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The Josephson current is calculated for an arbitrary barrier transparency near T c· The critical current is calculated for a system of two identical superconductors separated by a layer of normal metal.
THE physical nature of the proximity effects, [ 11 and
in particular that of the Josephson effect, [ 21 can be
most fully investigated near the eritical temperature
T c. because in this case the equations of the theory of
superconductivity[3 1 can be solved by expanding them
in the order parameter ~. The beginnings of such investigations were made by De Gennes.[ll
The purpose of this article is a further development
of this approach which will make it possible to obtain a
formula for the Josephson current for an arbitrary barrier transparency, and an investigation of the behavior
of the order parameter near the barrier. Using the
same method it is possible to calculate for a superconducting junction with a layer of normal metal the dependence of the critical current on the thickness of the
normal layer.
Making use of the usual procedure of expanding in
powers of ~. [3J we arrive at the following equation for
the order parameter:

ered independent of x; N(O) is the density of states on
the Fermi surface; v 0 is the Fermi velocity.
We note that since the appreciable w ~ T c. the main
contribution to the integral over 1: is due to 1: ~ ~ 0
~ v 0 /T c· Let us first consider Iz I>> ~ 0 • Then the
term set out in the right-hand side of (2) is exponentially small and can be discarded, and ~(z + I;) can be expanded under the integral in a series in 1;. Retaining in
the expansion terms no higher than quadratic in 1;, we
obtain

~(r)= gTL; ~ d3 r'Go(r,r',w)G 0 (r,r'-w)~(r')+...

therefore the main term in the expansion in T = 1
- T /T c (linear in ~) cancels and the first term in (3)
reduces to T~(z), i.e., it is of the order of ~ 3 • Clearly
the nonlinear terms denoted by the dots must also be
taken into account, being obviously taken in the local
form. The function ~(z) varies over distances H T)
~ ~ 0 /..fi in the indicated range of z. We come, thus,
to the conclusion that the usual Ginzburg-Landau equation is valid for distances Iz I >> ~ 0 •
In the region Iz I ~ ~ the behavior of ~(z) is described by a linear integral equation, since in this region terms of the order of Vi do not cancel and the
nonlinear terms can be discarded as representing only
small corrections. In the linear integral equations one
can assume T = Tc.
Dividing ~(z) into even and odd parts ~ = ~s + ~a
we reduce (2) to the following system of equations:

~(z)(1-nN(O)gT~-~-)--~~(3)_1_(~)z,pt:,.+
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where 1;(3) is a particular value of the Riemann 1: function. By virtue of the definition of the critical temperature
~ 1
nN(O)gT L J - = 1,

"' lwl

(1)

"'
Here the dots denote
the terms nonlinear in ~ whose
explicit form is, as will become clear below, unimportant for us; G0 is the temperature Green's functions
of the system in the normal state; the bar denotes averaging over the atomic distances. The essential nature of
such an averaging is connected with the fact that only
changes of the order parameter at distances of the order of the coherence length have physical significance.[ 41
1. THE JOSEPHSON EFFECT
Expanding G0 in wave functions of the one-particle
problem in the presence of a barrier and making use of
the circumstance that at distances large compared with
the atomic distances only the asymptotes of the wave
functions are important, after discarding rapidly oscillating terms, we rewrite (1) in the form
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Here
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We have directed the z axis perpendicular to the plane
of the junction and taken into account the symmetry of
the problem. In Eq. (2) R(x) is the reflection coefficient which will for the sake of simplicity be consid-

0

X

(6)

VoX

+ (1- 2D)K(z + z').

(7)

Equations (4) and (5) determine the behavior of the
order parameter near the barrier at distances of the
order of ~ 0 ~ v 0 /Tc. They have the following readily
establishable properties:
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z -

(a) the asymptotic behavior of the solution .:l(z) for
co is of the form

(b) the only solution of the equation for the symmetric part is a constant; consequently, .:l~ = .:l:_;
(c) .:la(z) = .:l~z + 1/a(Ar- .:l_), z - co; if the coefficient of z is specified, the solution is uniquely determined. There exists, therefore, a relation (linear because of the linearity of the equation) relating .:l~ with
.:l+- .:l_.
Thus we obtain the following matrix relation:

The coefficient a can be readily found explicitly in the
two limiting cases of high and low transparency. Assuming
L\a(z) = L\+'z

00

qJ(z)- ~ L (z, z')qJ(z')dz'

~ z'K(z + z')dz' -D(L\+- L\_) ~ K(z +z')dz'.
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~ dz ~ dz' K(z + z')z'. (10)

We emphasize that the explicit form of the kernel K(z)
has thus far not been used; therefore, Eq. (10) retains
its validity also for the more general case (for example, in the presence of impurities). Using (6), we find
A·'-

'-'+ -

3n3Tc

14~(3) Vo

D(L\ - L\ )
+

- '

D~ 1.

