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A detailed study is made of the localization of surface electrons at the liquid-vapor interface of
liquid helium in a strong pressing electric field. The concept of a surface anion is introduced. Its
effective volume, mass, and coupling energy are calculated. The mobility of surface anions for large
and small Reynolds numbers are calculated in the hydrodynamic limit.

External electric and magnetic fields exert a noticeable influence on the structure of surface electronic
states in liquid helium. This question was discussed in
part by one of the authors [1J. However, many interesting possibilities have not yet been cleared up. We have
in mind, for example, the localization of surface electrons in a strong "clamping" electric field El, galvanomagnetic phenomena in which surface electrons take
part, etc. The present paper contains a detailed discussion of these questions.
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It should be noted that in fields El» El the electronic surface states (2) are metastable, since there is
a finite probability of electron tunneling into the liquid
phase. In fact, the potential barrier for an electron in
the field El, neglecting the image forces, takes the
form of a sawtooth step:
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SURFACE ELECTRONS IN A STRONG FIELD El

(1 )

where m and e are the mass and charge of the electron, and E is the dielectric constant of the liquid
helium. (For gas we have E "" 1.) Putting E - 1 = 0.06
we get Zo ~ 10- 6 cm.
We now turn on a field El of intensity such that the
localization of the electron over the surface of the
helium is determined mainly by El. Neglecting in this
limit the image forces, we can, as in the calculation of
(1), obtain an exact solution of the Schrodinger equation
for the electron wave function 1/J satisfying the boundary conditions
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1. A free electron located in the gas near the liquidvapor boundary is attracted to this boundary by the
known electrostatic-image forces. The field of the
image forces ensures localization of the electron over
the free surface of the helium at a distance ZO[1 J (the z
axis is normal to the interface, the gas phase corresponds to z:s 0):
4Iie(e+1)
z.= me'(e-l) '

(3 )

where Vo is the energy of penetration of the electron
into the liquid helium (Vo "" 1 eV). The probability w
of tunneling through such a barrier can be estimated
with the aid of relations taken from the theory of cold
emission [2J
"

w = const exp [ -
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The level xl corresponds to the energy of the ground
state of the electron from (2). On the basis of (5) and
(2) we can conclude that for fields El;S 10 2 cgs esu the
probability of tunneling of an electron into the liquid
phase is negligibly small. The effect becop:1es noticeable at El ~ 10 3 - 10 4 cgs esu. On the other hand,
breakdown phenomena occur in strong fields[3 J and impose an upper bound on the numerical value of the
parameter El.

2. We proceed now to refine the solution (2), by
taking into account the deformation of the free surface
of the helium in the region where the electron is localized, and the influence of this deformation on the structure of the electron wave function. As noted first in[1 J,
the appearance of a deformation of the surface of
helium leads to a localization of the electron also in the
plane of the free surface. The system of equations describing the structure of the resultant complex is [1J

(2 )
.p(r, z) '" fn(z,)cp(r);

n= 1,2,3, ... ,

where F( z) is an Airy function and 'n are the zeroes
of this function (t 1 = 2.34).
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Pel(r) = eE.Lcp'(r);
;'(0) =s(oo) =0,

Scp'(r)rdr =

1,

In the ground state (2) the electron is localized over
the surface a> a distance Z1 ~ 1.3(fi2/2meEl)1/3. The
criterion for the validity of the approximation (2) is the
requirement Z1 ~ zo, where Zo is given by (1). In expanded form, this inequality serves as a definition of
the demarcation field El between the weak fields E l
< El. and stro_ng fields El > El.

