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The method of double radiooptical resonance is generalized to the case of coherent spontaneous radiation. The effect of photon echo is investigated in two limiting cases, those of strong and weak magnetic
fields. In strong magnetic fields, the coherent response in the medium arises at different optical frequencies. Both components of the radiation experience modulation, depending on the interval between
the exciting pulses of light and the amplitude of the radiofrequency field. In weak magnetic fields, there
is a polarization dependence of the emerging coherent radiation. The results are valid for transitions
in gases of the type j = 1/2 - j' = 1/2 and in crystals with paramagnetic impurities of the ruby type.
IT is known that the photon-echo effectll, 2J is exceedb) weak magnetic field, when the inequality
ingly sensitive to various kinds of hyperfine interac(2)
IM~ I~ t1 ~ dE I li.
tions. Measurement of the intensity of photon echo as a ,
function of the interval T between two exciting coherent
is satisfied. We note that the amplitude of the electric
pulses of light apparently makes it possible to extract
field of the light pulses was chosen to be sufficiently
information on the isotopic shifts of the excited levelsl 3 J, largelaJ . With respect to the relaxation processes we
and can serve as a new method in spectroscopy of ultra- assume that the damping constants for transitions to
high resolutionl 4 J. Modulation of the echo signal in ruby different Zeeman sublevels are the same. We assume
was recently observedL5 J. In this case the hyperfine
also that the direction of the constant magnetic field
coincides with the z axis-the quantization axis in the
interaction is equivalent to action of a certain radio fregas, or with the direction of the optical axis in the paraquency field, produced by the precessing magnetic moments of the crystal-matrix nuclei, on the ions of the
magnetic crystal.
Qualitatively, the main results can be obtained by
paramagnetic impurities. It is obvious that such an
alternating field has a complicated spatial and temporal
means of the following physical reasoning. Both the
structure, which in final analysis does not make it possi- optical and the radiofrequency electromagnetic fields
ble to solve this problem completelyu,sJ.
are coherent. In case a), after the action of the first
This raises the question of how the photon-echo
optical pulse, the three-level quantum system (see
effect changes when a stationary and homogeneous radio- Fig. 1a) turns out to be in a superposition of the two
frequency field is applied. In this case the field paramupper states IT and III. Such a system is a classical
dipole radiator at the frequency w. The continuous
eters are relatively simple and can be varied over a
radio- frequency field mixes the states I and II, so that
wide range at the observer's will. In particular, it is of
in this case the quantum system is a classical radiator
interest to consider the problem of formation of photon
at three frequencies w' n' and w + n 1). It is known that
echo in a medium in which the action of continuous
the amplitudes of the probabilities of observing the sysradio- frequency pumping is effected under conditions of
tem in the states II and I vary periodically like
double radiooptical resonance, first investigated by
Brossel and Kastlerl7 J.
cos (Xnt/2) and sin (Xnt/2) (see, for example,l 9l), where
Xn depends on the amplitude of the alternating field. In
The method of radiooptical resonance has presently
become widely known and is a reliable method of optical our case, this will be exactly the law of variation of the
amplitudes of the oscillations at the frequencies w and
registration of EPR in excited states. It must be noted,
w + n. Thus, by the instant of action of the second ophowever, that so far the action of the microwave field
reduced only to a perturbation of incoherent spontaneous tical pulse at t = T the number of radiators at the frequencies w and w + n will be proportional respectively
radiation. Therefore in our investigation the method of
to cos (Xo-r/2) and sin (xar/2). The second optical
the radiooptical resonance has been extended to cover
pulse leads to "time reversal" for the dipole radiators
an essentially coherent process, namely the effect of
photon echo. We have considered here the two most im- at the same frequency wl 1 J, and will exert no noticeable
influence on the radiators of the second optical freportant limiting cases:
quency w + n, for by virtue of the condition (1) the
a) strong magnetic field, in which the following inlatter are away from resonance with the external light
equality is realized:
pulses.
(1)
By the instant of occurrence of the photon echo, the
radio-frequency field acting after the second optical
where~= 1/Tt is the inhomogeneous line width; 6U
pulse again distributes the radiators over the frequen= n2- nl, nl, n2 are quantities characterizing the
Zeeman splitting of the levels of the ground and excited
states; E is the amplitude of the electric field of the
1l If the positions of the two lower levels are reversed, the combination frequency is w-n.
light pulses and dis the reduced matrix element;
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nating nonresonant magnetic field was indicated in[loJ .
The calculation procedure of the present paper is
based on an earlier paper by the authorsl 81 , and we shall
therefore confine ourselves henceforth only to the most
general information concerning the character of the
calculations, and will stop to discuss in detail only the
new aspects in the calculation. The initial equation for
the density matrix, just as inlsJ, is taken in the form

