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The general case of a phase transition in systems consisting of two Ising sublattices is studied by
Wilson's method. Both the Baxter (energy-energy) and Ising (spin-spin) interaction between the
sublattices are studied. It is shown that, if the sublattices have different transition temperatures, the
behavior of the thermodynamic quantities in such a system corresponds isomorphously to the
behavior in the one-component Ising model. The thermodynamics of the critical point of a
two-component mixture is considered in the framework of the lattice-gas model. It is shown that the
phase transitions of the mixture and of the pure substance are isomorphous along the path
J.I.+fT=const, where f is a constant (in contrast to the "decorated" model, in which the path
/J. = const is isomorphous).

1. INTRODUCTION
The general case of a phase transition in systems
consisting of two Ising sublattices is studied in this
paper using Wilson's method[l,2]. As a perturbation, interactions of both the Baxter (energy-energy) and Ising
(spin-spin) types between the sublattices are considered.
Wilson and Fisher showed[2] that the Baxter model consisting of two identical sublattices (the XY -model) has
critical indices that differ from the corresponding indices of the Ising model. In Sec. 2 we consider a model
consisting of two sublattices with different transition
temperatures TlO and T 20 (without taking their interaction into account). It is assumed that ~To = (T IO
- T 20 )/T Io « 1. As a perturbation, a Baxter interaction
is "switched on" between the sub lattices. Such a system has two phase-transition points Tc1 and T c 2. Far
from the transition pOints, T = (T - Tc)/Tc » ~To (T
is the temperature), the critical indices (c .i.) of the
XY-model obtain, and in the immediate viCinity of Tc
we have the c.i. of the one-component Ising model; the
coefficient of the temperature singularity in this region
is a nonanalytic function of the parameter ~ To.
In Sec. 3, together with the Baxter interaction, Ising
interactions are studied as a perturbation. It is shown
that the problem can be reduced to the previous one by
a simple change of variables. The particular case of
identical sublattices with a weak ISing interaction between them (of order II) is discussed. Such a system
has Ising-model c.L in the whole temperature range
T « 1. The shift in the critical temperature when the
perturbation is switched on is proportional to 111/ Y (Y
is the susceptibility exponent in the Ising model); this
has been shown earlier by another method(3,4J. If the
shift in the critical temperature when the perturbation
is switched on is a nonanalytic function of the magnitude
of the perturbation, the isomorphism of the phase transitions in the perturbed and unperturbed systems is violated [5J. This can occur both as a result of a change in
the critical indices, and as a result of the fact that the
coefficient C( II) of the temperature singularity becomes
a nonanalytic function of II. In the present case, the
isomorphism is violated as a result of the nonanalytic
dependence of C( II) on II.

In Sec. 4 we consider a lattice mode 1 of the critical
point of a two-component mixture. The interaction between the sublattices in this model, unlike the cases
analyzed in the previous Sections, contains terms that
are cubic in the spins.
In previous work[6-8] it has been assumed that a
phase transition in two-component equilibrium mixtures
in a variable chemical potential is isomorphous to the
phase transition in the pure substance.

The principal result of the latter part of the paper is
a proof of the isomorphism assumed in[6-8]. Unlike the
decorated Ising model[9], in which the isomorphous path
is determined by the condition IJ. = const, in our case
the analogous condition has the form IJ. + fT = const,
where f is a certain constant.

2. THE BAXTER MODEL WITH
DIFFERENT SUBLATTICES
1. We shall write the Hamiltonian of the system,
which consists of two interacting sub lattices , in the continuous Wilson model in the form
H=H,+H.,
Ho=rSn/-JlSn,/,-Ki.E Sn,iSn+J,,-K3
J

.E

Sn,tSll+;I,t Sn,ZSn+Jt,2,

(1)

j,i,

H1=-K"sn,-tS n, 2,

where sn i is the spin variable belonging to the site n
and takes 'all values from - "" to ""; the index i = 1, 2
labe Is the two sub lattices ; Ki = Ji/ T; Ji are the exchange integrals; rand IJ. are constants. Repeated indices are to be summed over.
The first two terms in Ho are added in order to suppress the contribution of large values of sn i to the
partition function. The third term represents the energy of the spins within each sublattice. It is assumed
that only nearest-neighbor spins interact. The fourth
term is the Baxter interaction (of the energy-energy
type). The Hamiltonian HI, which is assumed to be
small, describes the ISing interaction of the different
sub lattices .

The results obtained are extrapolated to the case
~ T C1 ~ 1 or II ~ 1. Then the phase transition near the
point Tc1 or Tc2 in the two-component model is isomorphous to the transition in the one-component Ising
model.