where cp( r) is the wave function of the electron and
describes its localization along the surface, r and ~
are the two-dimensional radius vector and Laplacian,
~ (r) is the local deviation of the shape of the surface
from the equilibrium flat state, a and p are the coef-
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ficients of surface tension and the bulk density of the
liquid helium, g is the acceleration due to gravity, and
All is the energy of electron localization in the r direction.
It is convenient to begin the solution of (6) with a
discussion of several properties of the Schrodinger
equation for the electron. To this end we assume that
the self-consistent localization of the electron in the
field eE1Hr), in which we are interested, does indeed
take place, and that the scale of localization of the electron is the characteristic length L. In addition we assume that in the region of electron localization the coordinate dependence of ~ (r) is likewise determined only
by the scale L. Neglecting on this basis the gravitational term pg~ (r) in the equation for ~ (r) in the region
o S r « K - \ we can represent H r) in the form

As a result, the wave equation assumes an oscillatory form and all the characteristics of the ground
state of the localized electron can be expressed explicitly:

m'(r)=2-~xp( _
nL'

't'

"

2'L'") :•
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(11 )

~lIo=4,

where L coincides exactly with (9). The last circumstance was indeed the formal reason for choosing the
gauge C 2L2 = 1/87T in (9).

Having determined the characteristic scale of the
wave function rp (r), we now obtain the distribution of
the displacement ~ (r) of the free surface of helium under the influence of the electron pressure Pel(r). Using the Bessel transformation of the equation of
E • ds '
mechanical 'equilibrium under the assumption that the
5(r}=6(0}+~J - J <p'(x}xdx,
a,
s
perturbing pressure Pel(r) has cylindrical symmetry
(7 )
- and acts on a finite surface area, i.e., Pel - 0 as
r - 00, we' obtain for the displacements ~ (r) the
expression
Using (7), we obtain now an explicit expression for
the scale L. Introducing for this purpose the substitu1 ~
tion
s(r)=~ !G(w)J.(wr)wdw"
0
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0
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where C is an undetermined constant, substituting (7)
and (8) in equation (6) for the electron, and subjecting
the constants C and L to the requirements
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Jo(x) and J 1 (x) are Bessel functions.
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At an electron pressure Pe1(r) = eElrp2(r), with
the wave function rp (r) chosen in the form (11), we
obtain

¢'(t)tdt+~n] </>=0;
4

(12)
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The absence of dimensional factors in (7) signifies
that the only length scale in the electronic problem is
the quantity L from (9):
L' = 4nah' / m(eE.L)'.

The condition for the self-consistency of the definition
(7) of H r), which enables us to match (7) to the correct
solution for H r) at infinity, is the requirement KL « 1.
Using the definitions of Land K, we can easily verify
that this inequality does indeed hold for all El > El.
Thus, if El ~ 10 cgs esu, recognizing that a = 0.36
erg/cm 2 and p = 0.146 g/cm 3 , we obtain L ~ 10- 5 cm,
K -1 ~ 10- 1 cm, and KL"" 10- 4 « 1.

The asymptotic forms (12) for small and large distances
then become
• 8
eEj
6(0)""-' I n - 4na
,,{x'L"

It should be noted that the numerical gauge C 2L2
1/87T in (9) is valid only accurate to a factor ~1. Its
concrete choice is governed by the following considerations. If we expand the resultant deformation ~ ( r)
about the origin in powers of r.
i,(r) =6(0)

+1/2~"(0)r'+

... ,

then it can be easily shown, if we have the complete
solution of the problem, that the expansion is in fact in
powers of r/L. This means that when determining
rp (r) or cp( x) we can replace H r) in the region 0 < r
~ L by the indicated expansion and terminate this expansion with the quadratic term.
374
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(13)

(y = 1.78 is the Euler number and Ko(x) is a Macdonald function). It follows from (13) that the radius of
the deformation of the free surface under the influence
of Pel, as expected, is of the order of K- 1 • At El
~ 10 cgs esu, a = 0.36 erg/cm 2, and p = 0.146 g/cm 3
we have HO),2: 10-8 cm.

The volume of the surface anion, defined by the relation
v.=2n

2n J, eE.L
J- s(r)rdr=-'ax!
- Pel(r)rdr=--,
. ax
2

•

=

eEL
S<r) I ,~- "" -2-K.(xr)
no.

