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A phase shift analysis is made of the available data on pp interaction near 660 MeV, including the results of measurements of the inelastic scattering, polarization, and depolarization
differential cross sections, the triple scattering parameters R and A, the spin correlation
parameters CKP and Cnn, the total pp-interaction cross section, and also the total cross
sections for the reactions pp-- 1r+pn, pp-- 1r+d and pp-- 1r 0pp. The statistically best set
is obtained for the real parts of the phase shifts and absorption coefficients (solution 1 in
Table II). The real parts of the phase shifts thus found can be smoothly connected with the
corresponding YLAM solution [ 2 , 4 ] and solution 1 in [ 3]. It is found that, in accordance with
the peripheral model of inelastic processes, 3 F-states significantly contribute to 1r-meson
production.

1. INTRODUCTION
DATA on pp scattering at energies E ~ 310 MeV
were subjected toaphaseshift analysis in many
investigations, a review of which is given, for example, in [ 1]. The greatest accomplishment of
recent years in this field is the representation of
the entire aggregate of available experimental data
on pp scattering in terms of the phase shift [ 2- 5].
It was possible in this way to overcome, to a considerable degree, the ambiguity of the phase-shift
solutions, arising in the analysis of results obtained for one value of the energy, and to establish
the energy dependence of the phase shifts of states
with l ~ 4 in the interval from 9. 7 to 345 MeV.
The performance of the major part of the ppinteraction research with the six-meter synchrocyclotron in Dubna has uncovered the possibility
of carrying out a phase shift analysis in an energy
region where pion production processes must be
taken into account. Recently Hoshizaki and Machida [ 6 ], who estimated the imaginary parts of
the phase shifts of the 3P-, 1D 2-, and 3 F states
on the basis of the resonance model for the production of pions in nucleon-nucleon collisions developed by Mandelstam [ 7], have carried out a
phase shift analysis of the differential elastic ppscattering cross sections, polarization, and depolarization at 660 MeV without an acpount of Coulomb interaction effects and the contribution of
one-meson exchange. At the same energy, an

analysis of pp scattering was carried out on the
basis of all the available data in Dubna by Zulkarneev and Silin [ 6], with an account of the Coulomb
interaction and the contribution of the one-meson
exchange, but without an account of pion production
in 3 F states of the pp system. In a subsequent
paper by the same authors [ 9], the phase shifts
were calculated with an account of the relativistic
correction, with the experimental values of the
parameter R included in the analysis. They also
corrected an error made in [ 8 ] in the calculation
of the contribution of the one-meson diagram,
something which did not lead to an essential change
in the phase shifts of the most probable solution,
but decreased the number of solutions.
In the present investigation we made a phaseshift analysis of pp scattering on a broader base,
including the results of recent measurements of
the parameter A ( 90°) and the total cross sections
of all the elastic processes. This analysis was
based on the following premises:
1) With increasing energy, an ever-increasing
role is assumed by peripheral inelastic processes,
so that it cannot be assumed, as was done in [ 8, 9 ],
that there is no absorption at 660 MeV in the 3 F 2 3
states, which according to the resonance model for
pion production can contribute to the inelastic
processes.
2) Elastic scattering in states with l ::::: 5 can be
represented only by the contribution of one-meson
exchange in accordance with [ 10- 12 ]
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Table I

"'

~
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Observed
quantity

a((}) mb/sr
660 MeV*

607

~leV

p

6.'35 MeV

8cms•l
deg

I

5
10
15
20
25
30
40
50
60
70
80
90
11.6
16.2
20.8
27.6
27.6
34.4
41,2
47,9
54.5
61.0
67.5
73.8
80.1
86,3
90.3

Experimental
value

<I

~

...."'