Htt=O ,....,..

·-L

E.

Ho

(3)

'

I tw,=li!J

\-i,

b

FIG. I. Energy-level scheme for the realization of photon echo under
conditions of double radiooptical resonance: a-in strong magnetic fields,
b-in weak fields. E-arnplitude of electric field of light wave; k-wave
vector, w-optical frequency, 0-frequency of radio emission, H 0 -constant magnetic field.

cies w and w + n in the proportions indicated above, so
that finally at t = 2T their number will be proportional
to cos 2 (AnT/2) and cos (AQT/2) sin(i\nT/2). Thus,
both components of the photon echo will experience
modulation, depending on the interval between the exciting pulses of light T and the intensity of the radio-frequency pumping. We emphasize that if the equality i\QT
= 1T is satisfied, both components vanish simultaneously,
and if i\n T = 27T, the combination- frequency component
vanishes, whereas at the fundamental frequency the
component is maximal in magnitude. The quantitative
results are given in the form of expressions (17) and
(18).
Similar reasoning applies also in case b). Here
under the action of the continuous radio-frequency pumping there will be observed the same frequency variations
of the optical field. But since the frequency shifts of the
energy levels of the ground and the excited states in the
magnetic field lie within the limits of the width of the
optical line, the greater importance will be assumed not
by the frequency dependence of the emerging coherent
radiation, but by the polarization dependence. Thus, it
can be shown that for the four-level system shown in
Fig. 1b, the photon-echo polarization picture consists
of two vectors, one of which is directed at an angle
21J12- IJI1 in Cartesian axes, and the direction of the
other depends both on the magnitude of the constant
magnetic field and on the interval T between the exciting
light pulses. When T or the constant magnetic field is
varied, the position of the second vector relative to the
first changes, and as a result the intensity of the photon
echo experiences oscillations. We note that in the absence of a radio-frequency field (i\n = 0 in formulas
(27)-(29}}, the photon-echo polarization vector is directed at an angle 21J12- l/J 1 • Thus, for the transition j = 1/2
- j' = 1/2 there is no rotation of the plane of polarization of the photon echo at the instant t = 2T in a constant
magnetic field. The last result is valid for the type of
transition considered by us, where the four-level system may be broken up into two independent two-level
systems.
The rotation of the plane of polarization in an alter-

where ~o is the unperturbed Hamiltonian, but now with
account taken of the constant magnetic field, V(t} is the
interaction operator, and the term i ft(ap/at):r. describes
the relaxation processes. The interaction w1th the light
field will be considered in the dipole approximation, and
the interaction with the radio-frequency field in the
magnetic-dipole approximation; then
V(t) = V"(t)

v·<tl = -dE,(t),

+ V"(t),

v"<tl = -11H"(t).

(4)

The index a in (4) numbers the sequence of light pulses
and assumes values a= 1 and 2. We write the electromagnetic field in the form
E,(R;, t)

= Re {E.(R1, t) exp [i(kR;- wt +<I>.)]}

(5)

for the optical pulses and
H"(t) = Re {H0° exp ( -i(Qt

+ ll>H) ]},

H," ..L H,.