(14)

0

assumes tremendous values (in comparison with the
anion volume Vo in the interior of the liquid, Vo
= 47TRU3 "" 3 x 10-20 cm 3 ). Thus, at El "" 10 cgs esu we
have Vs = 10- 10 cm 3 and vs/vo ~ 109-10lD. It is also of
interest to compare the masses associated with these
formations. A concrete comparison of the masses will
be made later on, after calculating the field of the
velocities produced around the surface anion moving
along the liquid-vapor interface. We note here only that
it does not reduce to a ratio of the volumes.
Expression (11) for the localization energy, with allowance for (13), takes the form
V. B. Shikin and Yu. P. Monarkha
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At KL « 1, the quantity In (8/YK 2 L 2 )>> 2, and the requirement A~ < 0 is satisfied. The numerical value of
A~ at E.L ~ 10 cgs esu turns out to be A~ ~ 1 K. This is
sufficient localization energy for a stable existence of
surface anions at temperatures :SO.l°K. In fact, let us
calculate the total energy connected with the formation
of a surface anion:
0

1
h'
/! =S' [~(V6)' +-pg6'+-(Vq»'eEJ.sq>" ~ dS.
2
a
2m
B

Calculation of this integral with allowance for the
explicit forms of H r) and ~ ( r) yields
/!=_ (eEJ.)'
.

8nct

[In_4__ 2],
,,()('£'

Le., /! differs from A~ of (l1a) only by a numerical
factor ~1.
3. The wave function of the electron can be localized
in the plane of the free surface of the liquid also by
other means which are not connected with the deformation of the surface Hr). Thus, surface anions are always produced in the presence of a magnetic field perpendicular to the interface. The anion localization
radius coincides in this case with the radius of the
ground state of the electron in the magnetic field. Taking into account the exponential form of the wave function of the electron in this state, we can readily conclude that the deformation of the surface under the
electron will have the same form (12) as before, if the
length L is taken to mean LH = 4cti/EH, where e is
the electron charge, c is the velocity of light, and H
is the intensity of the external magnetic field.
We consider further the following situation: let a
volume anion introduce into the He 3_He 4 solution be
near the lamination boundary on the side enriched with
He s . In this case, the electrostatic image forces attract
the anion towards the lamination boundary. For the
anion, on the other hand, this boundary itself is a potential barrier of height ~100oK because the surface tension on the anion surface depends on the He s concentration (the height of the barrier was calculated
earlier in[4 J). As a result, the anion is localized on the
lamiml.tion boundary with a very small localization
radius, on the order of the volume anion radius Ro
~ 20 A. When El, which presses the ion towards the
lamination boundary, is turned on, the result is a deformation of the lamination boundary, qualitatively
analogous to (12). For numerical estimates we can use
in which case the mechanical equilibrium equation (6),
in which we put
()={eEJ./1tR •• ,
0,

Pel r

.R

nO)

0

~E~+
(0

')(

A

gas

') 1,(CIlR.).

In addition, the coefficient a should be replaced by
the coefficient of surface tension on the lamination
boundary.

4T

z,
=T ( 1 -n,- ) ,
n,

mz,

(16 )

nc=~ h, 2a o2

ao

(ao is the scattering length of ~n electron by an individual helium atom, ao = 0.62 A, Zl is obtained from (2),
and T is the temperature). It is seen from the definition of Agas that such states arise only when n > nco
In the region n > ncr ~ 10 21 cm -3, on the other hand,
volume localization begins. Consequently, for the states
(16) to exist it is necessary to satisfy the inequality
nc < ncr' Such an inequality does indeed begin to be
satisfied at T ~ 1-3°K for Zl:: 10- 6 cm, which corresponds to fields E.L ~ 10 1-10 2 cgs esu.
4. It is of interest to trace the tendency to localization of three surface electrons with small wave numbers in a strong "clamping" field El. To this end,
we calculate the correction eE.L~ (r) to the dispersion
law of a free electron as a result of its interaction with
capillary waves. In second-order perturbation theory,
taking into account the concrete form of the resultant
matrix elements, which are analogous to those used
earlier[lJ, we have

w.'

e(k)-e.(k)=

L, 8.(k)-eo(k+q)-hCll

q

;

q

Wq

,

e'EJ.' hq
=----,
S
2pw.

where m is the mass of the free electron, k and q are
the wave numbers of the electron and surface phonons,
S is the free-surface area, and w~ = aqs/p. Changing
over from summation to integration

L,

r..;,R.

