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A general method based on the correspondence principle is proposed for the physical interpretation of solutions of the Einstein equations. The method enables one to obtain information
concerning the solution with an accuracy up to relativistic effects. In particular, one can determine the distribution of the sources of the gravitational field described by the solutions of
the Einstein equations for empty space. As an example, the Kerr solution is considered and it
is shown that the corresponding gravitational field is generated by a disk-like simple layer of
negative masses at the edge of which lies a line of positive masses of infinite linear density.
A method for the study of the rotation of local inertial systems and an asymptotic method of
investigating local properties of a strong gravitational field are proposed. The latter method
is demonstrated on the example of the problem of the motion of particles inside a Schwarzschild sphere and of the passage of the particles through this sphere.

IN the literature there exists a number of exact
solutions of the Einstein equations whose physical
meaning is not clear or which are even incorrectly
interpreted. The reason for this is the absence of
a suitable general method for solving such problems. Below we propose such a method based on
the correspondence principle[ 11 which reduces the
solution of the initial relativistic problem to the
solution of a corresponding problem in the Newtonian potential theory. As an example we consider
Kerr's solution. [ 21
I. BASIC IDEA OF THE METHOD
Let a line element be given1l
ds 2 = c2 dt 2 - 'Vrs dsr ds•,

(1.1)

the coefficients Yrs of which satisfy the Einstein
equations:
RJlv- 1/2RgJlv=-xTJlv,

(1.2)

goo = c2, gio = 0, gik = -Yik· K = 81rG/c 2• It is assumed that the coefficients 'Yik and their derivatives have for c - oo well defined finite limiting
values y ik. Then as c - oo one obtains from the
solution (1.1) the three-dimensional metric form
ds' 2= 'Yr•' ds' d6•,

(1. 3)

satisfying the system of equations: [ 11
L<1tin indices take on the values 1, 2, 3 and the
Greek indices take on the values 0, 1, 2, 3.

Roo'

=

RiO' = 0,

-4:n:Gp',

P ik

1

= 0.

(1.4)

Here R~ 0 and Rio are constructed from y ik in
the same manner as Roo and Rio in (1.2) were constructed from 'Yik; Pik is the Ricci tensor for
(1.3); p' is the limiting value of the density of the
substance generating the given gravitational field.
If in addition the relation

'

Roiik

= 0

(1. 5)

is satisfied (~ijk are constructed from Yik in the
same manner in which the components of the curvature tensor Roijk are constructed from Yik), then
(1.4) represents equations of the gravitational field
in Newtonian theory, while (1. 3) represents the
Newtonian gravitational field corresponding to the
relativistic field (1.1) and which is the Newtonian
approximation to the latter. But if the relation
(1.5) is not satisfied then (1.3) represents the socalled vortex gravitational field of non-Newtonian
type corresponding to the given field (1.1) which is
a nonrelativistic approximation to the field. [ 31 In
future we shall consider only gravitational fields
of the Newtonian type.
The equation Pik = 0 shows that ( 1. 3) is a metric form for flat three-dimensional space. Therefore, there exists a system of rectangular Cartesian coordinates xi related to the coordinates ~ i
by a certain transformation:
(1. 6)

1 )The

The derivatives xi,o = axijat = vi(xk, t) are the
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~ 1 = const with respect to the Cartesian coordinate

To the system (2.4) we add the equation df/dA.
= Pvdyl!jdA., whence in virtue of (2.4), (2.5) and

system xi. If the expression

(2. 2) it follows that

WiR.

'A.= 1/2c 2t.

= 1/z(vi, h.- v~<, i)

does not depend on the spatial coordinates xi, then
condition (1. 5) is satisfied and we can choose the
coordinate system xi in such a manner that
w ik = 0, and, consequently, vi can be represented
in the form of a gradient

vi=

<p,;.

