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Fluctuations of the electron density and of the order parameter phase, the magnetic properties and
the features of the superconducting transition in layer structures are investigated. A dependence of
the critical field on direction characteristic for such systems is derived. The calculations are carried out in the logarithmic approximation.
1. INTRODUCTION

The quantity entering in the right-hand side of formula
(2) is determined by the Coulomb interaction:

SEVERAL years ago Ginzburg[ 1 J expressed the assumption that a peculiar mechanism of surface conductivity is
possible in two-dimensional systems. Such a mechanism
allowed one the hope of obtaining high transition temperatures. However, subsequently Rice[ 2J and Hohenberg[ 3 J
showed that a superconducting phase transition in twodimensional systems is generally speaking impossible
on account of the destructive action of fluctuations.
Nevertheless, an analogous surface mechanism can take
place in thin films with coatings and in layer structures.
[ 4 J The situation in this case recalls the case of quasi
one-dimensional systems which has already been investigated. [sJ There is, however, a number of differences
connected in the main with weaker limitations imposed
on the transition temperature by phase fluctuations.
This in turn renders the nature of the fluctuations threedimensional in a broader range of temperatures. In this
paper we investigate layer structures. The treatment
can be applied to such substances as NbB2 and NbS2.
These are compounds with a layer structure; their conductivity within the layer is metallic, and in the direction perpendicular to the layer there is practically no
conductivity. Account of the Coulomb interaction makes
it possible, as in [5], to limit the role of electron density fluctuations and to maintain the one-particle nature
of the spectrum. However, the Coulomb interaction does
not affect the phase fluctuations of the wave function of
the superconducting electrons, and to limit these one
must take into account the real electron transitions between different layers. With regard to their magnetic
properties, layer structures have a specific peculiarity.
Depending on the angle of inclination of the external
field the superconducting transition can be a first or
second-order transition.
2. ELECTRON DENSITY FLUCTUATIONS

Let us first estimate the role of the electron density
fluctuations in the system under consideration. The calculations here are completely analogous to those carried
out in [sJ. Making use of the notation of that paper, one
can write
T, = const·exp ( -

l
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(3)

Let us write down the matrix element of the Coulomb
interaction in the system under consideration
Fq.k =

~ ~ Vp' +e;: _ z')' "ljlq,'"ljlq,"1\lq,'"ljlq, dp.

(4)

Here k is the projection of the momentum on the layer,
and q is its projection on the direction perpendicular to
the layer. In addition, motion within the layer is considered to be free, whereas the motion between layers
is considered in the tight-binding approximation. Therefore it is convenient to write 1/!q in the form of an expansion in Wannier functions. If one introduces in formula
(4) a cutoff function at the layer thickness, then (4) will
correspond to the potential of a system of parallel
charged plates. In the region of interest to us kc
1
and qc « 1 (cis the distance between the planes) the
Coulomb interaction has the usual three-dimensional
character:

«

Vq,k
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(5)

In the equation for determining the transition temperature (Fig. 1) 'this potential enters in such a way that all
internal lines corresponding to two-dimensional motion
of the electrons do not depend on the wave vector q.
Therefore in this projection of the vector there are no

FIG. I

limitations due to the law of conservation of momentum
and all terms of the equation can be integrated independently over q. Since the momentum q enters only into
the expression for the potential (5), this integration reduces to the replacement
(6)

Let us now take into account screening. Calculations to
first order yield for the polarization operator

(1)

I1 ( e k) = _ie'_ S -:---c-:c----cc--'-p dp dq: dw ---=-~=---...,...,..,'
(2n) 3 (iw -p 2/2m+p0 2/2m) (iw-ie- (p-k)2f2m+Po'f2m)

(2)

(7)
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Introducing the Debye screemng
rad'1us K = (me 2/2 1T )1/2
and assuming € « vk, we obtain in place of (6)
2ne2
V=--=·
"fk2 x 2