(6)

for the radio-frequency pumping.
In expressions ( 5) and (6), Ea(~, t) are slow amplitudes of the optical pulses, ~ is the coordinate of the
j-th radiator, k = wn(w)/c is the wave vector of the incident coherent radiation, 41a and 4/H are phases, ~A is
the amplitude of the radio-frequency field of frequency
n, and Ho is the constant magnetic field. In writing down
(6) it was assumed that the wavelength of the radio
emission greatly exceeds the dimensions of the medium, i.e., Liln(O)c-1 << 1 (L-dimensions of the medium,
n(O)-refractive index, c-velocity of light in vacuum).
During the time of action of the optical pulses, we
assume that their duration oa is much smaller than the
characteristic relaxation time of the "quantum coherence" of the medium y - 1 (o a << y- 1}, and the amplitudes
of the light field are much larger than the amplitudes of
the radio-frequency field (VW » ~; i, j-indices of
the states). Then Eq. (3) takes the form

ap

- + v,•,
~ ~
p].

ih- = [a!#o
iJt

(7)

We shall solve this equation in the given-field approximation, for which it is necessary to satisfy the condition
2nwLN,d'1'2 I hve ~ 1,
(8)
where No is the concentration of the radiators and € is
the dielectric constant of the medium. We shall henceforth confine ourselves to calculation of the polarization
of the medium, an expression for which can be written
as follows:
P(R, t) = N,

Jd/Sg(~- h.w)Sp{p(R, t)d}.

In formula (9), g(8) is the energy-level distribution

(9)
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function, and the integration is carried out over all
possible values of the energy levels.
Let us consider for simplicity a certain system
(either a crystal with paramagnetic impurities or a gas)
having a small degree of degeneracy in the absence of
a magnetic field. Assume that it is equal, say, to two
for both the ground and excited states. The conditions
of strong and weak constant magnetic fields means that
in the former case we should work with a three-level
system and in the latter case with a four-level system.
We choose them as shown in Fig. 1. To make the succeeding expressions compact, we shall use the expansion of the three-row matrices in terms of the matrices
of the effective spinS= 1 (see, for example,u1J, and
expand the four-row matrices in the Dirac y matricesL12J. Let us discuss each case separately.

J5 = - _E(t- ta)S,(S~ + 1)+

1011

A_ {(S+ -[S+,s.]+)+ h. c.},

2

2l'2

A=- 0~ exp[- i(kR;+ lll.)+iwt.],
d·

e.= h

JE(R, t')dt'.
t

(12)

•.

The expression for the exponential operator in (11)
can be obtained in the standard manner. To this end it
is necessary to find a unitary transformation that reduces the matrix D to diagonal form, and then find
exp ( ± iD) with the aid of the similarity transformation.
As a result we obtain

- .e2+z1{exp[-iQ(t-t ))-cos e}-·
2 (S,+S!)

eiD=cos

0

- +
h }
+ '. sin (e.t2)
e. { VA2 (S+[S+, S,) ) + .c. .

(13)

CASE OF STRONG MAGNETIC FIELD
The action of a continuous radio-frequency pump in
a medium leads to the occurrence of magnetization and
to a change in the population of the resonant energy
levels. Upon saturation, the populations become equalized, and the magnetization tends to zero. This means
that the off-diagonal elements of the density matrix,
which describes this two-level system, become much
smaller than the diagonal ones. Indeed, the standard
procedure of calculating stationary problems in the
theory of magnetic resonance (see, for example, usJ)
shows that this condition is valid when the following inequality is satisfied:

~

th ( :~)

lf1 21 ~00 iT, ~ 1 =t= ~

th

For the instant of time between the optical pulses,
we write Eq. (3) only for those components of the density
matrix which contribute to the coherent radiation at the
optical frequencies:

+ liQ) p + V
-iliyp,- 8p, + V p

ih·p, = -iliyp 13 ilip,

=

21

2

S

•

+ (1-3a.)
2

S'

•'

e'

llPu(t,)ll•
p,(t,)

(15)

where
e·'

=

exp(-y

+ ifSii-') (t- t,),

F,

=

ll,.H, 0 /2, l.a

= 2IF,I/Ii.