(2.6)

We choose at t = 0 the initial set
(2. 7)

The initial values PJJ- = PJJ-(~i) are determined by
the condition
(2. 8)

(1. 7)

In this coordinate system the Newtonian potential
<I> of the gravitational field (1. 3) is expressed by
the formula 2 >
(1. 8)

But if wik depends on the coordinates xi, then condition (1.5) is not satisfied and (1.3) represents a
vortex gravitational field.
In order to obtain information on the physical
content of a solution of the Einstein equations (1.1)
we consider its Newtonian approximation characterized by the potential (1. 8). Our information has
the same accuracy as the approximation (1.3), i.e.,
accuracy up to relativistic effects. In particular,
if the spatial density of matter is p = 0, then with
the aid of the potential (1.8) one can determine the
sources of the gravitational field (1.1).
2. TRANSITION TO THE COORDINATES ;i, t
Let a line element be given in the general form:
(2.1)

In order to reduce it to the form ( 1.1) we introduce
a new time coordinate t by means of a transformation
(2.2)
where the function f is determined by the differential equation

and Eq. (2.5). The solution of the system (2.4) with
the initial values yJJ-, PJJ- is obtained in the form
y"'=y~"(t,£i).

p"'=p"'(t,£i).

(2.9)

Eliminating from the first four equations in (2. 9)
the parameters ~ i, we obtain the relation between
the variables t, yM, from which follows the transformation (2. 2).
In virtue of (2.4), (2. 5) and (2. 6) the functions
(2. 9) satisfy the relation
(}

at {PvYv,i) =

0.

Consequently, the expression PvYvi does not depend on t, and since according to' (2. 8) at t = 0
this expression is equal to zero, we must have
(2.10)

If we now regard relations (2. 9) as formulas for
the transition to a new coordinate system t, ~ i,
then in virtue of (2.4), (2.6) and (2.10) the line element (2.1) is transformed to the form (1.1). Thus,
we have obtained a general scheme for calculations
corresponding to the transition to a coordinate
system of the type (1.1). But this scheme is very
often not realizable practically even for comparatively simple forms of the line element (2.1).
Therefore, the necessity arises to seek for the
calculation of the potential <I> other methods which
are practically more effective than the method described in Sec. 1.

(2. 3)

The characteristic system belonging to Eq. (2.3) is
the following one: [ 4J
dy~"/d'A.

= 2hi"Vpv,

dpiJ.jd'A. = - hxv,iJ.PxPv,

(2.4)

with the integral
(2. 5)

2 )A comma preceding a subscript denotes ordinary differentiation; we shall denote a covariant derivative by a semicolon.

3. EV AL UA TION OF THE POTENTIAL
We assume that we have a solution of the Einstein equations in the general form (2.1), supposing onlY. that the lines y 0 are timelike, and the
lines y 1 are spacelike. As a first step we introduce the time coordinate t, with the aid of the
transformation (2.2) and (2.3). The time coordinate t belongs to one of the coordinate systems of
type (1.1), and we shall call it Galilean (in a generalized sense). The line element (2.1) is transformed into the form
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(3.12)
where

If the coefficients of the line element ( 3.1) do

(3.2)
while wi and gik are determined by the relations
wi = c2hi-vf,v,

g;.(w"w•c-2 - h"•) = 6i"·

(3.3)

The same result (3.1) is obtained if we apply to the
line element (1.1) the transformation (2. 9) for
J.t = 1, 2, 3. For this transformation we have

not have finite limiting values for c--oo, then it
is necessary to carry out appropriate preliminary
transformations, after which they will have finite
limiting values.
4. KERR'S SOLUTION

We write Kerr's solution in the form

(3.4)
whence we see that wi is the velocity of the point
~ i = const in the space of the points yi = const
evaluated as a derivative with respect to t.
Let c - 00 • If the quantities wi, gik• have finite
limiting values w'i, gik, then in the limit we obtain
a three dimensional space with the metric
ds' 2 = g'rs dyr dy",.

(3. 5)

in which there is given the field of the velocities
w.'i, which characterizes the motion of the points
= const of the space ( 1. 3). Since in accordance
with (3.4) we have

- 2a sin2 8 dr dq;- rr0 (r2
X (cd-r:

then the space ( 3. 5) is flat, as also is the space
( 1. 3). Here the functions y'J.t (t, ~ i) are obtained
from the functions (2. 9) in the limit c--oo,
The space (3.5) is generally non-rigid (i.e., the
coefficients g'ik depend on t). If this is the case,
then our second step is the transition to a certain
rigid space by means of a transformation of the
form
yi

=

yi ( t, x").

