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The polarization contribution to the exact differential photon emission cross section in twoparticle annihilation of an arbitrarily polarized electron-positron pair is calculated by the
method of invariant tensor integration[t). The polarization contributions to the integral cross
sections are calculated for a longitudinally and transversely polarized electron-positron pair.
The effect of polarization on the cross section for photon emission by initial particles annihilating into a pair of any other particles is considered by taking into account the form factors
of the latter particles[2 J. A simple method is suggested for calculating the tensor contractions
used in the Baler-Khoze calculations of the cross sections for some processes carried out by
technique[tJ, obviating the need for calculating the tensors themselves and thus enhancing the
usefulness of this method.
1. INTRODUCTION

indicate a method of obtaining the contractions of
the tensors. We use the notation of[ 1 •2 J.

BAIER and Khoze[ 1• 2 J calculated the integral photon emission cross sections in two-particle annihilation of unpolarized e- and e +, by using a method
of invariant integration of the tensors[tJ. In this
paper we calculate by the same method the polarization contribution to the exact differential photon
emission cross section in two-particle annihilation
of an arbitrarily polarized electron-positron pair.
We calculate the polarization contributions to the
integral cross sections for longitudinally and transversely polarized electron-positron pairs. We show
that the probabilities of processes accompanied by
annihilation or creation of relativistic pairs e-, e +
(Jl-, Jl +) whose particles have identical helicities is
of the order of m 2/E 2 (JJ. 2/E 2) compared with the
probabilities of the corresponding processes in
which the pair particles have different helicities [3-toJ. Account is taken of the effect of the
polarization on the cross section for the emission
of photons from initial particles that annihilate into
a pair of arbitrary particles, with allowance for the
form factors of the latter [3]. In determining the
cross sections of certain processes by method of
Baier and Khoze[tJ, we propose to calculate, by
means of a simple procedure, the necessary contractions of the tensors without calculating the latter; this improves the usefulness of the method.
In Sec. 2 we consider annihilation into a pair of
fermions, and in Sec. 3 annihilation into a pair of
scalar particles; in Sec. 4 we analyze the formulas
for the integral cross section; in the Appendix we

2. ANNIHILATION INTO A FERMION PAffi
We consider the case when the final particles
are fermions, say muons[tJ. We consider only the
contributions made to the cross sections (differential and integral) by the polarization of the initial
particles; the total cross sections can be readily
obtained by using the results of[1].
For the contribution made by the arbitrary
polarization of the initial particles to the differential cross sections for photon emission from these
particles we obtain the expression
d 3 ae(6t, 62)
m2 a 3w~o 2f.L2 + !J.2
----- = -----'---dQhdw
6nE 2 ~
N

X

{(~ +
x2

1
-2

__1_ \J (m2At- A2) +
(x')2

~~ +
(x')2

Aa + 2At
x2

m2

-,[2(PtP2+) (- m 2At +A2)+A 3 (m2 + x')

mxx

+A

4 (m2 -

x)]}

(2.1)

We have introduced here the notation
At=2(1-v2)(stn)(s2.11)- (sts2),

A2 = w 2{ (6tni) (62nt) - [~V- (v- 1)2 cos 2 tth]
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X (stn) (sm) -[~v- (y-1) costt~<Hstn) (62n1)
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where s 1 and s 2 are the 4-vectors of polarization of
the electron and positron respectively, ~ r is a unit
vector in the polarization direction in the rest system of the particle, and r = 1 or 2 ({3, K, L, A, and
.t. are defined in [1 J) •
We consider the case of annihilation of longitudinally-polarized particles. In this case, the contribution made to the photon emission differential
cross section, with respect to the angle J.k between
the initial electron and the photon, is
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where S- (s+) is the helicity quantum number of
e- (e +). Integrating with respect to the photon emission angle we get
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the integral cross section for the emission of a
photon (w < m) by arbitrarily polarized initial particles is

where dae is the cross section for the emission of
a photon by initially unpolarized particles and is
given by (2.55) of[t].
Thus, the allowed process is the annihilation of
a particle with its own antiparticle (the signs of the