Observed
quantity

~

[13]
18.9±1.1
11.0±0. 7
8.67±0. 53
7.7fl±0.48
6,56±0.40
[14]
5.58±0.15
4.78±0.26
3.99±0.20
3.41±0.13
2.94±0.12
2.20±0.05
2 .07:t0.03
- 0.022±0.095 [12]
0.197±0.046
0.276±0.039
0.384±0.049
0.402±0.033
0.400±0.030
0,424±0.029
0.378±0.027
0.357±0.023
0.307±0.021
0.279±0.027
0.195±0.028
0.167±0:026
0.084±0.040
-0.016±0.025

Iecms,
I deg

Ex perimental
value

<I

~
~

"'

Di
I

D
635 MeV

54
72

R

90
108
126
54

635 MeV

72

A

90
108
126
90

[15]
0.99±0.25
0. 69:'1::0. 20
[16]
0. 93±0.17
[15]
0.28±0.16
0.57±0.20
0,450±0,084 [17]
0. 493:i:O. 077
0. 264±0 '070
0. 325±0. 056
0.489±0,121
0.195±0,061 this

608 MeV
CKP
660 MeV

90

0,22±0,18

[18]

cnn

54
72

0.57-:t0,14
0,65±0.15
0. 93±0.21
41,4±0,6

[19]

640 MeV

10.9±1.1

[21]

3.1±0,2

[22]

3.22±0,17

["3]

pape

90
cr 1 , mb
660 MeV
cr (n+pn), mb
657 MeV
cr(n+d), mb
657 MeV
cr (nopp), mb
660 MeV

[20]

*The energy at which the observed quantity is measured is indicated below the
quantity.

2. EXPERIMENTAL DATA
The experimental data used in the analysis [ 12 - 23 ]
are gathered in Table I. The table does not include
the results of the measurements by Selektor et al
[ 24 - 25 ] of the differential cross sections of elastic
pp scattering at 660 MeV. A comparison of these
results with those of Bogachev and Vzorov [ 13 • 14 ]
has shown that they are not compatible, and the
ratio x2fx2 of the sum of the weighted squares of
the deviations of the points from a smooth curve
to the number of degrees of freedom, calculated
from the data of [ 24 • 25 ], exceeds 1. 7, which is much
larger than the ratio x2/x 2 corresponding to the
data of [ 13 • 14 ].
We have also included in the analysis the result of recent measurements of the parameter A
(90° ). In these measurements a longitudinallypolarized proton beam with energy 612 MeV was
used [ 26 ], and the experimental setup employed
was specially intended for the observation of triple
scattering [ 27 ]. A detailed description of this experiment will be presented separately.
As is well known [ 28 ], in the energy region
600-660 MeV the differential cross sections for
elastic pp scattering are sensitive to changes in
the energy, and therefore the phase shift analysis
is referred to an energy of 657 MeV, at which the
angular dependence a((}) was measured. In addi-

tion, we kept in mind the fact that a((}) was measured with maximum relative accuracy. With respect to the other observed quantities used in. the
analysis, it was assumed that they do not experience essential changes over the energy interval
under consideration.
3. REPRESENTATION OF THE OBSERVABLE
QUANTITIES
The elastic pp scattering matrix is written in
the form (see, for example, [ 29]
M (8)

=--}a (8)[1 + (a 1n)

+--} c(8) [(a 1m)

+ +d (8)

(a 2 n)l

+ fb

(8) [1- (a 1 n) (a,n)l

(a 2m)+ (a 11) ( a2l) I

[(a 1m) (a 2m)

(1)
Here u 1 and u 2 are the spin operators of the first
and second protons,*
n

=

[kk'J
Jlkk'JI •

I

=

l<
1k

+ k'
+ k'

k-k'

I

'

m ~~ I k- k'l ,

k and k' are the initial and final momenta of the
scattered proton in the c.m.s.
*[kk']=kxk'.
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The scattering amplitudes a, b, c, d, and e are
functions of the energy and of the c.m.s. scattering
angle e. The observed quantities in pp scattering

are connected with these amplitudes by the relations

(I a 12 -+ I b 12 + Ic 12 +I d 12 + 1e i2 ),
[1-D(El)l =[cl 2 +ldi 2 ,

a (e) =~ ~
a(El)

c; (El) R (8) ~0 Re ab* cos (El -8 lab) t- Re ieb* sin (El -

a (6) A (6)
c; (8)

e lab)+ Re cd*cos e lab,

Re ab* sin (8 --8 lab)-i-Re ieb' cos (El - 81ab)-Re cd'sin 8 1ab·
Re ide* cos (a' - a ) - Re be* sin (a'+ a) - Re ad*sin(a' --a)
a (8) [1 -Cnn (El)l = [bl 2 + /d! 2 , a1 = 2nk- 1 Im [a (0) + b (0)].
CKP

