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The spectrum of surface magnetostatic waves is obtained for a semi-infinite uniaxial antiferromagnet.
Ranges of existence are found for these waves in magnetic fields perpendicular and parallel to the
surface of the crystal, for antiferromagnets with magnetic anisotropy characterized by an axis or a
plane of easy magnetization.

can write t~e boundary conditions on the magnetic potentials cp 111 and cp 1e 1 in the following form:

1. INTRODUCTION
IT was Damon and Eshbach l 1 1 who first calculated the
spectrum of surface magnetostatic oscillations in a
semi-infinite ferromagnet. Those authors showed that
surface waves, in contrast to volume waves, possess the
so-called independence property; that is, they are so
propagated that the projections of their wave vectors on
the axis 11o x H are always positive (llo = vector normal
to the surface, H =vector magnetic field). It was also
shown l 1 1 that the spectrum of surface magnetostatic
waves lies above the spectrum of volume oscillations.
At present, investigations are to be made into the use of
these properties of the surface-wave spectrum for the
production of nonreciprocal elements in the microwave
range.l 2 l
The present paper considers the problem of finding
the spectrum of surface magnetostatic oscillations in
semi -infinite uniaxial antiferromagnets, for magnetic
fields parallel and perpendicular to the crystal surface.
It is found that the frequencies of surface waves may
lie either inside or outside the range of existence of
volume oscillations. In antiferromagnets, in contrast to
ferromagnets, surface waves can exist also in the case
in which the magnetic field is perpendicular to the crystal surface.

div ~h = 0;

(1)

where iJ.{w) is the magnetic permeability tensor, and
where h is the alternating magnetic field. We shall
suppose that outside the antiferromagnet, {i. = 1. On introducing, as usual, the scalar potential cp instead of
the magnetic field
h=Vcp,

we write equation (1) in the form
cp 1e 1

cp('>= A exp {qZ

+ tkzX + ikyY},

V'cp<•>=O,

(2)

where cp<il and
denote the potentials inside and
outside the ferromagnet, respectively.
By choosing a system of coordinates XYZ with the
Z axis along the external normal to the surface, one

(4)

cp<•>=A exp {-/Z + ikxX + ikyY}.

On substituting ( 4) into equations (2), we get
!lzzkz'

+ J.lnkY'- J.lzzq' = 0,

/

= k.1. ""'1/kz' + ky'.

(5)

From the boundary conditions (3) there follows a second
equation, which relates the frequency of the surface
waves with wave vector k to the value of q:
(6)

On solving for q in equation (6) and substituting in
(5), we get the dispersion equation for a surface magnetostatic wave,
J.lzzf.lzz- J.lzz(f.lzz- J.lyr)Y'- (1

+ iJ.tzzX + iJ.tzyY)' =

0

(7)

and the equation for the imaginary component of the
wave vector, q:
(8)

This determines the range of existence of surface waves
(from the condition q > 0). Here x = kx:/k1, y = ky/k1,
7f+y2=1.

To seek the spectrum of surface oscillations, we
shall use Maxwell's equations in the magnetostatic approximation:

J.t,.(w)V,V,cp<'>=O,

We shall seek a solution of equations (2) in the form:

q/k.L=-J.tzz-'(1+iJ.tzzX+iJ.tzrY),

2. DISPERSION EQUATIONS

rot h = 0,

(3)

3. FREQUENCIES OF SURFACE OSCILLATIONS IN
ANTIFERROMAGNETS WITH MAGNETIC ANISOTROPY OF THE "EASY AXIS" TYPE
Because the spectrum of surface oscillations depends
significantly on the orientation of the external magnetic
field with respect to the surface of the crystal, we shall
consider two situations: when the magnetic field is directed perpendicular to the surface, and when it is directed parallel to it.
A. If the magnetic field is parallel to the anisotropy
axis n and perpendicular to the crystal surface (HII Z),
the magnetic permeability tensor has the form

~ -~11' i~'
= [
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n.
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Turning to Eq. (8), we see that in the case under consideration, surface waves are nonexistent, because the
inequality q > 0 cannot be satisfied when 1-LZZ = 1 and

and corresponds to a wave with q =0. If H << X0 HAE,
the dependence of We on magnetic field has the form
(16)

1-LZX = 1-LZY =0.