807

helicities of e- and e.,. are different); the probability
of annihilation of a particle with a foreign antiparticle (identical signs of helicities of e- and e+) is
smaller by a factor E 2/m 2 than the probability of
the allowed annihilation.
Zel'dovich[ 3] indicates a connection between the
polarizations in the created relativistic electronpositron pairs, namely, a left (right) e- must be
created with a right (left) e +. The probability of the
processes in which left (right) e- are created with
left (right) e+ is smaller by a factor E 2/m 2 than the
probability of the allowed processes.
Starting from the fact that relativistic e- with
positive and negative helicities are described independently by two-component spinors[tt, 12 ], we can
conclude that the allowed processes should include
also those in which relativistic left (right) e- annihilate with right (left) e +. Processes in which relativistic left (right) e- annihilate with left (right) e+
have a probability smaller by E 2/m 2 •
Such a ratio of the cross sections for two-pion
(two-fermion, two-vecton) annihilation of longitudinal polarized e- and e+ can be obtained from
expressions (4) of[ 4 J ((7) of[ 4 J) for the cross sections of two-particle annihilation of arbitrarily
polarized e- and e+, from expressions (6) and (10)
of[ 5 J for the cross sections of two-pion and twofermion annihilation of longitudinally polarized eand e+, or from expressions (7) and (9) of[S] for the
cross section for the production of pseudoscalar
mesons in the annihilation of longitudinally polarized e- and e+, and also from (12) of[SJ for the cross
sections of the inverse processes. It is possible to
show with the aid of the same formulas that for the
allowed processes the direction of motion of the
pseudoscalar meson does not coincide with the direction of motion of the relativistic electron[ 3].
It follows also from the paper of Shakhnazaryan [5 J that the helicity of the relativistic Dirac eand e+ does not change upon scattering. In scattering of e- bye- (e+), the matrix element of the transition from the initial state, in which the particle
helicities are different, to a final state in which the
particle helicities are reversed, is different from
zero, but a contribution to it is made by the exchange (annihilation) diagram, that is, the particle
helicity is conserved in the scattering. Thus, in
scattering of e- bye- (e+) the contribution of the direct (annihilation) diagrams differs from zero only
when the helicity of the particle does not change
(the helicity of the particle is different both before
and after the collision). This again confirms that
relativistic e- and e+ can be created and annihilated
only when they have different helicities. A similar
relation between the cross sections in the relativis-
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tic case follows from expression (10) of[ 7 ] for the
cross section of two-photon annihilation of arbitrarily polarized e- and e+.
Sokolov et al. [B] have found that only e- and e+
with opposite helicities can annihilate in the reaction of e- + e+ - v + v, owing to the direct weak
interaction in the ultrarelativistic case (the same
holds for Jl- and Jl+ having opposite helicities, with
creation of a muonic neutrinos) . In the inverse
process, only e- and e+ with opposite helicities are
producted. From the results of Sadykhov et al. [9 ],
and also from[ 4 •5 ] it follows that proton-antiproton
pairs are produced in e- and e+ annihilation only
with opposite helicities of the latter (the initial particles are assumed to be Dirac particles). Using
formula ( 4) of[ 1o], we can show that in the annihilation of proton-antiproton pairs the cross section
for the production of pairs of particles e-, e+ (J.t+, J.t+)
with opposite helicities is larger by a factor
E 2/m 2 (J.t 2) than the cross section for the production
of a pair- of particles with identical helicities, regardless of the helicities of the annihilating nucleons or of their structures.
Analyzing the results of Sokolov et al. [ 13 ], we
find that in the relativistic case (J.t « E) in the reaction e- + e+ - v +
regardless of the polariza·
tion of the initial particles, the probability of the
creation of muons with identical helicities is
smaller by a factor E 2/J.t 2 than the probability of
creation of particles with different helicities.
Therefore the cross section of the processes in
which relativistic e- and e+ (J.t- and J.t+) having different helicities are annihilated or created is approximately the double the cross section of these processes for unpolarized particles.
Let us consider the cross section for photon
emission by muons. The contribution made by the
arbitrary polarization of the initial particles to the
differential cross section is

v,

The integral cross section for the emission of a
photon (w < m) by muons is
da/(s_,s+)