-+.

(:1t)'S dq

q

r> R.

As a result, the distribution of the displacements takes
the form (12) with
G(CIl)=

the gas, Le., n ~ ncr ~ 10 21 cm -3 [sJ. It is appropriate
to note here also the following possibility. Assume that
the gas density is n ~ ncr. In this case, localization of
the electrons is energywise inconvenient in the volume
of the gas phase, primarily because in three-dimensional problems bound levels arise only in a well of
finite depth. As to an electron brought close to a liquidvapor boundary, its wave function is localized in a direction perpendicular to the surface, either by the image
forces or by the external E 1 • As a result, the problem
of electron localization in a gas becomes two-dimensional and consequently the localization conditions become much easier. The resultant situation is perfectly
analogous to that described in a paper by Kukushkin
and one of the authors [sJ, the only difference being that
in[sJ the decrease in the dimensionality of the problem
of electron localization in gaseous helium was attained
by making use of a strong magnetic field. Estimates of
the localization energy Agas of a surface electron in
gaseous helium lead to the following relations:

(15)

Q",

and integrating with respect to the angle variable, we
reduce the expression for the dispersion law to the
form

t.e. =

e'E 'm
"/

J.

'2nl'2aphk'·

S.

! ,

,"t =

ds

• s'I'(1-s')'I,

"" 1.

(17)

An analogous deformation is produced on the vaporliquid interface, if the electron is brought to the surface from the side of the gas phase, and the gas density
is already high enough for bubbles to be produced in

It follows from (17) that as k - 0 the change .:l Ek of
the dispersion law is no longer small, a fact corresponding to a tendency to localization. The region of applicability of (17) is defined by the inequality .:l Ek / Eo( k)
« 1. At El ~ 1 cgs esu, this inequality is satisfied for
k ~ 10 4 cm- l . Thus, at k ~ lOS cm-t, we have .:lEk/Eo(k)
"" 10- 3 •
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DYNAMIC PROPERTIES OF SURFACE ANIONS
1. We define a surface anion as an electron combined with the surface deformation resulting under the
electron in the "clamping" field, and assume that the
surface anion moves under the influence of the field El
with uniform velocity along the substrates. The local
deformation of the helium surface under the electron,
which we shall assume to have time to adjust itself
adiabatically to the mOving electron, should induce, as
it moves, a definite field of hydrodynamic velocities.
The perturbation of the liquid can indeed be described
here in hydrodynamic terms, since the characteristic
scale of the perturbation L is assumed to be large in
comparison with the mean free path L of the thermal
excitations in liquid helium: L;>;> l.
It is convenient to solve the problem of finding the
velocity field in a coordinate system r, fj, z that moves
together with the center of the anion (the liquid phase
corresponds to z ~ 0). In this coordinate system, the
surface deformation ~ (·r) is cylindrically symmetrical
and immobile, while the liquid moves with velocity Vo
at infinity. The total velocity

(v is the velocity field induced by the surface anion)
should obviously satisfy the boundary condition
Vn=O

(n is the normal to the deformed surface). Taking into
account the explicit form of the direction cosines