The obtained solutions (11) and (15) now make it
possible to calculate the density matrix, and consequently also the polarization produced in the medium
after the passage of two coherent light pulses.
We take the origin at the boundary of the medium and
assume that the first light pulse reaches it at the instant
of time t = 0. We assume that the wave vectors of the
exciting pulses are equal, i.e., k1 = k2, and that the
propagation direction coincides with the z ·axis. For
radiators with arbitrary coordinate R., the instants ta
J
of turning on the optical field will be
kz;

kz;

(J)

(0

t,=-, t,=-+-r-!-11.,

where a characterizes the relative population of level
II (with allowance for the radio-frequency field) and Sz
is the matrix of the effective spin S = 1.
The procedure for solving Eq. (7) in strong electromagnetic fields (dEaT;h-1 » 1) is described inLaJ, and
we therefore present only the final result:
(11)
where

(14)

13 ,

p 23 (

=

(10)

p 23 ,

l.o(t- t,)
2
l.a(t- t,)
cos
2
X

~<'>=a.+ 0-a)

12

II Pu{t)ll
t)

xr= 1 + T,T,tz-'ill"H,"i',

p

13

where 1/y is the time of irreversible relaxation. The
solution of this system entails no difficulty 2>:

( 2:~ ) ,

where IJ.21 is the matrix element of the operator of the
magnetic moment for the transition between the energy
levels II and I, ~ is the amplitude of the alternating
radio-frequency field (6), Tis the temperature, and T1
and T 2 are the times of longitudinal and transverse relaxation. The minus (plus) sign in the right side of the
inequality pertains to the case when the optical excitation is realized from the level II (from the level I). We
see that when K » 1 (saturation), the inequality is
satisfied in the entire temperature interval. When
K - 1 it is violated in the region of very low temperatures. Therefore at the instant of action of the first
optical pulse the initial condition for Eq. (3) can be
written in the form

(<%'

(16)

where lia is the duration of the pulses and T is the interval between them. Substituting expressions (10) and (13)
in (11), we obtain the density matrix after the first pulse.
Further, retaining the terms responsible for the photon
echo we obtain, taking the solution of the system (14)
into account, the density matrix at the start of action of
the second pulse, and so on up to the instant of time
t > t 2 + 62. Substituting the obtained values of p(t) in (9)

-·

T .

2>The

solution of (14) was obtained under the assumption

n ~ AQ,
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and integrating with respect to the energy, we obtain the
final expression for the polarization:

+

P= p• p•+",
p• = Re {P" exp [i(kz- rot+ <I>")]},

(17)
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The solution of equation (7) during the time of action
of the optical pulses using the approximation (8) will be
described also by formula (11) with 6. and :6 replaced
with the new quantities

Li='/,ooy',
~
~
~
D=(cos~.y•-tsin~.y')

x exp[ -y

po+o =

Xsin

:

0

(

t-

: -

(t-:

aN,d•+Ofg (

-6,-6.)] ,

t- : - tm )

'f - 6, - 6, }

COS

(18)

;'f.

+w +n = 2cJ 2 - + 1 + +H; g(t)-correlation function con-

nected with the distribution function g(.r) by the usual
Fourier transformation; v-velocity of propagation of
light in the medium; tm = 2T + 01 + lh-instant when the
photon echo is maximal.
Thus, the coherent radiation arises immediately at
two frequencies w and w + n. The polarization is determined by the structure of the matrix elements dw and
dW +.Q and, in final analysis, depends on the type of the
transitions under consideration. We note that when the
wavelength of the radio-frequency field becomes comparable with the dimensions of the medium or smaller
than these dimensions, then to observe the radiation of
frequency w + n it is necessary also to satisfy the condition of spatial synchronism: k(w + .Q) = k(w) + k(n).
CASE OF WEAK MAGNETIC FIELD
In this limiting case it is necessary to choose as the
working system the four-level system shown in Fig. lb.
We shall assume that the optical pulses are linearly
polarized and that the polarization planes form angles
l/Ja with the x axis. We choose as the initial structure
the structure of matrix elements of the dipole moment
for Cr ions in Al20 3 • Such a choice does not limit the
generality of the results and is useful because the condition ltiOI «: t. can be satisfied not only in weak magnetic fields, when the Zeeman splitting is much smaller
than the line width (01,2 «: t.), but also in the opposite
case, when the condition 0 1,2 >> t. is satisfiedL 51 • The
final results will be valid also for the transition j = 1/2
- j' = 1/2 in the gas atom, with 02 replaced by -n2. The
condition I Mll « t. then goes over automatically into
the condition n1,2 << t..
The matrix elements of the operator d in ruby can be
obtained by the method of Sugano and Tanabeu 41 . For
light propagating along the optical axis, the dipolemoment operator can be represented in the following
compact form:

d = d(y'i- iy'j)y',

(19)

where d is the reduced matrix element; y0 , y3 , and y5
are Dirac matrices 1121 ; i and j are unit vectors in the
directions of x and y. The initial conditions for the
fundamental equation (3) are now written in the form
IJ<•> =

