariance at small distances of the
order A. - 112•
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0

and the relations of the Lie algebra, we can write
the expression for saQI.s- 1 in the form

+ Btpflsm

0

(4)

Using (4) and writing g0'./3(x) = g0'./3(0) + h0'./3(x),
we find from (3) that a Lorentz transformation of
the above-mentioned type takes the free scalar
field equation into the form
g (O) cx{3 ~-
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