=

(8)

-

=

Relations (2) are written with an account of the
relativistic effects [ 30 •31 ]; here a = 8/2 - (}lab•
a' = <I>/2 - <I>lab• (} and <I> are the scattering and
recoil angles in the c.m.s., while 8lab and <I>lab
are the same_ in the laboratory frame. By a((})
are denoted the differential scattering cross sections of the unpolarized beam and by at the total
scattering cross section. The last relation in (2)
is the optical theorem, which relates the total cross
section of pure nuclear scat~ering to the amplitudes
a((}) and b( (}) for (} = 0 in the expressions for
which Coulomb additions are eliminated.
Under the assumption that the interaction in
states with large angular momenta ( l > Zmax) can
be described in the one-meson approximation,
M( (}) is of the form
M (8) = M (~) -MPs

+ MP

+Me+ MPc,

(3)

where M(.6.) is the part of the amplitude describing the observed quantities with the aid of the phenomenological phase shift [32 J, MPS -the contribution of the one-meson exchange in the states
with angular momenta l ~ lrnax• Mp -total contribution of the one-meson exchange to the scattering amplitude[ 33 - 35 J, and Me -contribution
of the Coulomb interaction. The term MPC pertains to partial waves with l > Zrnax and is a result of the fact that only the scattering phase shifts
are expressed in terms of the sums of the phase
shifts corresponding to different forms of interactions. The calculation of MPC has shown that the
contribution of this term to M( (}) does not exceed
1% of the contribution of the remaining terms, and
therefore the term MPC is disregarded at the
present stage of the analysis. The Coulomb interaction was calculated using the nonrelativistic
formulas.

(2)

[ 36 ]), but these phase shifts were assumed to be
complex: .6. = 6 + iy. The imaginary part of the
phase shifts y is connected with the absorption
coefficient by the relation

e- 2Y

=

r.

(4)

Absorption in the states 3P 0 1 2 and 3 F 2 3 was
''
'
described respectively by the average
coefficients
r 1 and r 3 , introduced in the same manner as used
by Hoshizaki and Machida[ 6 J, but with the misprints contained in Eq. (8) of their paper corrected. In this formula, the squares of the absorption coefficients r 1 and r 3 should be expressed in
terms of the squares of the absorption coefficients
corresponding to different j. The coefficient r 2
describes absorption in the state 1n 2• In accordance with the resonance model, and assuming that
the pion production occurs only with S and P scattering of the isobar and of the second nucleon, it
has been assumed that no absorption takes place
in the remaining states.
The total cross sections for the meson production reactions were expressed in terms of the absorption coefficients in the following manner:
c; (n+d)
c; (n+ (pn)p)

+ c; (n+ (pn)s) =

+ c; (n°pp) =

(5n/2k 2 ) (1 - r~),

(nj2k 2 ) [9 (1 - ri)

+ 12 (1 -

r;)] .
(5)

The breakdown of the cross section a(7T+pn) obtained in [ 21 J into the parts a( 1T +( pn )s ) and
a(7T+(pn)p), corresponding to the production of
mesons in the reaction pp- 7T+pn with S and P
scattering, was initially made in accordance with
the results of the calculations of [ 37 ], but then the
ratio a(7T+(pn)s)/a(7T+pn) was varied in such a
way as to ensure statistically the best description
of all the observed quantities.
5. METHOD AND CALCULATION RESULTS

4. ACCOUNT OF INELASTIC PROCESSES
The matrix M ( .6.) was parametrized in terms
of the barred phase shifts (see formula (3.15) in