(3.7)

The metric of this space
ds' 2 = g• rs dxr dx•

(3. 8)

does not depend on the time, t, while the new components vi of the velocity w'i will be the following:
v; = y•,;w's,

vi= g*i•v•.

(3. 9)

1

+ dr + a sin2 8 dq;) 2,
ro

=

(4.1)

2Gmc-2.

Equation (4.1) is obtained from the line element
considered in [ 21 after a simple transformation.
The Galilean time coordinate t is introduced by
means of the transformation
t = -r+ f(r),
rr0 (cf'- 1)2 = (r2 a2)c2f'2.

e

(3.6)

+ a 2 cos2 8) -

+

(4. 2)

The line element (4.1) takes on the form
ds2 = c2 ( 1 - rr0').,-2) dt2 - 2 (c 2f'

+ crr

0')., -

2( 1 - cf)] dr dt

-2carr0')., - 2 sin 28 dq; dt- (1 - c2f'2) dr2- (r2

+a

2)

').,2dfj2

sin28 dq; 2

- 2asin2 0 drd<p- rroA-2 [(1- cf')dr+ asin 2 8 d<p)2,
').,2 = r2
a2 cos2
4. 3)

+

e.

,':(

We go over to the limit c--oo. Since in this case
cr0 - - 0 and, therefore, on the basis of (4.2) cf' --0,
we obtain in the limit the three-dimensional Euclidean line element
ds'2 = dr2 + (r2 + a 2 cos 2 8)d8 2 + (r2 + a 2) sin2 8 d<p2

+ 2a sin2 8 dr dq;

(4.4)

and the velocity field

w/ =-lim

(c2f') = -'1] (2Gmr) 'i'(r2

+ a2)-''',

c-+oo

Evaluating the quantity
CiJik

= 1/2(Vi,k- Vk,i),

(3.10)

we determine the type of the gravitational field. If
wik = wik(t), then the gravitational field is irrotational, and we can choose the coordinate system xi
in such a manner as to have Wik = 0. We can then
determine the function cp (t, xi) from the equation

w'2 = 2Gmr(r2

+ a2cos28)-

1,

'I]=

±1.

(4.5)

From this it can be seen that Wik = 0, so that the
gravitational field under consideration is irrotational and according to (3.11) and (3.12), its Newtonian potential is the following one:

(3.11)

(4.6)

and calculate the potential .P by means of the formula

The transition to a rectangular cartesian coordinate system is given by the formulas

Vi= <i',i

INTERPRETATION OF SOLUTIONS OF
X=

(rcos IJl + asinljl)Sin 8, y = (rsinqJ- a cos IJl)Sin 8,
z = r ros e.
(4. 7)
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Utilizing the addition theorem for Legendre functions we have
2.:1

S Pn(cosy)d'ljl' = 2nPn(cos'fr)Pn(O).

Here the potential (4.6) has the form

(4.13)

0

+ [(p2-

-<1> = (Gm/{2) {p2- a2

a 2) 2 + 4a2z2]''•}''•[(p2 - a 2) 2

If in the last expression for U we expand the

function

+ 4a z
p2 = xz + yz + z2,
2 2]-'''•

(p2+ p' 2 - 2pp' cos y)-''•

(4.8)

or
<I>= Re(Gm/o),

o2 = x2 + y2 +(z + ia) 2•

(J

(4. 9)

= r+ iacos a. (4.10)

The function a - 1 and its first derivatives with
respect to x, y, z, are continuous over the whole
space with the exception of the disk z = 0,
x 2 + y 2 ::;:; a 2 (or r = 0, e = %1r). On crossing this
disk they undergo a discontinuity. Consequently,
the sources of the gravitational field lie on the
disk. In order to determine the distribution of the
sources over the disk, we write
cr2 = p2+ (ia} 2 + 2iap cos 'frs

z = p cos'fr,

in a Legendre series and then integrate term to
term utilizing formula (4.13), we see that U can
also be expanded into the series (4.11). From this
it follows that 41 = U. But from (4.12) it can be
seen that U is the potential of a disk-like simple
layer of negative masses of density
- (ma/2:n:) (a2 - p'2 )-'".