2. Following Wilson(l], we change from Sn,i to the
variable sl,i(X), which depends on the continuous spatial coordinate x. The variable sl,i(X) characterizes
the state of a block of length 2Z. The interaction between these blocks is described by an effective Hamiltonian HZ of the form
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H,=-

The function
formula

SH-[vs'.'(X)]'+Q,[s,.,(X)] }dz.

Qz (zi)

(2)
U','+' = (1 +8 In 2) u",-9u~,,-' I,u;.,.

Q,+.(Z,) =-2'{ln [I,(2'-'/2 z,) ]-In I, (O)},

II

1

~

I, (z,) =

dy, dy, 8XP [ -y? -

(3 )

1

2" Q, (z,-li.) - 2

Q,(z.+y,) ] .

where the dimensionless variables Yi and zi are introduced in place of sl i(X). The details of the notation are
given in the papers[1,21.
The susceptibility is calculated from the formula

x=

L

1) Ul = U2 = U3 = 0 - the Gaussian modelj
2) U2 = 0, Ul = Us = (10 ln 2)/9 - the Ising model;
3) UI = U3 = (10 ln 2)/18, U2 = 6Ul - the Ising model;
4) Ul = U3 = (10 ln 2)/10, U2 = 2UI - the XY-modelj
5) UI = U2 = 0, U3 = (€ In 2)/9 - the Ising model;
6) Uz = U3 = 0, Ul = (€ In 2)/9 - the Ising model.
(10)
The first four solutions were found by Wilson and
Fisher[ZI.

g(k) 1.~o=2"R,(0) I,~oo,

fs

Eqs. (9) give six possible limiting values Us ,l
=us(l»l):

(4)

«so.,+S,.2) (s •. ,+s •. ,) )=g(k) 1.-•.

In accordance with[ll, we have

R,(O) = _(1
)
I, 0

(9 )

U2,'+' = (1 +8In2) u2"-2u:.,-3u,.,U2.,-3u",u",,

is calculated from the recursion

(5 )
dy, dY2(y,+Y2)' exp[ -y.'-Q,(y,)].

_00

The function
(6 )

corresponds to the case under consideration, where
q,O = (2/KiPa)(r - Kid), pa and us,O are constants,
and d is the dimensionality of space.
Wilson and Fisher[21 considered a model in which
rl a = rz a, UI a = Ua a and Va = 0 (cf. (6)). They showed
th~t whe~ the'inequ'ality 0 < uz,a < 6Ul,a is fulfilled, the
system has XY-model c.i. and that only in the cases
uZ,a = 0 or uz,a = 6UI,a will the c.i. of the Ising model
obtain.
We begin our study of Eqs. (3) with the case of two
sublattices with close, but not equal, transition temperatures, with a Baxter interaction between the sublattices
(Va = 0, rl,a - r2,a« 1 or (J I - JZ)/J I « 1).
In accordance with the initial value Qa defined by
formula (6) we shall seek the solution of Eqs. (3) in the
form

A study of the stability of all six solutions with allowance for the fact that the u1,l '" u3,l shows that the
fourth solution is the most stable. The other solutions
are realized only in those cases when the relation Us
= <pus 0, where <p is a nonzero constant, holds between
the initial and limit values of Us ,Z' For example, the
fifth solution can be realized only when Ul,a = uz,o = O.
In all the other cases, the solution for large 1 corresponds to the XY-model.
We shall find the critical indices close to one of the
critical points (Tcl> for definiteness).
In solving Eqs. (Ba) we can distinguish three characteristic regions. Firstly, we have the region
r,. ,«1, r2, ,«1.
(lla)
This is a region far from the critical point in temperature: T » ~ Ta.
Further, we have the regions
(llb)
(llc)
The inequalities (llb) and (llc) define regions in which
T « ~Ta. The region (llb) is intermediate in l, and
(llc) corresponds to asymptotically large values of l.
In the region (lla), the values ri,l are found from
the linearized equations (Ba), which for the stable solution u2/2 = Ul = U3 = (10 ln 2)/10 (the fourth solution in
(10» have the form

Substitution of formula (7) into (3) leads to recursion relations for ri,l and Us ,l for small values of
as,l:

(12)

r,. l+,=4r" ,+4(3u" ,g" ,+1/2U2, ,g2.'),
r2. '+t=4r2, ,+4 (3u" ,g2, ,+'/2u Z, ,g,.,),

(8a)

U'.'+' =16· 2-'(u",-9u,.~g':,-' I ,U2~g,~,),
U2,'+' = 16,2-' (U2,,- 2u;',g",g 2.,-3ul,luz"g ,~,-3U2.,U",g;',) ,

u",+,=16'2-d(U,.,-9u~"g:,'-'/,u~.,g~,,),

where gi,l

=

We give the solution of this system satisfying the
initial conditions ri ,0 = (2/KiPa)(r - Kid) + 16ul /3:
~r,.,=AI.,'+BI.),

(8b)

(1 + ri,lt l .