·t.<f- v'>·

e•D =

6,)] .

In expressions (18), f is a factor that depends on the
"rotation angles" of the dipole-moment vector dW in the
electric fields of the light waves, f = sin 81 sin 2 (8 2/2);
cJW, cJW +0-oscillation phases, clw = 2cJ 2 - + 1 - rr/2,

(20)

( A-A• A-,A· ~, )
- 2-+-2 -v

(22)

In expression (22), A takes on the value (12). For the
exponential operator exp(iD) we can obtain similarly
.~

exp [ - y ( t - .;-- 6, -

(21)

COS

ea 1~ + 0~1 sin e2
2

x (icos'IJar3 +sin '~JaTo} [A- A"+ (A+ A")r•J.

(23)

In the intervals between the optical pulses, solving
Eq. (3) for the components p(t) that contribute to the
coherent radiation, we obtain3 >
Pil<(t ) = eiA• [ PiA(t,)cos

Ao{t- t,)

- iPJ+•.•(t,)

2

2F,•e'0 •'•

sin

liA 0

Ao(t- t ) ]
'
2
(24)

!= 1, k=3,4;
P;• ( t) =

e,.• [ PJA(t,)cos

Ao(t-t,)

2
1=2;

'p.
(t )
z. J-s,lt o

0 (t- t,)
2F,.e-'"•'•s
. iAn
----

liAo

J

2

(25)

k=3,4,

where
(26)

eiA• = exp {[ +tli-'(~.- ~;)- y](t- t,)}.

From now on the procedure is perfectly analogous to
the preceding case and when multiplying the Dirac
matrices it is necessary to use their corresponding
properties 1121 . Retaining in the density matrix p(t) the
terms responsible for the photon-echo effect, we obtain
the following expression for the polarization:
P(z, t) = Re { P ( t -

+) exp(ikz- irot + i<I>,)

Ao'f
Ao ( t---'t'-11,-6,
z
)
X !,(t)cos-cos2
2
v
, Ao ( t--v-'t'-6,-11,
Z
)
. Ao't' sm
+I,(t ) sm
2
2

}

,

( 27 )

where P(t- zjv) is the slow polarization amplitude,
equal to
N,dfg ( t - zv -

t.,) exp [ - y ( t - :

- 0, - 11,)} .

We see that it is maximal at the instant of time tm = 2T
+ li1 + 62; +e = 2+2- cl1- rr/2 is the phase of the oscillations and l1 and l2 are unit vectors:
I,= i cos cp,

+ j sin cp,,

b = 1, 2;

(28)
(29)

Q, (
cp,(t)=w.+-z

z
) - Q, ( t--v-6,-11,
z
)
t-v--6,+6,
2

.

Thus, expressions (17), (18), and (27)-(29) describe
the photon-echo polarization in double radiooptical
resonance in the two limiting cases of strong and weak
3>The