(4.14)

where p' is the distance from the center of the
disk, and at the edge of the disk there is situated a
line of positive masses of infinite linear density.
Such a material system gives rise to the gravitational field described by Kerr's solution. According to (4.12) the total mass of the system is equal
to

and expand a- 1 in a Legendre series:
00

cr-1

=

p-1

~ (-ia/p)nPn(cos'fr),

This can also be seen from the asymptotic expression for the potential 41 for p - oo,

n=O

whence in virtue of (4.9), it follows that

Gm

(a )2n Pzn(cos'fr)s

00

<I>=-~ (-1)n P n=O
p

On the other hand we consider the expression

X sin 'fr cos ('ljl'-'ljl) ]-'i•p'dp'

(4.12)

- (2ae- e2)-''• [a2 + p2- 2ap sin 'fr cos('ljl'- 'ljl)]-''• }d'ljl'.
Integrating by parts and taking into account the
equation
23t a

s- a

Gm-_ - -Gm
- J\

p

2:n;a2

0

0

ap'

{(a-p
, 2 ) ·~ [ 2 + ,2
2
•p
p

-2pp' sin 'fr cos ('ljl'- 'I(J)]-'i•} dp' d'ljl'.
we find that
G

U = - __!!!!!_ -

a23t a
S d'ljl' S (a2 -

2:n:a ap

0

p'2) -'/•

0

X [p2 + p'2 - 2pp' sin 'fr cos ('ljl' - 'ljl) ]-'It p' dp'.
We denote
sin 'fr cos('I(J'- 'ljl) =cosy.

<I>""" Gm/p.

p >a. (4.11)

(4.15)

5. ROTATION
From the expression for the Newtonian potential
(4. 6) or (4. 8) it is not possible to conclude whether
matter in a given material system is in a state of
stationary motion or not. In particular, the question of stationary rotation about the z axis remains
indefinite. The order of magnitude of relativistic
effects brought about by a rotation of the sources
of the field lies beyond the limits of accuracy of the
method described above. As is well known, the
problem of the rotation of the system is solved by
considering the asymptotic behavior of the relativistic solution at infinity. [ 51 Below we propose another method which enables us to study the effects
of the rotation of the sources also in a strong gravitational field.
The coordinate system, t, ~ i, in which the line
element has the form (1.1) is a freely falling one.
We consider all possible coordinate systems of this
type in the neighborhood of a given world point.
Such a set of local (t, ~)-systems contains all the
local inertial systems at a given world point. Although not every one of the local (t, ~)-systems is
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inertial in the sense of the special theory of relativity, still it does not rotate with respect to local
inertial systems. Consequently, if we shall investigate the rotation of local (t, O-systems with respect to a coordinate system t, yi in which the
line element has the form (3.1), then simultaneously we shall be studying the rotation of local inertial systems with respect to y-space.
The coefficients wi of the line element (3.1)
were the components of the velocity of the point in
~-space with respect to the y-space. The field of
the velocities wi in y-space contains within itself
information concerning the rotation of local (t, ~ )systems with respect to y-space. The classical
quantity wi k- wk i is unsuitable for the descrip' since it depends on the choice
tion of this 'rotation,
of the Galilean time coordinate t and, therefore,
also on the choice of the local (t, ~)-system at the
given world point, while all the local (t, ~)-systems
given at the same world point must rotate in an
identical manner. We shall arrive at the quantity
useful for the description of the rotation mentioned
above in the following manner.
We consider the skew-symmetric tensors
V[J..L,Ill and VEA.VJ..Lvh where VJ..L are the components
of the four-velocity of a point in y-space written in
the coordinate system t, yi:
V0 =

CJl,

V;