=

[1- (s_s+) (1- m2/E 2 )]da 11 ,

where dull is the integral cross section for photon
emission by muons in annihilation of unpolarized
particles and is given by (2.36) of[t] . It is seen
from the expression for the cross section that the
muons emit only when the initial particles have
different helicities.
Thus, the summary integral cross section for
the emission of a photon (w < m) in the annihilation
of longitudinal polarized particles is
da'(s-, s+) = [1- (s_s+) (1- m 2 /E 2 )]da, (2.9)

where du is the summary integral cross section in
the annihilation of unpolarized particles and is
given by (2.41) of[t].
Let us consider the case of annihilation of transversely polarized particles. The contribution to
the differential cross section of photon emission by
initial particles is of the form (the azimuthal angle
cp is reckoned from the plane of the vectors p 1 and
~ 1 lie)
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Integrating with respect to the photon emission angle CfJk we get
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After integrating over the azimuthal photon
emission angle cp, we obtain the contribution made
to the differential cross section with respect to the
angle between the electron and the photon:
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In the case of annihilation of longitudinal polarized particles, the contribution to the photonemission differential cross section with respect to
the angle between the initial electron and the photon
is

(2.8)
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Let us examine the contribution made by the
polarization to photon emission by muons. The
contribution to the differential cross section is
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(2.14)
Integrating over the azimuthal angle, we obtain the
contribution to the differential cross section with
respect to the angle between the electron and the
photon
aJcr11' (st. 62)

where due is the cross section for the emission of
a photon by initially unpolarized particles in the
creation of a pair of scalar particles, and is given
by expression (2.12) of[ 2 J.
The contribution to the differential cross section of photon emission by the final scalar particles
can be expressed in terms of the corresponding
contribution for the cross section of emission by
final fermions
d 3a.(s1, 62) = _ R { d 3cr11(sh 62) }

4

dQkdCil

(2.15)
Integrating with respect to the photon emission angle, we get
m2 (.
dcr11'(s1o 62) = 2E 2 1
1

+

m2 )-1
(stS2)dcr11, (2.16)
2E 2

where dutt is the cross section for the emission of
the photon in the annihilation of unpolarized particles and is given by (2.36) of[t]. The interference
term in this case (annihilation into a pair of fermions) is equal to[t] 0 .
3. ANNIHILATION INTO A PAffi OF SCALAR
PARTICLES

Just as in the creation of a fermion pair, we
shall consider only the contributions made to the
cross section by the polarization. The contribution
to the differential photon emission cross section
from initially arbitrarily polarized particles, in the
case of creation of a pair of scalar particles, can
be expressed in terms of the corresponding contribution for the case of creation of a fermion pair:
d 3ae•(st, 62) _
dQkdCil

il21lo
d3cre(ShS2) .
4(Ll2 2J.t2 )
dQkdCil

+

( 3 . 1)