Following the paper[21, we shall calculate the c.i.
for a space of d = 4 - 10 dimensions, where 10« 1. We
shall assume that the initial values ri 0 and Us 0 are
of order L From the definitions of r :,a (cf. (6)L it
can be seen that rl a and r2 a can be small quantities
Simultaneously if (KI - K2)/Kl is also of order 10, as
will be assumed.

~r,. ,=-AI.,'+B).,',

(12')

where Al = 4 - BUI and AZ = 4 - 16ul are the eigenvalues of the determinant of the system of equations (12),
and
A

=

~r"O-~r2,O

2

r K,-K,
K,K 2

=p,

B=~,oTM2.0=~ [r(K,+K,)
2

Po

K,K 2

'

2d]+~U,.
3

The solution found corresponds to the region (lla) and
is valid for 1 « 1 1 , where
i,-min {In A, In B}.
(13 )

3. In the first stage, we shall obtain the solution of
Eqs. (8) in the region ri,l « 1 or gi,l "" 1, when Eqs.
(8b) have the form

As we shall see below (cf. also(1,2 1), the phase-transition temperatures are determined on the condition that
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the expressions L:l.q,l vanish. It can be seen from the
solutions obtained above that the difference L:l.q ,l
- L:l.r2,l increases with increasing 1 and that L:l.q,l and
L:l.r2,l vanish at different temperatures. Therefore, near
one of these temperatures, e.g., Tc1, for 1 > II we
have the region (llb).
Putting g2,1 ~ 0 in this region, from (8) we obtain
equations for q ,t :
(14 )
which coincide with the corresponding equations of the
one-component Ising model[2). As is well known, the
solution of the system of equations (14) has the form
r",=a,A'-'/,8 In 2, A=4-'/,8 In 2,
a=const.

(15 )

3. ALLOWANCE FOR ISING INTERACTION
BETWEEN THE PLANES
1. In the preceding sections we have calculated the
c.1. of a system described by the Hamilto.nian Ho (or
Qo 0) in formulas (2) and (4). Here we shall consider
th~ effect of the perturbation H, in the case of two
identical sublattices (J 1 = J 2, r 1,0 = r2,0 = ro).
We observe that the system of recursion equations
(3) is invariant under unitary transformations of the
coordinates Y1, Y2 (Zl, Z2). In fact, if in Eqs. (3) we
change from the variables Yi to Yi and, by means of
the same unitary transformation, from Zi to zi' then
yi goes over into
and Q,(zi ± Yi) into Q,(zi ± Yi);
then the formulas (3) will have the same form as in the
initial variables. In accordance with what has been said,
by making the change of variables Y1 = 2- '/ 2( y 1 + Y2),
Y2 = 2- ' / 2(y, - Y2) in formula (6), we obtain

yi

For very large 1 (the region (llc )), from Eqs. (8a) we
obtain
r" ,=A221, r2, ,=li2", Q,=2 21 (Ay,2+liy,'),

(16)

where A and B are functions of the temperature. The
quantity A is found by matching the solutions (15) and
(16) and equals
(17)
1=2 In 2/In A.

(18 )

By means of the expression found for Q, we calculate
the susceptibility from formulas (4) and (5):
X=1IA+1/li.

(19)

It can be seen from (19) that the quantity r defined in

(18) is the susceptibility exponent. Thus, in the immediate vicinity of the transition point, the system has the
critical indices of the ISing model.
The temperature of the phase transitions are determined from the condition that A and B in (19) vanish.
A vanishes at the same point as the coefficient of >J in
(15). For an estimate of the coefficient in (15), we can
make use of the expression (12') for L:l.q,l with 1 ~ 1,.
Neglecting terms of the type u,l, ~ E ln E in the zeroth
appr.oximation in E, from the condition L:l.ri,lll ~ l, = 0
wefmd
(20)
The coefficients of the temperature singularities of
the thermodynamic quantities, e.g., in the susceptibility
X' are estimated most simply by matching X in the
regions 7 « L:l. 7 ° and 7 » L:l. 7 0. In the first region,
(21a)
where XO is the coeffiCient, independent of 7, that we
need to estimate.
(21b)

where XO,Xyand YXY are respectively the coefficient
and exponent of the susceptibility of the XY -model. By
matching formulas (21a) and (21b) for 7 ~ L:l.70, we find
;(o'-Xo,