B. In a magnetic field parallel to the crystal surface
(HIIX) and to the anisotropy axis, the tensor j]. will beC 3 l
0
1
~ = [0
ft
0 - ift'

l

0
i~t'
ft

ft 1 ( (J)) = XoWoW (

81

,

8z

81

-.w
2

+

,

1
-ro

Ez

,

82

-w

8t 2 -W 2

=

),

ffio=yHAE, Wx='YH, HAE="YHAHE,
(p- p')M,, liE= 2bM0, Xo = 2nl 6.

If, however, H

(10)

> HAE, then
I

f.t =

2
(J)(J)H
Xo Wu z -roz

•

(10')

Here y is the gyromagnetic ratio, o is a dimensionless
constant of uniform exchange between the two magnetic
sublattices (o ~ 102 to 10 3 ), {:3 and {:3' are anisotropy
constants, and Mo is the magnetic-moment density of a
single magnetic sublattice.
On substituting the values of the components of the
tensor {l from (9) into equations (7) and (8), we get

I ft·

(11')

A qualitative analysis of equations (11) and (11') in the
case in which J.L(w) and 1-L '(w) are determined by fornulas (10) was carried out in paper c4 J.
If H < HAE• the frequency of a surface wave is determined by the following equation:
<o= {[1 + 2xoY' I (1 + y') ]roo'- [(1- y')
- 2yw" I (1 + y'),

I (1 +

( 18)
(1+2xo)-'<y< 1. (18')

Hence it is seen that when H > HAEo the values of the
frequencies of surface magnetostatic waves lie above
the range of existence of volume oscillations.
In Fig. 1, the regions of existence of surface and
volume waves are pictured schematically for antiferromagnets with magnetic anisotropy of the "easy axis"
type, in the case in which the magnetic field H is parallel to the magnetic -anisotropy axis n.
C. If H 11 Z and H 1 n 11 X, the magnetic permeability
tensor will have the form
ftt

ift' 0

~ = [ - ift' ft•
0
0

y') ]'w"'}'h

(12)

whence it is seen that the value of w depends on the
sign of the projection of the wave vector along the Y
axis. The condition (11') determines the range of existence of surface oscillations. Analysis of the expression
(11') shows that the permissible values of the frequencies for y < 0 lie inside the region of volume oscillations
(13)

whereas for y > 0 surface oscillations exist in the
magnetic-field intervals

l

0 •
fts_

Oh ,

(11)

~t+J.t(~t-1)y'- (1+Y~t')'=0,

q I k.L = - ( 1 + Yft')

In magnetic fields larger than the "flop" field
(H > HAE), the values of 1-L and 1-L' are determined by
formulas (10'), substitution of which into (11) and (11')
gives

w"l'1+2xo<w<w"(1+xo),

, ).

8t,z=Wo±rox,
HA

<< H < HAE,

(9)

1

2

In the case of quite strong fields, XoHAE
we have

(17)
•

where the form of the components 1-L and 1-L' depends
on the value of the applied magnetic field.
If the field H is less than the field HAE for "flop"
of the magnetic moments, the values of 1-L and 1-L' will
be
ft(w)=i+xowo(
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H' 2 ) •
=roo '( 1 - HE

(19)
In this case we have, for the frequencies of volume
magnetostatic oscillations, the expression

n•. ,' =

1/.{w,'

+ w,' +2x.(x'w,.' + y'w,' + z'w,')

± [ (cy,' -·w.')' + 4xo(w,'- w,') (x'·w"' + y'w,'- z'w,')
+ 4xo'(x'w,.' + y2(JJ,' + z'w,')'J"'},
(20)
X= kx I k,
y = ky I k, Z = kz I k, k = l'kx' + ky' + kz'.
Analysis of formula (20) shows that the frequencies

n 1, 2 lie in the following intervals:
(21)
On substituting the values of the components of the tensor j1. from (19) into. (7) and (8), we obtain the equations
that determine the frequencies of the surface oscillations:
(22)
ft•ft•- fta(ft,- ft•)Y' -1 =0,
q I k.L =

-~t.-'.