(11)

Analogously for high transparency we have
L\ - L\ -

+

=

exp (2imx ± iqJ I 2)L\oo/(z),

(13)

where x is the continuous component of the phase, and
dx/dz = Vs· The boundary conditions are consistent by
virtue of the relation sin cp = 2amvs(O) which expresses
the law of conservation of current and reduce to the
equalities
f+

= f- == /o,

f+' = -/-',

af+' = /o(1- cos <p),

(14)

The current is given by the expression
4eC

(9)

Using for the solution of Eq. (9) perturbation theory in
D, we obtain from the solvability condition of the firstapproximation equation
D-+_·_ ~ dz ~ dz' K(z
2
o
o

L\(z)

a
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-
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It is convenient to find f~ from the first integral of
the Ginzburg- Landau equation. Making use of it, we
find for the currents that are much smaller than the
thermodynamic critical current the expression

we obtain after simplification

= 2RL\+'

We note that because of the crudeness of the approx·
imation made by De Gennes [ 11 in the estimate of 0! he
obtained the boundary conditions very inaccurately even
for low transparency. However, he indicated the general
form of the boundary conditions correctly.
In order to solve the Ginzburg-Landau equation we
make the substitution

j = -

+ 1/2(L\+- A-)+ qJ(z),
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where n is the total number of electrons. The obtained
formula is general. For low transparency a is large,
and we obtain Josephson's result. For high transparency 0! is small, but cp is also small, so that one must
retain all terms in (16). Of course, sin cp can be replaced by the phase.
In conclusion we note that the formal investigation of
the linear equations (4)-(5) was carried out by Zaitsev[51
who obtained boundary conditions for arbitrary transparency D which coincide for D << 1 with (11) and for
D ~ 1 differ from (12) by about 6%. The latter is related to a different choice of the trial function.

(12)

In the intermediate case one can readily obtain a better
approximation for 0! by the variational method.
Let us now note that since the characteristic distance for the Ginzburg-Landau equation is ~(T) >> ~ 0 ,
and the solutions of the integral equations (4) and (5)
take on the asymptotic form for ~(T) >> lz I>> ~ 0 , the
linear asymptote of the integral equations should be
identified with the linear part of the expansion of the
solution of the Ginzburg-Landau equation into a Taylor
series near z = ±0. Thus relation (8) is a boundary
condition for the Ginzburg-Landau equation. It must
not be thought that the boundary condition (8) is only an
effective boundary condition. Indeed, as is clear from
the above considerations, there exists a region in which
both the linear integral equation and the Ginzburg-Landau equation reduce to the equation d 2 .:l/dz 2 = 0. As
such a z one can take lz I ~ ~0 T- 1 ; 4 • The above statement also remains valid when one takes into account
the intrinsic magnetic field, since all the characteristic lengths appearing in this case are much larger than
those essential for the above treatment.

2. THE PROXIMITY EFFECT
Let us consider the problem of calculating the superconducting current in a system consisting of two superconductors separated by a layer of normal metal of
thickness d. We shall consider the case of the same
superconductors. We take the usual model in which we
ignore the difference between the effective masses, the
Debye temperatures, and the density of levels N(O), of
the superconducting and normal metal, assuming that
they differ only in their constant of effective attraction
which changes abruptly. Assuming that there is no reflection on passing through the boundary and that in the
region of space occupied by the normal metal g = 0, we
obtain a linear integral equation for the order parameter near the boundary
--d/2

L\(z) =

00

~ K(z- z')L\(z')dz' + ~ K(z- z')L\(z')dz'.

(17)

di2

By virtue of the invariance with respect to reflection
of z, the even and odd parts of the function .:l(z) separately satisfy Eq. (17) which can therefore be consid-
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erect only on the z > 0 semiaxis. The asymptotic behavior of the solutions of (17) is of the form (8), and in
accordance with this we have for t.s (z) and t.a (z)
t1,(z) = Ci(z

+ !;0 q,~),

L'1a(z) = C.(z

+ £oq2~),

z-+ oo.

Since, as usual, q 100 and q 200 are uniquely determined,
we obtain the boundary conditions in the form
(t>+'- L'1-'l£oqt~ = 1'1+

+ !1_,

(1'1/ - L'1-'l£oq2~ = 1'1+- 1'1-. (18)

Taking into account the fact that d >> ~ 0 , which makes
it possible to simplify the kernel of the equation, introducing the dimensionless variable t = z/ ~ 0 , ~ 0
= vof2rrTc, and assuming that t. 8 , a(t) = C1 , 2 [t
+ ~ 0q 1 2 ( t)], we arrive at the equations

'
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~

fa\;'Lt(\;,
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0

so
r a }
E 1 (\;)=E(\;J+p--;rexp\- so-!; ,
~d

E(\,)= ~
p
~ _£exp {-[2n+ 1[y\,},
" (2n+1) 2 1 y 3
Lt(\;X) = L(\,- !;')+ p

£~ exp{-
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p = gN(O).

"

(19)

For q 1 oo we have the relation

q,=~

1
[2n+1[ 3

3 { t

=2

ii~

(2n+1)'

(20)

+ ~d e-d!<o + (2rDt min)-!},
)
where D 1 is a functional, the minimization of which
leads to (19). We also have an analogous equation for
q 200• Making use of the variational method, l 61 we obtain
q' • 200 = q0 0+- k _k
d e-dl<o '

The current turns out to be

k

9~ 0.98,

q=

~ 0.64.

(21)
Since d >> ~ 0 , one can substitute for t.+ the known solution of the problem of the semi-infinite superconductor .l 71 We thus obtain for the critical current
(22)
The numerical constant A = 6k/7 t(3) is of the order
of unity. The critical current decreases exponentially
with the thickness of the normal layer. The temperature dependence is determined by the factor T 2 and not
by T as in the case of the Josephson current. The latter fact has been noted by De Gennes. l 11
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