It is seen from (21) and (14) that there is no direct con-

nection between the volume of the anion and its associated mass in the surface case (unlike the volume anion,
where the associated mass Mo is proportional to the
volume of the anion). Comparing the mass (21) with the
associated mass Mo
2'
M. = 3IlR.'P,

v. cos 86'(1'),

=

(18)

where the angle fj is reckoned from the direction of
the electric field Ell and ( r ) is given by (12).
Proceeding to calculate the field v, we consider
first the limit of large Reynolds numbers, while the
viscous terms in the equations of motion can be
neglected. The velocity v is then determined from the
equations
v= Vx,

11'1.=0;

? I v.r

XI"H. ->- 0,

=

vZ

(19)
(r)cos a,

1_0

The solution of (19) takes the form
x(r,z)= VcosO
.-(:<

·s G(t.l) e-·'l. (Illr) III dill.
,

•

Accordingly

·s

'

'cosO
V,= V.--'
G(Ill)e-""I. (Illr)Ill'dlll,
a •
Ve

·s

sina G (Ill) e-w'l. (Illr)III dill,
= -'V'--,
ar •
'cos

(20)

o·s

v, = - V . - - G(Ill)e-"'I.(lllr)Ill'dw,
a 0

The quantity G(w) is given either by (12a) or (15). The
asymptotic components of the velocity at large distances
from the surface anion can be easily expressed in analogy with (13), but there is no particular need for this.
After determining the velocity field (20), we calculate the mass associated with the surface anion
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M
3 (eE.l.)·
M. = 32a'xnR,' •

R. "" 2OA,

we find that at El;> El we have M/Mo» 1. For example, for El"" 10 cgs esu we have M/Mo"" 10 2 •
2. The next important dynamic characteristic of the
surface anion is its mobility along the surface. In the
case of a normal liquid it is convenient to define the
mobility, or equivalently the average velocity V0 under
the influence of the field Ell, by using the energy balance equation
-eEu'V, = W=

,

{/V,

I]

S-

'. an

(22)

dS,

.

(23)

11 = a'e/4n1] LG'(Ill) Ill' dill.

this condition can be rewritten as
v,I,~.

(21 )

In the case of a concrete distribution of the pressure
(see (11) and (12a» it follows from (23) that

Tt,=.....,...1;

ne,=O,

f)r

.

where 1) is the first viscosity coefficient. The concrete expression used in (22) for the total dissociation
energy W holds when v = Vx and V2X = 0 (see, for
example/ 61 , page 73). On the basis of (22) and (20) we
have for the mobility 11. = Vo/EII the following general
expression:

V=V.+v

ii~- .. ~ '( r ) <1,
n,=

np·S

p
oX'
p(eE.l.)'
M-=--,X--:dS=- G'(Ill)Ill'dlJl=---.-.
V.'.f)n:a' • .
16a'x.

Y-;' a'L
11 =

~eE.l.'

2nna'/'

llm'~e'E.l.'·

(23a)

It is convenient to compare this value of the mobility
with that of a hard sphere of radius Ro in a viscous
liquid:

(24)
According to (24), in fields El;> 10 cgs esu the surface
anions have a mobility larger by two or three orders
of magnitude than a sphere of radius Ro"" 20 A. It is
appropriate to note that, unlike the associated mass and
the volume, the mobility of the surface anions does not
depend on the parameter KL « 1. The gravitational
term has been introduced into the mechanical-equilibrium equation (6) to ensure good convergence of all
the results at large distances from the center of the
anion. In the classical situation, when the deformation
~ (r) is macroscopic in scale (in our case this can be
attained by clamping the electron to the surface with a
field El ~ 10 2-10 3 cgs esu), there is no doubt that it is
reasonable to introduce the gravitational cutoff at distances ~K-1. On the other hand, if ~(O) ~ 10-8 cm, then
the fluctuation displacements of the surface become
comparable with the scale of the self-consistent deformation, and the retention of the scale K -1 in the
final results for the volume and mass of the surface
anion calls apparently for a more consistent justification than given above. As to the mobility (see (24)), in
spite of the classical deri vation of this relation, the
final result does not contain K, and can be regarded as
reasonable in the field region El :s 10-7 cm.
3. To calculate the mobility in the limit of small
V. B. Shikin and Yu. P. Monarkha
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Reynolds numbers it is necessary to solve the following system of equations:
Vp=!,]!l.v,

(25)

divv=O

with boundary conditions (18) and

cr" I,~, =

cr,,1 ,~, = 0

0,

(25a)

Here p is the pressure in the liquid and uzi are the
tangential components of the viscous-stress tensor.
A general solution of (25), which vanishes at infinity,
is
p=!']cos9

J

,

1

v, =

4""" cos 9
1

v.