(22')

The solution of (22) has the form
0 < H < H, == 1/2lJAEC'fi + X• -)'1- Xo),
1/2lJAE()'i + Xo + )'1- Xo)

""'ll, <

li <

(14)
·W 2 =w'[1+2w,'( 1 +Xo)-w,'
]
2
'X• w,'+w.'-wo'(1-y') '

HAE•

The limiting frequency wc(H) is determined from the
equation
(15)

(23)

and (22') determines the range of existence of surface
waves:
(24)
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FIG. 2. Regions of existence
of surface and volume waves in
antiferromagnets of the "easy
axis" type for the case H II Z,
H 1 n II X. The region of surface
waves is hatched.

0

H1

H2 HAE

HEH

FIG. I. Regions of existence of surface and volume oscillations in
antiferromagnets of the "easy axis" type for the case H II n II X. The
solid bold line shows the boundaries of the spectrum of volume waves;
the horizontal hatching corresponds to surface waves with y < 0, the
vertical withy> 0.

It is easily shown that the frequencies of surface waves

lie inside the region of existence of volume waves. In
Fig. 2 the regions of existence of surface and volume
oscillations are pictured schematically.
D. If the anisotropy axis is perpendicular to the
crystal surface (n 11 Z), while the magnetic field is parallel to the surface (H 11 X), the magnetic permeability tensor has the form

when (2x 0 f 1HAE

<

< H2 < HE
<

(region IV),

+xo)w,' + w,' /4wH2 • (30}
In regions I-III, the frequencies of surface oscillations
lie inside the region of existence of volume waves,
whereas in region IV they go partly outside it. If HA
> 87TM0 , the region IV is absent.
Figure 3 shows the regions of existence of surface
and volume waves for the case considered.
(J),'+2XoWn 2

w'

(1 +xo) 2 (J)H 2 + (1

4, FREQUENCIES OF SURFACE OSCILLATIONS IN
ANTIFERROMAGNETS WITH MAGNETIC ANISOTROPY OF THE "EASY PLANE" TYPE

where the expressions for the values of 111, 112, 113, and
11' are determined by formulas (19). In this case, we
have the following equation for the frequencies of surface waves:
(1- y') w,' ( w,'- w') + ((J)/2 2 - w') [ wn' + ( OJ, 2 + 2XoWH2 ) y'
- 2ywHw]
2X•Wn 2 0J2 2 ( i - y') = 0,

+

(2 5)

the frequency of surface oscillations must satisfy one
of the following inequalities: either

The characteristic frequencies of volume magnetostatic oscillations in an antiferromagnetic plate with
magnetic anisotropy of the "easy plane" type were calculated in [ 5 ' 6 l To calculate the spectrum of surface
waves, we consider first the case in which the magnetic
field is perpendicular to the crystal surface (H II Z),
while the magnetic-anisotropy axis is parallel to it.
Then the magnetic permeability tensor has the form [ 7 l

or
(26)

It is found that in the case HA < 87TMo, the frequencies
of surface waves with negative values of y are enclosed
in the region I, bounded by the curves (in the plane
(w2, H2}):

002 _

-

2

(1)1

+2

)(oWn

2

+ 2xc)- w,' .
'+ 2Xoffin
z '

w,'(1
Uh

2

e' = v'H AE ' ( 1-

_!!___)
HE2

0

(31)

On substituting the expressions for the components of
the tensor ~ into formulas (7) and (8), we get equations
for determination of the frequencies of surface waves:
(32)

(27)

-(l)t

( 32')

while those with positive y are enclosed in three regions: when H" < HA_E(l +HA/HEf 1 (region II),

(28)

Solution of (32) and (32') gives

(33}

SURFACE MAGNETOSTATIC WAVES IN UNIAXIAL ANTIFERROMAGNETS
H ..'= HAE'(1 + 2xo +HA I HE)-',
H.,'=HAE'[ (1 2x,)-'
+HAl HE]-'.

+

+
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(34)

As is seen from (34), surface magnetostatic waves exist in the case under consideration only in the magneticfield interval
{35)

H.. < H <H.,,

where, as was shown in l 6 1 , volume oscillations do not
exist. When H - Hk1 , the spectrum of surface waves
joins on to the spectrum of volume oscillations (q- 0);
and when H- Hk2, a surface wave is concentrated
mainly at the surface of the crystal (q- oo ). The region
of existence of surface oscillations when H II Z is shown
schematically in Fig. 4 {dotted line)
If the magnetic field is parallel to the crystal surface (HIIX), while the anisotropy axis is perpendicular
to it, the magnetic permeability tensor 1J. will be