=

w;/CJl,

112 = 1- w 2/c2•

(5.1)

The three-dimensional vector bi and the skewsymmetric tensor !Jik• defined by the equations
b;

=

(2c/~-t) Vr;, 0]

=

!l-1 [8/ot (w;/!l) + (w•/~-t) Ws; ;],

(5. 2)

are independent of the choice of the Galilean time
coordinate to be the relativistic equivalents of the
classical quantities mentioned above. In particular,
the rotation of local (t, O-systems with respect to
y-space is characterized by the vector ni which
has the meaning of a generalized angular velocity.
In the case of Kerr's solution the line element
(3.1) has the specific form (4. 3). Here we have introduced the notation
= r, y 2 = e, y3 = cp. From
( 4. 2) and (4. 3) it follows that

T

112 = 1- rr0'A-2, A2 = (r2 + a2)/rr0, TJ

=

+1,

g

=

A.4.sin29.
(5. 5)

With the aid of these expressions we evaluate
bt = - 1 /2c2 ro~-t- 2 'A-" (r2 - a 2 cos 2e)'

b2 = c 2rroa2 ~-t-2'A-4 sine cos e, bs = 0,
!JI = -CroraJl-3'),-6 COS 9 (r2 + a 2 - rro)
!.1 2 =

- 1 /2croa~-t- 3 'A-G sine (r2-

·Q 3 = crorap.-31,-6 cos

(5.6)

7

a2cos29)'

(5.7)

e.

By going over with the aid of the transformation
(4. 7) to the x, y, z system of coordinates we obtain the new components

Q1 = - 1/2croa~-t-3'A-6 cos e[(3r2- a2cos29)x- 2ror2 sine cos <p],.
Q2

=-

/2croaJ.t-3'A-6 cos e [ (3r2- a2cos29) y- 2ror2 sine sin <p],
QS = 1 /~rorap.-SI,-6((3r2- a 2cos28)sin2e- 2'),2 + 2rorcos2 8].
1

(5.8)

+tf211-tc-2(b;wh- bhw;);

(5.3)

do not depend on the choice of the Galilean time
coordinate t. [GJ Instead of the t~nsor !Jik• it is
useful to introduce the vector !.1 1 which is dual to
it:
Q! =

!J2s/vi.

!J 2 =

!JsJii.

gs =

Qtd1i.

(5.4)

where g is the determinant constructed from the
coefficients gik of the spatial part of the line element (3.1). In the limit c-oo the vectors bi and
ni go over into the following quantities in Newtonian mechanics: bi will turn out to be equal to the
negative of the acceleration of a point in y-space
with respect to the set of local inertial systems at
a given world point, and the vector ni will turn out
to be equal to the negative of the angular velocity
of an element of y-space with respect to the set of
the local inertial systems. Therefore we are justified in considering the vectors bi and ni which

For large values of r we have

Q1 ~ _ s;2croar-s sine cos8 cos IJl,
Q2 ~ - 3/2croar3 sine cos e sin qJ,

W ~ 1/ 2cr0ar3(1- 3cos2 e).

(5. 9)

Here r, 8, cp can be regarded as the usual polar
coordinates, while x, y, z can be regarded as rectangular cartesian coordinates.
As is well known, in a stationary gravitational
field far from the sources of the field the angular
velocity of rotation of an element of y-space with
respect to local inertial systems is given by the
formula[ 71
!l

= Gc-2r 3 [M -

3n (Mn) ].

(5.10)

Here M is the total angular momentum of the
gravitating system, n is a unit vector in the direction of the radius vector. Setting
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Q2 = -1f2croa-2 sine cos--3 e.