solution of Eqs. (24)-(26) is valid if J.Q 2 -.Q 1 J> AQ, r- 1 •
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constant magnetic fields. In the former case the coherent response in the medium arises at two optical frequencies w and w + n. The intensity of each of the
components depends on the ''rotation angle'' of the
dipole moment by the radio frequency field. When the
photon echo vanishes at the fundamental frequency, the
component at the combination frequency also vanishes.
When AUT = 1T/2 the echo signal at the combination frequency is maximal in magnitude. This can be used for
spectral separation of the photon-echo signal from the
external exciting pulses of the coherent light, which apparently is of importance for measurements of relatively short relaxation times y- 1 of the "quantum coherence." In addition, in strong radio-frequency fields
when the field line width is of the same order as the
optical line width (An ~~),after the response timeT~
the frequency of the oscillations may change, leading to
oscillations of the intensity in time.
In the latter case, the continuous radio-frequency
pumping gives rise to a unique polarization dependence
of the emerging coherent radiation. In weak magnetic
fields at the instant of time·tm = 2T + lh + 62, i.e., when
this is maximal, the orientation of the vector 11 does not
depend on the constant magnetic field, whereas the vector l2 forms an angle Cf'2 = 1/!1 + (n1- U 2h + 0 115 2 with the
x axis. The absolute values of the polarization vectors,
as follows from (27)-(29), are determined by the intensity of the radio-frequency field An and by the time
interval T between the optical pulses. When the equation
AnT = 1T is satisfied, the photon-echo polarization plane
experiences uniform rotation about the direction of the
constant magnetic field depending on T and 62. This can
serve as a means of a sufficiently exact measurement of
the g factors of the ground and excited states.
It is interesting to note that the case of a strong
magnetic field can be realized in a gas of Cs atoms,
and also in ruby in the absence of any magnetic field at
all. In Cs, for example, continuous radio-frequency
pumping can be "turned on" between the components of
the hyperfine structure of the ground state 62S1f.! (F = 3)
- 62S1;2 (F = 4). The frequency of this transition is
9.2 GHz, i.e., it lies in the microwave band. The optical
transitions can be excited either at the level
62P1,12(F = 3), or at the level6 2P 112 (F = 4). We note that
in Cs each of these levels is multiply degenerate, and
therefore to obtain strict quantitative results it is
necessary to solve the problem with allowance for the
degeneracy. In ruby, the ground level 4 A2 of the trivalent
chromium ions is split under the influence of the trigonal field and the spin -orbit interaction into two doublets (Fig. 2) (U = 11.4 GHz). The structure of the levels
4 A2 and 2E(E) in ruby is also in accord with the case (a)
considered by us. The singularity lies only in the fact
that all the levels are doubly degenerate, and the degeneracy is lifted only by the magnetic field. However, for
linearly-polarized optical pulses, and also for a
linearly- polarized radio- frequency field, the six-level
system {4 A2, 2E(E)} can be broken up into two independent three-level systems (Fig. 2), each of which interacts with circularly-polarized waves of a definite type.
Thus, if the frequency of the exciting optical pulses is
close to the frequency of the transitions 4 A2(Ms = ± ?'2)
- 2E(E) (±?'2, u±), then the right-hand wave causes the

1013

-1 >!L

FIG. 2. Energy level scheme of the Cr3+ ion in ruby in the absence
of a constant magnetic field. a+- transition caused by a light wave with
right-hand circular polarization, a--transition caused by a light wave
with left-hand circular polarization.

transition a• 4 A2(Ms =- ?'2) - 2E(E)(- %, u.), and the
left-hand wave the transition a""4A2(Ms = ?'2)
- 2E(E) (+%, u_). Analogously, the right-hand wave of
the radio- frequency field causes the transition
4 A2(Ms = %) - 4 A2(M~ =%),and the left-hand wave the
transition 4 A2(Ms =- Y2) - 4 A2(Ms =- %). As a result,
the photon- echo radiation at the frequency w + n,
emerging from the crystal, turns out to be likewise
linearly polarized, and the position of the plane of polarization will be determined by the polarizations of both
the light pulses and the radio- frequency field.
Let us estimate the amplitudes of the radio-frequency
electromagnetic field needed in order to be able to observe the effects described above. From (17), (18), and
(24)- (29) we see that it is necessary to satisfy the condition J.l.H~fl- 1 T ~ 1. For average values T ~ 100 nsec
and J1. ~ J1. B = 10- 20 we obtain H~ ~ 1 G.
In conclusion, we note that the results described by
formulas (27)- (29) are also valid in the limiting case
when the frequency shift of the optical lines in the magnetic field 6U 12 is of the same order as the line width,
i.e., 6U12 ~ ~The authors are grateful to A. M. Afanas'ev, Yu. A.
Bykovskil, and V. M. Galitskil for constant interest and
help with the work.
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