0

H/ H1

H:

FIG. 3. Regions of existence of surface and volume waves in antiferromagnets of the "easy axis" type for the case H II X, n II Z, H~ =
RhO+ HA/HEr 1 , Hi= H~(2xor 1 •

UJ

and Eqs. (7) and (8) will take the form
ll•ll•

+ ll•(Jl, -J.t,)Y

2 -

(1

+ Y!l')' = 0,

(36)

qlk-'-=-ll•-'(.1+Yil')
(36')
Equations (36) and (36') give several regions of existence of surface waves:
1) a region with (1 + 2 Xo) - 1 < y < 1 enclosed in the
interval

(37)
2) a region with -1
ing curves:

< y < 0, bounded by the follow-

ro 2 =y 2HAJJ:2 (1-H' I H,'),
(J)2:;:;;;

'=
ro

2{

roH

H'(1- H'/H"2 )
2y'HAE'(1 + Xo) HAE2 + H'(1- HA/H,) ,

2
2
2
1 + 2xo[(1+2xo)HA, (1-H'jH, )-H ] } ·
H"""2 (1-H'/H/)-(1-2xo)H'
'

FIG. 4. Regions of existence of surface and volume waves in antiferromagnets of the "easy plane" type. The hatched regions correspond
to the case H II X, the dotted line to the case H II Z.

(38)

3) a region with 0 < y < 1 bounded by the same
curves as the second region, except that the inequality
sign in the second formula (38) must be reversed.
Figure 4 gives a schematic representation of the regions of existence of surface and volume oscillations in
the case under consideration. On comparing the results
obtained in this section with the results of l 6 1 , we see
that the interval Hk 1 < H < Hk2, which has remained
"empty" for volume oscillations, is filling up with surface waves; the frequency of the surface waves satisfies
the inequality w(y, H)* w(-y, H). In the region of overlap of the first and third regions, for given frequency
and value of the magnetic field, there can be excited two
surface waves, with different (positive) projections y of
the wave vectors, and volume oscillations.
5. FREQUENCIES OF SURFACE OSCILLATIONS IN
ANTIFERROMAGNETS WITH WEAK FERROMAGNETISM
In a whole series of antiferromagnets (MnCOa, CoCOa,
FeBOa, a-Fe~3 , NiF2 ), the magnetic moments of the

sublattice·s are noncollinear in the absence of a magnetic
field (antiferromagnets with weak ferromagnetism). The
magnetic permeability tensor for such antiferromagnets,
in the case in which the magnetic field is parallel to the
weak moment and is directed along the crystal surface
(HIIX), has the form

i~'].
~tz

Jlz= 1+2xo

f.lz =

8z

1 + 2xo

,

e,'

_

J.Ly - l

-oo 2

+ 2 (roB+ro.) 2
Xo
z
z
8t

-(1)

'

e,2
2

Bt -

ro

,

{39)

,

where

Hd is the Dzyaloshinskii field.
On substituting the components of the tensor
formula (39) into equations (7) and (8), we get

fi.

from
(40)

V. V. TARASENKO and V. D. KHARITONOV

1250

(40')
We shall seek a solution of equations (40) and (40') in
the region of small magnetic fields (H << Hd)· Then the
frequency of a surface wave will satisfy the inequality
w << t: 2 , and equations (40) and (40') will take the form
(1- y')w' + 2y(wH + w,)w- {e,'[ (1- y') (1 + 2xo) + 1]
+(1+2xo)(wH+w,)'y'}=0,
(41)

+

q
w'- 2xowy(wH
w,)- e,'
kJ. = w' -(1 + 2xo)e,'

(41')

Equation (41) gives the following dependence of the frequency on H and y:
1

w' = --{y'(wH
1- y'

+ w,)' +

+ (1- y') (1 + 2xo) [(wH + w,)'y' + e,'(1- y')] + e.'(1- y')}'h

(42)
while equation (41') gives the region of existence of
surface waves (q > 0):
(1-x,)Y

H:H,

<y<(1+3x,)Y

n:n.·

inequality (43) determine the region of existence of
surface magnetostatic waves in antiferromagnets with
weak ferromagnetism in weak magnetic fields.
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We note that the inequality (43) was obtained in a linear
approximation with respect to Xo· Thus Eq. (42) and

Translated by W. F. Brown, Jr.
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