M = (0, 0, -acm),

the components (5. 9) taken with opposite sign can
The existence of a non-vanishing 0 2 provides evibe evaluated also by means of formula (5.10).
dence of the existence of radial motion of the
This shows that for large values of r the vector
masses on the disk. [ 8 1 It can be regarded as the
(5. 7) has the meaning of the ordinary angular velimiting case of a perturbed rotational motion in
locity. At the same time we see how from the
the vertical equatorial plane. Since the negative
asymptotic expression of the vector (5. 7) one can
masses must rotate in the same direction as the
determine the total angular momentum.
local inertial systems in the equatorial plane, i.e.,.
Taking into account the fact that in a region far
in the direction defined by the vector 0 2, we confrom the central disk the effect of the positive
elude that matter rises at the edge of the disk,
masses predominates, one can conclude from the
moves radially towards the center and descends
direction of the total angular momentum that for an there. At the point r = 0, cp = 0, 7r/2 < e < 1r, situobserver on the positive z axis the disk rotates
ated on the other side of the disk 2 is directed
clockwise. If this is so, then it follows from (5. 9)
along the positive y axis. This means that here
that on the z axis (the axis of symmetry) local in- also the negative masses move from the edge toertial systems rotate in the same direction as the
wards the center of the disk.
positive masses of the central disk, while on the
plane e = 1/ 2 1r (the equatorial plane) they rotate in
the opposite direction. Having this fact in mind, we 6. ASYMPTOTIC METHOD FOR THE LOCAL
STUDY OF A STRONG FIELD
shall try to determine on the basis of the rotation
of local inertial systems near the central disk the
In order to investigate the physical properties
general character of motion of matter in the disk.
of
the
gravitational field near or inside a singular
1
On the e = / 21r plane we have in accordance with
surface,
we propose the following method. We
(5.8)
place the material system generating the gravitaQ1 = Q2 = 0, QS = 1/2croar-'t.(r- ro)-'"·
tional field at a great distance from the origin of
coordinates. In order that the field in the neighWith decreasing r the value of 0 3 increases monborhood
of the origin of coordinates should not
otonically and becomes infinite at r + r 0• The line
turn
out
to
be weak we shall at the same time inr = r 0 in the e = 1/ 21r plane lies on a singular surface determined by the equation JJ. = 0. In the limit- crease in an appropriate manner the characteristic parameters of the system. In this case we shall
ing case of a = 0, Kerr's solution goes over into
the Schwarzschild solution and the singular surface derive the asymptotic formulas applicable in the
neighborhood of the origin. For the sake of simJJ. = 0 goes over into the singular Schwarzschild
plicity
we shall demonstrate the method on the exsphere. The rotation of local inertial systems outample
of
the Schwarzschild solution.
side the singular surface agrees with the rotation
We
assume
that the mass M situated at the
of the ring of positive masses at the edge of the
point
x
=
;
on
the positive x axis depends on ; in
disk.
accordance with M = m;, where m is a constant.
On the z axis we have
For the motion of the particles along the x axis we
2
2
3
have
r = ; - x. The gravitational field is described
Qi = g2 0, Q = - cr0ar(r2 a )-''•(r2 a ~ rro)-''•,
by the Schwarzschild line element without the angur=lzl.
lar part:

n

+

+

We assume that a > 1/ 2r 0 , then the singular surface
JJ. = 0 does not intersect the z axis. With decreasing r, the numerical value of 0 3 at first increases
up to a certain finite maximum, but then falls to
zero value at the center of the disk. This is explained by the fact that the negative masses are
rotating in the same direction as the positive
masses and the effect of rotation of the former
compensates for the effect of the rotation of the
latter.
At the point r = 0, cp = 0, 0 < e < 1/ 21r on the disk
we have 0 1 = S'i 3 = 0,

ds2 = ( 1- r 0/r) c2 dt'2- 2r0 'hr'i•c dt' dr- dr 2, ro = 2GMc-2

or
ds2 = {1- k2(1- x/6)-1]c2 dt'2

+ 2k(1- x/6)-'i•c dt'dx- dx2,

k 2 = 2Gmc-2•

(6.1)

The Schwarzschild sphere intersects the x axis
at the point
Xo

= (1- k 2 )6.

(6.2)
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The interior of the Schwarzschild sphere is situated to the right of the point x 0 • For ~- oo there
exist three possibilities: 1) k 2 < 1, x 0 - oo, the
Schwarzschild sphere recedes to infinity; 2) k 2 > 1,
x 0 - - oo, the whole infinite x axis will lie inside
the Schwarzschild sphere; 3) k2 = 1, the Schwarzschild sphere will constantly pass through the point

x0

=

o.