In the analysis we used 45 values of the observable quantities [three total cross sections
a(7T+d), a(7T+pn), and a(7T 0pp) were introduced
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Table II
Phase shifts
and absorption
coefficients

Solution 1
X2 =3fL7

Solution 2
x'=60.t

-~---

0 ('Su)
0 ("Po)
() ("P,)
("P2)
('D2)
0 ("Fz)
0 (3 Fs)
("F4)
('G4)

o
o

o
o

r,
rz
r"

x"/x"

-31.5±'i.O
-7.6±3.1
-.52±10
-18.0±4.8
-36.9±3.7
-5.7±1.8
18.8±1.2 -43.1±1.5
11.7±2.2
7 .8±2.5
-4.2±1.8
0±1.1
-0.2±1.4
3.0±1.2
1,6±0.7
12.2±0.6
7.9±0.7
6.5±1.1
0.954±0.019 0,819±0.024
0.668±0.038 0.558±0.0:34
0.781±0.020 0. 912±0.016

(,f

FIG. 1. Dependence of X 2 on
the ratio a(rr+(pn)s)/a(rr+pn) for
solution 1.

Jl

37
35

I

1.11

q

az

o•

u;

G{!r'(pnJ,)/G{.<pn}

1.82

into the calculation as two quantities combined in
accordance with (5)]. A total of 12 parameters
were determined-nine phase shifts of waves up
to l = 4 inclusive, and three absorption coefficients in the 3P, 1D2 , and 3 F states. The mixing
parameter E 2 was first assumed equal to 0. The
phase shifts of the waves with l 2: 5 were taken
into account in the one-meson approximation. The
pion-nucleon coupling constant f 2 was assumed
equal to 0.08, the pion mass was assumed equal
to m ( 1r 0 ) • The phase shifts and the absorption
coefficients were determined by least squares
using the electronic computer of the Joint Institute
for Nuclear Research. A search for the minima of
the functional x2 was made with random initial
values of the parameters by the linearization
method[ 38 J. As a result of 70 searches, two solutions were obtained with values x 2 < 3x 2 ( x 2 = 33 ).
The obtained sets of phase shifts (in degrees) and
of the absorption coefficients are listed in Table II.
The probability that x 2 =:: 36.7 for x2 = 33 is
31%. For the second of the solutions obtained x2
= 60.1, and the corresponding probability is approximately 0.2%. On this basis, solution 2 is disregarded henceforth. It must be noted that the solutions obtained in [S, 9] do not coincide with the
solutions obtained, and in accordance with the x2
criterion, describe the available experimental data
with considerably lesser relability than the solution 1 of Table II. Figure 1 shows the obtained dependence of x2 on the ratio rr(n+(pn)S)/o-(7r+pn)
for the best solution. The minimum is attained in
the case when this ratio is 0.24.
In order to check on the stability of solution 1,
the previously fixed parameters were varied. In
varying the mixing parameter E 2 and the pionnucleon interaction coupling constant f 2, we found
that E 2 = -1.6° ± 1.8° and f 2 = 0.064 ± 0.024,
whereas the remaining parameters remain practically unchanged. Replacement of the phenomenological phase shift 6 eG 4 ) for its value calcu-