This relation is satisfied for contributions to the
differential cross sections of photon emission with
respect to the angle between the electron and photon
and for contributions to integral cross sections,
since A and {3 0 do not depend on the angles.
Inasmuch as relation (3.1) is not violated when
the polarization contribution is replaced by the
corresponding cross section for photon emission by
initially unpolarized particles, the integral cross
section for the emission of a photon (w < m) by
initially longitudinally-polarized particles has a
form similar to (2.5):

in lieu of K 2 v'v·

(2.6) of['] should contain the tensor K 2 vv'

dQkdCil

•

( 3 . 3)

where R denotes the substitution operation
(3.3')
Relations of the type (3.3) are satisfied also for
polarization contributions to differential (with respect to the angle between the electron and the photon) and integral cross sections, since the quantities a 1 , a 2 , h 1, and h 2 do not depend on the angles.
Inasmuch as in annihilation of unpolarized particles
the cross sections for the photon emission by scalar
particles are fermions are connected by a relation
similar to (3.3), the contribution to the integral
cross section of photon emission by scalar particles
in the annihilation of longitudinal polarized particles is similar to (2.8):
dcr8 (s_,s+) = [1- (s-s+) (1- m2/E2)]dcr.,

(3.4)

where dus is the integral cross section of photon
emission by scalar particles in the annihilation of
unpolarized particles and is given by (2.22) of[ 2].
We see that the final scalar particles, like the initial ones, emit only when the latter have different
helicities. The interference term is equal to zero[ 2 J •
Thus, in the annihilation of the longitudinallypolarized particles with creation of a pair of scalar
particles, the integral photon emission cross section is
dcr'(s_,s+) =[1- (s_s+)(1-m2/E2)]dcr.

(3.5)

where du is given by (2.26) of[ 2 J.
In order to take into account the effect of the
longitudinal (transverse) polarization of the initial
particles on their emission in the case of particleantiparticle pair production, with allowance of the
form factors of the final pair, it is necessary to
replace Z in (3.6) of[ 2 J by the quantity Z" (Z') and
Y in (3. 7) of[ 2 J by Y" (Y'). We use here the notation
Z" = Z

+ 2m (s_s+)Z
2

Z'
1 >Expression
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Y" = Y

0"

= [1- (s_s+) (1- m 2/E2)]Z,
(stsz)Zo,

= z+

+ (s_s+) Y

0'

+ (s_s+) (1- m2fE2)]Y,
+ (s1s2) Yo;
(3.6)

= [1

Y' = Y
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z;

Z is given by expression (2.11) of[ 2 ),
is the expression in the curly brackets in (2.3), z 0 the expression in the square brackets of (2.12), Y the expression (2.13) in[ 2 J, Y0 the expression in the curly
brackets of (2.13), andY~ the expression in the
curly brackets of (2.4).
4. ANALYSIS OF INTEGRAL CROSS SECTIONS
Let us consider the case of annihilation into a
pair of fermions. As already noted, in the annihilation of particles having different helicities the cross
section for the emission of a photon (w < m) is approximately double the emission cross section in
annihilation of unpolarized particles. The cross
section for the emission of a photon in annihilation
of particles with identical helicities is of the order
of m 2/E 2 relative to the emission cross section in
the annihilation of unpolarized particles (w < m).
The cross sections for photon emission near the
threshold of muon production and far from it can
be readily obtained from expressions (2.5), (2.8),
and (2.9) of the present paper and from the formulas
of Sec. 3 of[t]. It must only be noted that formula
(3.1) of[1] is incorrect. This formula was derived
. [1] ( w1"th accuracy to terms of first order in w/E)
m
using the relation J.L 2/E 2 ~ 1 (near threshold),
whereas it is actually necessary to use the relation
4J.L 2/ !:!.2 ~ 1 (near threshold). Consequently, the
cross section for the emission of a photon by initially unpolarized particles near threshold is given
not by (3.1) of[t), but by
daih

= 2a3dw~o(In 2E
E 2w

m

-!).
2

(4.1)