The transformation
x' = 2/36 [1- ( 1 - x/6) '/,]- ket'

(6. 3)

brings the line element (6.1) into the form
ds2

=

e2

dt'2- (1- x/6)-1 dx'2.

(6. 4)

From this it can be seen that the lines x' = const
are geodesics. The point x' = const moves towards
the center like a freely falling material particle
which has zero initial velocity at x = -oo. The coordinate t' is the proper time for the particles
mentioned above. After further transformations
edt'= edt"- 2k(1- x/6)'''(1- k 2 - x/6)-1dx, (6.5)

+(

=

dx"
ke dt"
1- x/6) '/, dx,
, (6. 6)
which for simplicity we have written in differential form, we obtain
ds2 =

e2

dt" 2 - ( 1 - x/6)-1 dx"2.

+ k2- x/6) (1- k2- x/6)-1 edt"

- 2k(1- k2- x/£)-1 dx",

dx' = -2k(1- x/6) ( 1- k2- x/6)-1edt"

+ (1 + k2 ~ x/£) (1- k2- x/6)-1 dx".

1

1

(6. 8)

We now let ~- oo. If k 2 > 1, then for a sufficiently large value of ~ any fixed segment -a ::s x
::sa is within the Schwarzschild sphere, and for the
points of this segment x/~ - 0. Consequently, by
means of an expansion in powers of the quantity
x/~ one can obtain asymptotic formulas applicable
to the investigation of motion along the segment
under discussion. According to (6.4) or (6. 7) the
metric within the limits of the segment is close to
the Minkowski metric. The transformation (6.8)
assumes the following asymptotic form:

(6. 9)

It is close to a Lorentz transformation in which,
however, the positive directions of time and the
positive direction along the x' are altered. If
along the x axis inside the Schwarzschild sphere
motion in both directions is possible then it is impossible to determine which one of the two times
t' and t" has the ''true'' direction, since there is
no obvious reason for a physical nonequivalence of
the coordinate systems t', x' and t", x". The indefiniteness of the direction of time inside the
Schwarzschild sphere disappears if motion here is
possible only in one direction (with respect to the
coordinate system x). Then one of the two coordinate systems considered above is physically unrealizable inside the sphere.
Taking k 2 = 1, we can study the passage of particles through the Schwarzschild sphere. The
transformation (6.8) now has a singular character:

edt'= (x/6)-1 [-{2- x/6)cdt"
(6. 7)

We see that the points x" = const are also freely
falling, but they move away from the center and at
x = -oo the velocity of these points is zero. The
coordinate t" is the proper time for these points.
The coordinate systems t', x' and t", x", moving
towards one another are thus constructed in accordance with the same physical principles. The
transition from one coordinate system to the other
one is derived from (6.3), (6.5), and (6.6) by eliminating x
edt'= (1

+ 1) (k2-1)-1[1 + O(x/6)] edt"
+ 2k (k 2 - 1) - [1 + 0 (x/6)] dx",
dx' = 2k(k2-1)-1[1 + O(x/£)]edt"
- (k2 + 1) (k2 -1)- [1 + O(x/6)] dx".
edt'=- (k2

+ 2dx"J,

dx' = (x/6)-1[2(1- x/'t;,)cdt"- (2- xj£)dx'1.

(6.10)

For x = 0, i.e., at the instant of passing through
the Schwarzschild sphere, each of two observers
moving towards one another observes in the case
of the other one an infinite dilation of time intervals and an infinite contraction of lengths, just as
in the case of motion with relative velocity equal to
the velocity of light, while in his own reference
system he does not notice anything extraordinary.
Here at x = 0, the metric is even strictly pseudoEuclidean, as can be seen from (6.4) and (6. 7).
Such a contradiction is absent if passage in only
one direction is possible through the Schwarzschild
sphere.
The motion of particles near a Schwarzschild
sphere and inside it has been considered in detail
from a different point of view by Zel'dovich and
Novikov. [ 91
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