(8
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3. PHASE FLUCTUATIONS

Here we have made use of the fact that in a system of
charged planes th.e spectrum of plasma waves is of the
following form:
(9)

where w~ = v
Formula (9) can be readily obtained by
substituting in the equation depicted in Fig. 2 expression
(5) in place of the wavy line and formula (7) in place of
the loop.
2K 2 •

FIG. 2

Thus the plasma spectrum contains an angle-dependent gap (as in the quasi one-dimensional case, however
here there is a different angular dependence), i.e. electron density fluctuations in a layer system are of a
three-dimensional nature and do not have a destructive
effect on the superconducting state. It should be noted
that the nature of the density fluctuations in a layer system is such that at low temperatures (wk/T » 1) (unlike
in the one-dimensional case) the fluctuations are finite,
even without account of the Coulomb interaction, and
there is a logarithmic divergence in the "high-temperature" limit (wk/T « 1) which is also removed by introduction of the Coulomb interaction. Since the quantity
corresponding to the exponent of the exponential in (8)
can be written

"kdk

which yields for wk/T » 1 a convergent integral· j c;;;;and for Wk/T

«

•

Whereas the introduction of the Coulomb interaction
limits the density fluctuations and retains the oneparticle nature of the spectrum, the limitation of the
effect of phase fluctuations requires an account of the
real transitions of electrons between the planes. For
estimates we shall utilize the following model dispersion
law:
e=~(lki-Po)

Wk

Tf:;.2
r ___
dq OJ.k <

J

Wk

1

(10)
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Assuming in order of magnitude t:.. - T - Tc, we obtain
from (11)

2_,

There is also another "dangerous" circumstance connected with electron density fluctuations. We are referring to the fact that in the two-dimensional case, if one
restricts oneself to the point interaction, one cannot
generally assume the one-particle nature of the spectrum: Ep = v (l'pl-po) since then the eigenenergy p~rt
has a singularity. For instance, to lower order (F1g. 3)
!: -In (iw- ~). Therefore, without account of the Coulomb interaction between the planes we cannot even set
up the problem of two-dimensional superconductivity
correctly. On the other hand, account of this interaction
c:1anges the dangerous eigenenergy part into that shown
in Fig. 4 which to lower order has the value
l: ~ e'(iw- 6)

+acoscq.

This is the so-called corrugated cylinder where the
amplitude of the corrugation a « vpo (it shoul~ b~ ?oted
that the transition to the limit a - 0 merely s1gmfles
the absence of jumps between the planes, whereas a
transition to a separate plane occurs for c - 00 ). If it
turns out that a« Tc, then with regard to the conductivity the layer structure will behave like a two-dimensional structure, but the nature of the fluctuations in the
important region will nevertheless be three dimensional.
Therefore in order of magnitude the two-dimensional
charge e 2 - >../c, where >..is the three-dimensional interaction constant, will enter in all formulas. Limitations on the transition temperature are imposed in a
different way starting from the exact inequalities of
Hohenberg[ 3l and on account of the fluctuations in the
number of Cooper pairs. As has already turned out
above, these limitations are of a completely general
nature and do not depend on taking into account the Coulomb interaction between the planes. Phase fluctuations
bound the superconducting transition temperature from
•
l't
above (see also [4] ). Let us use Hohenberg ' s mequa
1 Y[3]
modified for the case under consideration

1 the integral
) kdk

FIG. 4

In the logarithmic approximation one takes into account
only terms -e 2 L (L is a large logarithm) and the contribution from the eigenenergy parts (Fig. 4) can be
discarded.

Below we shall make use of this expression for the
Coulomb interaction. We substitute it in formula (3)
and obtain from (2)
(q:2 (0))

FIG. 3

iw -6

-;_;-In------;;;-.

(12)

For Tc > EF In - a the transition is generally speaking
impossible on account of the destructive action of the
phase fluctuations; for Tc < a the superconducting state
is of the usual three-dimensional nature. It is interesting to note that there is also a limitation of the temperature due to fluctuations of the number of Cooper pairs.
Let us write down in analogy with (11) the pair correlation function for w = 0 and a finite temperature
1/ 3

/';.2
K~---.
k2
aq 2

+

(13)

Let us now take into account the contribution to the fluetuations Kin the expression for the Green's functions.
In the lowest order it is given by the diagram shown in
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FIG. 5

FIG. 6

Fig. 5 where the K is depicted by the dashed line. We
have
T2 ~ K 1K 2G1G2f'.