=-

4

([l(ffi)e-w'I,(ffir)ffidffi;

J
,
~

([l (ffi) e- w ,{ [a (ffi) + ffiZ]/, (ffir) - [b (ffi) + ffiZ II, (ffir)} dffi,

(26)

J
~

In this situation, the surface electrons can be
actually used to study the dynamic properties of the
surface of liquid helium only apparently by resorting to
a strong field El. In this case 'the electron mobility
along the surface has a clear-cut parametriC dependence
on El, and this dependence is different for the case of
surface anions, where 11. ex E l 3 (see (23a) and (28»
from the case of free surface electrons, for which, as
follows from [1]

sin e ([l (ffi) r"'{[a(ffi) + ffizll, (ffir) + [b(ffi) + ffizl/, (ffir)} dffi,

It = 811a/ emEl.';

o

The arbitrary functions a(w), b(w), and <I>(w) are
obtained from the boundary conditions. Substituting
(26) in (25a) and (18), we obtain
2V.
t1J(ffi)= --ffi'G(ffi).

a(ffi)=b(ffi)=O,

CI.

(26a)

The energy-balance equation with allowance for the
concrete behavior of the velocity components (26)-(26a)
at z = 0, namely
v. = v, = av,/ az = 0

is expressed in this case in the form
eEu V , =

!']J (rotv)'drdz.

(27)

Calculating the required components
,

S

ar

0

Votv).= 2V. cosB
CI.

j G(ffi)e-"'I,'(ffir)ffi'dffi,

•

(rot v). = 0

and integrating in (27), we obtain ultimately the following result for the mobility 11.:

.

It =

.

a2 e/2n!']f G'(ffi) 00' dffi.

(28)

This expression differs from (23) only by a factor
of 2. A similar situation arises also at different variants of the calculation of the Stokes force for a spherical bubble. Different limiting cases with respect to the
Reynolds number alter in the Stokes force only the
numerical coeffiCients, and leave the symbolic expression unchanged.
CONCLUSION

Let us list the summary results. As noted earlier[1]
and as investigated in detail in [7], electrons that are
localized near the liquid-vapor boundary by electrostatic image forces only interact weakiy with the oscillations of the free surface of the helium. This conclusion is confirmed qualitati vely by the experimental data
on the mobility of the electrons along the interface. In
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thus, 11. ex E? In addition, the mobility 11. in the field
El differs qualitatively from 11. gas in the sense of the
temperature dependence, and competes in magnitude
with 11. gas at El ~ 10 cgs esu even in the region
T ~ 1 K, let alone lower values of T, where Ilgas can
be neglected with exponential accuracy.
0

It should be noted that the foregOing calculation of
the mobility of the surface anions does not take into
account the possible absorption phenomena on the
liquid-vapor boundary of the superfluid helium. In this
connection, the results (23) and (28) are valid to full
degree only for liquid He 3 • As to the influence of the
"normal" surface component on the mobility of the
surface anions, it calls for a special analysis.

The authors are grateful to A. F. Andreev for a
critical discussion of the results.
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all the known attempts to determine this mobility[S-l1],
there was either no clamping field at all, or else it was
small enough (El ;S 100 yl cm). As a result, the observed mobility practically coincided with the mobility
of the electrons in the volume of the gaseous phase of
helium, thus indicating no noticeable contribution to the
total electron mobility by electron scattering from the
surface oscillations.
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