A factor 1 + m 2/2E 2 was left out from expression
(3.2) of[t). When this factor is taken into account
the cross section for photon emission by muons '
near threshold becomes
4 a 3dw (
m2 )
(4.2)
da,.th = - -2 - ~os 1 + -3 E w
2E2 .
It is seen from (2.13) and (2.16) that the contribution to the cross section from allowance for the
transverse polarization of the initial particles is of
the order of m 2I E 2 relative to the cross section for
the emission of the photon by the corresponding
particles in annihilation of unpolarized particles [1 J •
In the case of annihilation of transversely polarized particles, the cross sections near threshold
are given by

placing da!:(J.L) in (4.3) by expression (3.3) from[t)
(or (3 .4) of[1 J) .
In the case of production of scalar particles, the
formulas for the cross sections are similar in
limiting cases to the corresponding formulas for
the case of production of fermions (except that now,
of course, it is necessary to use in the formulas
the expressions obtained for the cross sections
in[2) 2>).

APPENDIX
In calculating of the cross sections of certain
processes[ 1 •2 • 14 • 15 ] by method of invariant integration of tensors, it is advantageous to calculate immediately the required contractions of different
types of tensors (Compton, current, etc.) with
second-rank tensors (metric tensors and tensors
made up of products of vector components), without
explicitly calculating the tensors themselves. This
reduces greatly the volume of the calculation.
In[t] they calculated in explicit form the Compton tensor of the initial particles Mvv' ((2.11)(2.14) of[t)), which was then contra;ted with the
tensors gv' and kvkv'• and these contractions are
used to obtain the cross sections. At the same
time, to find the contractions it is sufficient to
have the structural form (2.7) [t] of the tensor Mvv'
.
,
e •
VIZ., to contract the tensor M~v (with the tensors
gvv' and kvkv' and then calculate the contractions
(scalars). Indeed, it is easy to find the scalar directly than to calculate a second rank tensor for
example Sp y vabcdy v , and then contract it with the
tensors gvv' and kvkv' and moreover sum fifteen
terms for each case. The scalars can be obtained
directly:
(Sp y•ab~ d•t') g••' = 4Sp ~b 2J;
AAAA

/

'

(Sp y•ab2d v•') k.k.·

= k 2 Sp ab2 d;

(A.1)

(Spv•~b~y•'d)gYY , = -2Spd~b2 '

(Sp y•ab ~y•'J) k.k•.

= 2 (kd) Sp ~b 2k- k 2 Sp ~b;d;

(A.2)

(Sp v•aSv··~a) g••.

= 16 (ab) (cd),
(Sp y•a6v··~a) k.k.· = 2 (ak) Sp Sk;J
-2 (bk) Sp ak~d

+k

2

Sp ~b ;J..

(A.3)

In the paper of Ba!er and Galitskil[ 14 ], besides
contracting the tensor N111 v with the tensor g , it
• . f
rJ.LV
1s m act necessary to find its contraction only

(4.3)
. g1ven
.
by (4.1) (or (4.2)). The cross
w h ere dath(J.L) 1s
sections far from threshold are obtained by re-

2 )Formulas (2.27) and (2.28) of [ 2 } are obtained by using
near threshold the relation 4112 / ~ 2 - 1 and not 11 2 /E 2 - 1 as
in [2 ].
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with a tensor of the type pJ.i.nv + Pvnw In this case
the use of this procedure is no less effective.
We present an example:
(Sp y~'-ab ~Jyv) (p~'-nv
(Sp y~'-ab cyvd) (Pv-nv

+ pvn~'-) = 2 (pn) Sp ab~d,

(A.4)

+ Pvnp.) == 2 (dn) Sp pa b ~

+ 2 (dp) Sp nab;- 2 (pn) Sp ~b~d,

(Sp y~'-abyvcd)(pp.nv + Pvnp.)= 2 (ap) Sp bncd

(A.5)

+ 2 (an) Sp,,bp2J

-2 (bp) Sp an~d- 2 (bn) Sp aped+ 2 (pn) Sp ab~d.
(A.6)

Thus, the employed method makes it possible to
avoid summation of thirty terms, of which twentyfour vanish in the case of (A.4), and the remaining
six yield only three different terms. With the aid of
our device this result is obtained automatically.
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