(14)

The important region in the integral is k ~ a 112po and in
this region we can assume for an estimate that F ~ 1/A
and G ~ T/A 2 • Then (14) yields T 4 ln 2 a/A. It is hence
clear that fluctuations in the number of Cooper pairs
will begin to affect appreciably the magnitude of the
superconducting gap only when
(15)
There exists thus a temperature range in which the
superconducting transition is of a two-dimensional
nature. In all formulas of this Section a is a dimensionless parameter corresponding to the amplitude of
the corrugation. Unlike in the quasi one-dimensional
case, inequality (15) provides a stricter limitation:
(16)

only to the two-dimensional case; therefore its solution
makes it also possible to explain the nature of the momentum dependence of the gap for a broader class of
problems with Coulomb interaction. We introduce the
following notation:
m

vx

A

A=-,

v=ln-.
do

f-t=ln-,

2n

X

There are two classes of solutions of Eq. (18). The
solutions of one class satisfy the condition A > vK, and
those of the other satisfy the condition A< VK. In the
first case we have the detailed form of Eq. (18):
lj

11

•

=-AS (-~ + e u)A du- AD(TJ) ~ t'1 du.

(19)

2

0

lj

Here account has been taken of the fact that in the logarithmic approximation in the region u > TJ one can assume that D(u) = const. From Eq. (19), differentiating
it twice with respect to TJ, we obtain
(20)

4. PROPERTIES OF THE SUPERCONDUCTING STATE
A difficulty connected with the doubly logarithmic situation appears in the consistent account of the Coulomb
interaction. Thus, even the simplest Cooper diagram
(Fig. 6) is equal to
e'

6p(2n)•v

Solving this equation under the conditions that
~n' (s) = 0,

.-1 (0) = l.g

•

~ .-1 du,

(21)

we find that
(22)

{ln ~
+ ln ~- _{)p ln ~- __!_ ln• lJp}.
2vx
2v6p
Po
2vpo
2
x

6 = - 1 ln

!11'~_+ e.

(23)

2/.e If¥"-- e
Here wo is the total frequency and op is the momentum
transfer. In order to avoid this difficulty partly, we take
The corresponding dependence is shown in Fig. 7 with
into account the fact that the interaction (8) is only ef-y"i:.g
fective for "small" momentum transfers (<<A, where A
t'loo = L1o
•
-y~.gz- e•
is the characteristic cut-off momentum of the theory). If
there is in addition some attraction (due, for example, to
In the second case the detailed form of Eq. (18) apphonons), then one must add to (8) the appropriate expres- pears as follows:
sion. Assuming that the attraction is effective for large
lj
momentum transfers (»A) and approximating it by a
.-1 = - I . S D8du- AD (TJ) S 8du-WA(I.l) (6-f-t),
constant, we obtain a potential which depends apprecin
ably on the angles. Expanding it in two-dimensional
and since ~- 1-1. = v,
harmonics (cosines) and retaining only the zeroth term,
(24)
we obtain the final expression:
~

(17)

Solving (24) with account of the fact that
(25)

11 (f-t) = Ao,

The remaining harmonics contain a small coefficient
and can be discarded. Such an expansion makes it in
addition possible to avoid a series of difficulties connected with the fact that in the equation for the transition
temperature terms with different angular dependences
are mixed with one another. We shall solve the equation
for the gap with the interaction (17)

A= t'1 0 ch el'~(f-t- TJ)
v =

cb

+ l.e Aov sh efi(f-t- '1']),

{26)

2

e"J'~ f-t + e-1gl'~sh el'1. f-t

.