lated in the one-meson approximation has led to
an increase in the ratio x2/x 2 from 1.1 to 2.3. By
including in the analysis, in addition to E 2, also E 4
and the phase shift 6 ( 3 H4 ) the ratio x2f x2 decreased from 1.1 to 1.0, but the values of all the
remaining varied parameters changed insignificantly, except that their errors increased. The
obtained values of E 4 and 6( 3 H4 ) did not differ
noticeably from the corresponding values calculated in the one-meson approximation. From the
foregoing analysis it follows that the experimental information used on the pp interaction near
660 MeV need not be included in the phenomenological analysis of the states with l 2: 5. Since
the existing data on inelastic pp interaction are
satisfactorily described in the framework of the
Mandelstam resonance model by three independent parameters, at the present stage it is not justified to introduce a larger number of varied parameters in order to take separately into account
the absorption in the states 3P 0, 3P 1 and 3P 2, as
well as 3 F 2 and 3 F 3•
The angular dependences of the observed quantities, calculated from the obtained phase shifts,
as well as their experimental values used in the
analysis, are shown in Figs. 2-4. It must be noted
that for solution 1 the value of x2 is uniformly distributed over the data of the different experiments.
6. DISCUSSION OF RESULTS
The analysis has shown that the existing experimental data on elastic pp scattering near 660
MeV can be represented with statistical reliability
by means of the 1S0, 3P 0, 1, 2, 1D2, and 3F 2, 3, 4 and
1G4 phase shifts, provided only that we assume
that, in addition to the 3P and 1D2 states, the 3 F 2, 3
states also participate effectively in the pion production. In this connection it should be noted that
for somewhat larger energies, the energy spectrum of the neutrons and the Q-value distribution
of the 1r+p system in the reaction p + p - 1r+ + p
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FIG. 2. Angular dependence of the differential cross section and of the polarization in
elastic pp scattering. The vertical bars denote
the error corridor of the curves calculated from
the phase shifts of solution 1. The experimental
data used are indicated.
FIG. 3. Angular dependence of the parameters of triple scattering. The experimental
data used are indicated.
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FIG. 5. Energy dependence of the singlet 1 S0 , 1 0 2 , and 1 G4
and triplet 'P 0 , 'P" and 3 P 2 phase shifts. The solid curves
for energies up to 345 MeV represent the YLAM solution[ 2' 4 ].
The phase shifts of solution 1 of the present work are indicated for 657 MeV. The dashed curves are drawn free hand.

0

+ n is well described by the peripheral model of
inelastic processes [ 39 • 40 ].
A characteristic feature of the phase shifts obtained is that, as shown in Fig. 5, they can be connected by means of smooth curves with the corresponding phase shifts of the YLAM solution[ 2•4 J,
which represent pp scattering in the energy range
from 9. 7 to 345 MeV, and also with solution 1 from
[ 3] • It can be thought that these smooth curves
reflect to some degree the main features of the
energy dependence of the phase shifts of the lower
pp-system states between 310 and 660 MeV. If this
is so, they offer evidence that over the considered
energy interval the same states play an essential
role in pp interaction, the properties of which do
not experience, in this case, noticeable changes,
since neither the singlet 1s 0, 1D2, and 1G4 phase
shifts nor the triplet 3P 0, 3P 1, 3P 2 phase shifts reverse sign. The fact that at 660 MeV the same
phase shifts are relatively as large as at 310 MeV
is apparently due to the influence exerted on the
elastic scattering by the inelastic processing occurring only in the 3P, 1D2, and 3 F 2 , 3 states owing
to the resonant nature of the pion-nucleon interaction.
It is remarkable that at 660 MeV, as at 310
MeV, the 3P 2 phase shift is positive, which is
characteristic of LS forces which are attractive
when the spin is parallel to the orbital momentum.

The indication that at high energies the LS forces
play a large role in pp scattering follows directly
also from the fact that at 660 MeV the value of the
depolarization parameter for 90° is close to unity
in the c.m.s. [ 16 ] As to the 2 F 2 3 4 phase shifts,
they are small.
' '
Worthy of special consideration is the behavior
of the 1S0 phase shift, which decreases monotonically with increasing energy, although not as strongly
as in the solution obtained by Hoshizaki and Machida. More surprising is the fact that up to 660
MeV the form of the energy dependence of this
phase shift can be reproduced satisfactorily by
using the parameters obtained by Noyes [ 41 ] for
the expansion of the function k cot [ 6 ( 1s 0 ) + kr ]
in the effective-radius approximation. The value
of the 1S0 phase shift predicted .in this way is
- 34.5°, whereas its phenomenological value is
-31.5 ± 4.0°. This apparently signifies that up to
660 MeV the behavior of the 1s 0 phase shift can
qualitatively be described on the basis of the potential model of the nucleus with a solid repelling
core.
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