( 27 )

t.g - l.e 2 sh el'J.. f-t - "-''•ge (ch el'l. f-t - 1)

l

A= -- _!11_ ~ Dd du.
2n 0

we obtain

(18)

Here u is a logarithmic variable and ~ = ln (A2I A). In
the logarithmic approximation this equation refers not

For erA 1-1. < 1 and grA je < 1 we obtain in the logarithmic region the usual result
(28)
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Additional limitations imposed by the phase fluctuations
have already been investigated in Sec. 2. The GinzburgLandau equation is readily derived in the logarithmic
region (28) by the standard method r 71 using the model
dispersion law (10) and introducing the effective interaction constant
FIG. 7

e= g- e2ln (po/%).

FIG. 8

Figure 8 shows the regions within which class-! and
class-11 solutions exist. For the former the following
relations must be fulfilled:
zcthz>-t> ~-t+z(chz- 1 )

It is more convenient to evaluate the corresponding integrals not in the coordinate but in the momentum representation, since the coordinate form of the Green's
function in a layer system is inconvenient. As a result
of the calculations we have

)2 a•c2({) + 2ieAz )2'
{4m1(8
op + 2ieAp +i 16eF '

or

{Jz

z cth z < -t

< __z2shz
....::..=_

____,..

ll+z(chz-1)'

where z = e-1>: 11 and t = ll.gi.J..
Formulas analogous to (20)-(27) are obtained in determining the residue near the pole of the vertex function. To this end, one must solve the inhomogeneous
equation corresponding to the homogeneous Eq. (18)

r

= D- 1-. )

Dr au.

+

(29)

Tc

8(nT,,)2

(33)

where p is the component of the radius vector in the
layer, or in the usual notation

~(__!_)
;.k

2m

(V;+2ieA;)(Vk+2ieAh)!l'

;h

+~{T.-T -~lll12}1l'=O.
1J

(30)

The solution of (30) in the logarithmic approximation is
given in the Appendix. Here we should note that the
superconducting transition temperature of a "two-dimensional'' metal becomes zero in the approximation
following the logarithmic approximation. Consequently,
the logarithmic approximation is not sufficient for an
exact solution of the problem of surface superconductivity. However, even account of the following terms in
Eq. (18) ~e 4 L ~ e 2 (where Lis a large logarithm) result
in so far insurmountable difficulties because the corrections to rand Dare of the same order ~K 2/p~ ~ e 2 •

6(nT.)2[T.-T_~IIl(r)12]}6'(r)=0,

n(3)sF

T.

8(nT.)2

(34)

Let us now consider the critical field of such layer
superconductors. The calculations can be carried out
analogously as in r51 • However, here it is simpler to use
Eq. (34) directly. The result is shown in Fig. 9 where
the dependence of the critical field is plotted as a function of the angle with the plane of the layer. The corresponding values of the critical fields are

and the characteristic angles are
5. MAGNETIC PROPERTIES

Before we proceed directly to the investigation of the
magnetic properties of layer structures, let us point out
that without account of phase fluctuations there exists in
the two-dimensional case a region of applicability of the
Ginzburg-Landau equation (there is no such temperature
region in the one-dimensional case). Let us write down
the free-energy expansion
F,=Fn+m

~d2p(aTI61 2 + 2 ~.2 16i•+c6o2 IV61 2 ).

(31)

We shall calculate the thermodynamic fluctuations A
about the equilibrium value Ao, A = Ao + A1. In order of
magnitude Ao ~ TcT 1 / 2 where T = (T- Tc)/Tc is the
proximity to the transition point. Then,
(6 12)

Tc i

iPk
Tc
Tc3
~- J - - - - ~ ---lnT ~ -lnT
m
a-r + c!;02k2
m602
mv2

and the condition that the fluctuations be small [the condition of applicability of expansion (31)] yields
(6, 2) I llo2 ~ T. In T /eFT< 1

and, thus we have a temperature range within which the
Ginzburg-Landau equation is valid
(32)

where l.l.B is the Bohr magneton and the other notation
is that of r51 • The dashed curve in the region e < e1
corresponds to the supercooling field. The form of the
corresponding curves is given by the formula (T = 0)
(35)

From this formula it follows that for
(36)

and for

e > e,

""-aL> 1,

which is also readily obtained from (34).
The point (} 1 is characterized by the fact that the
curves of first and second-order transitions intersect

·~
e,

FIG. 9

e
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at it. The physical reason for such a form of the curve
is contained in the different mechanisms of the destruction of superconductivity in parallel and perpendicular
fields.
Whereas for the perpendicular field there is no need
for electron jumps between layers, account of this phenomenon is essential for describing the destruction of
superconductivity in a parallel field.

whence we obtain by differentiation
II

II

ftiJIJ = J.e 2ft;

r ... =

J.e2fz.

(A.2)

Taking into account that
r,IJ'(J.t)= e2 -}.e2

fi(J.t)=D(J.t)-AD(J.t)

6. CONCLUSION

.
.

s•r2du;
"

s r2du-}.S" Df,du=fz(J.t);
"

0

~
A number of superconductors with a layer structure
rtto)=-g+1.gS
r.au+'-gS
r~au,
(A.3)
have recently been investigated. Unfortunately only mea"
0
surements of the specific heat of NbBa in the temperaas well as
ture range 0.6-2.8° K and of NbSa in the 1. 7-6.4° K have
been carried out. The behavior of the specific heat is in
"
fzv'(s)= 0;
fz(J.t)=D(J.t)- W(J.t) Sr,du- '-S Dr, au, (A.4)
qualitative agreement with the results which follow from
this work. As regards a more detailed comparison, it is
"
0
difficult, on the one hand, on account of the incomplete
we obtain the solutions of this system
nature of the experiments which have been carried out,
and, on the other hand, because of the inadequacy of the
e ( e}.-'I• sh e yfJ.t- g ch e yf,..)
e
:ft(TJ,Jl)=
.
chefJ.(5-TJ)---=shel'I.(J.t-IJ),
logarithmic approximation. The anomalously small
e cb el'J. 5- gl''- sh eyJ. 5
l''jump in the specific heat at the transition temperature
(~0.12 instead of 1.43 assumed from the BCS theory)
(A.5)
can be explained both as an effect of the anisotropy as
well as by the fact that at low temperatures the lattice
Near the pole the constants g and e are related by the
part of the specific heat of a layer structure contains a
relationship
term linear in the temperature (which is absent in the
e
g = --=cth eyJ. £.
three-dimensional case); this term is not separable
l'J.
from the electronic contribution to the specific heat,
since
Therefore the solutions

.

fi(I],J.I)=

where ® is the Debye temperature and v is the modulus
of the displacement (this contribution to the specific heat
is due to bending oscillations of the layers). A comparison of the dependence of the critical field on the angle
with the plane of the layer obtained in this paper with
experiment would be considerably more interesting.
However, such experiments have so far not been carried
out.
The dependence of the gap on the momentum obtained
in this paper, connected with the Coulomb interaction, is
reflected, for instance, in the relation between the size
of the gap and the superconducting transition temperature. The usual relation A = 1TTc/Y (y is the Euler constant) will now no longer be fulfilled.
The author expresses his deep gratitude to I. E.
Dzyaloshinski'i' for directing the work.
APPENDIX
Let us write down Eq. (30) in detail. Denoting the
vortex for Pa < P1 by r1 and for Pa > P1 by ra, we obtain instead of Eq. (30) the following system:
•

f 1 =D(TJ)-AD(TJ)

"

.

- gech e ¥f11 +}. -'t.ez sh eyi'I]

- gyJ.sh e l''- 5 + e ch eyJ. 6
r2(11. J.t) = rl(J.t,IJ).

It is hence seen that near the pole the residue
res r ~ ch el'M5- J.t) ch el'i15 -I]).
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S f 2 du-AD(TJ) S ftdu-J. SDftdu, (A.1)
"

r.=D(J.t)-AD(v)

. "
S r.au-1.5Dr2au-J.
IJ

0

Svr~au,

"

0

chefJ.(6-J.t),
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