Xy.!l't'O'l'-'I'ZT,

(22)

Le., xo is a no nana ly tic function of the parameter L:l. 70.
° ~ 1, the c.L of the Ising mode 1 obtain in the
whole temperature region 7 « 1.
lf L:l. 7

482

Sov. Phys.·JETP, Vol. 39, No.3, September 1974

un =i'"Oy,'+i'2,Oy,'+u"Oy,'+U2,OY,'y.'+u"oy,',

where
rl,O=ro-I/2'VO,

(23)

r2,O=rO+ 1/2'Vo,

U"o=I/2U"o+I/.U,,0,
u2,o=3ul,O_I/2 U 2,Ol

and the function Q, (Yi) satisfies the system of recursion relations (3) and (8); we can make use of the solution of this system obtained in the preceding Section
(110 plays the role of L:l.70). In accordance with this, for
ferromagnetic interactions the formula (21a) holds in
the region 7 « 110 and (21b) holds in the region 7» 110,
where x o is given by the expression (22) with L:l.70 replaced by 110.
The case of two identical sub lattices with a weak interaction between them of the type 1I0Y,Y2 was treated
in[3,4) by the method of expanding in irreducible correlators. The Baxter interaction was not taken into account. It was found that the shift in the transition temperature when the interaction between the planes is
switched on is proportional to II~/Y. In[5), it was shown
that if the shift in the critical temperature is nonanalytic in the magnitude of the perturbation, the phase
transitions in the perturbed and unperturbed systems
are not isomorphous. We shall obtain these results using Wilson's method and shall also calculate the c.i. of
the perturbed system.
By making us~ of the expressions (23) for \l1,0 and
putting U2 ° = 0 (the Baxter interaction is abse~t), we obtain u;,o = 6Ul,0, Le., the third solution in
formula (10) holds and U2 = 6u,. From (8a) we obtain an
equation for
i'",+,=4i'" ,+12u,(g",+g" I),
(24)
i'2"=4i',,,+12u, (g",+g" ,),

U2

° and

where gi,l

In the second region,
X=Xo, Iy't'-vzr,

i/o

=

(1 + ri,lf ' .

The solution of the system of equations (24) in the
region (lla) has the form
(25)
where 70 = (T - To)/T o, To is the critical temperature
of the unperturbed system, and A is defined by formula
(15 ).
The critical temperature Tc can be found from the
condition ri liz ~ l, = 0 (analogously to the derivation of
formulas (20 )).
The quantity

II

is estimated from the conditions
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aTOci\.ll ~ Vo2 2ll ~ 1, TOC = (Tc - To)/To. Hence, taking
formula (18) into account, we have
(26)

which is in agreement with the results of[3,4].
In the region T » v~/Y (the parameter Vo can tend to
zero), the modes Yl and Y2 give an approximately equal
contribution, whereas in the region T « v~/ Yo the mode
Y2 makes no contribution to the singular part of the
thermodynamic quantities. Therefore, the coefficient
of the temperature singularities of the thermodynamic
quantities changes by a factor of two on passing from
one temperature region to the other, in agree ment with
the conclusions of[5].

4. PHASE TRANSITION IN MIXTURES
We shall write the Hamiltonian of a two-component
mixture of liquids or gases in the framework of the
lattice mode I:
(27)
where Vpg,ij is the interaction potential of two particles positioned in the cells i and j. The indices p and
g, which take two values, label the particles from the
first and second components; npi and ngj are the occupation numbers of the cells i and j. Repeated indices
are to be summed over.
We introduce the two spin variables cr1l) = ±1 and
cr11) = ± 1 correspond to particles of the first and second components in the cell i,
and the values cr12) = ± 1 to an occupied and empty cell
respectively. The occupation numbers can be expressed
by the formulas

at 2) = ±1. Let the values

n",='/.(1 +0,"» (1+0,('»,

(28)

n",='/, (1 +o~'» (1-0~'».

Substitution of np,i into formula (27) in the particular
case
V U ,ij=VZ2 ,ij,
V

U

,ij¢:V l1 ,ij,

1',=1',=1',

(29 )

IT"-T,,I «.T",

which is chosen for reasons of simplicity, leads to the
following value Qo, which contains linear and cubic
terms in y:
Qo=i',y,'+fi,y,'+fi,y,'y,'+fi.y,'+hy,+Xy,'y"
K",=(V"";+V,,,',;)/8T

(30)

r,=(2/K,po) (r-K,d),

Kl ,

(the upper sign defines
and

IK,-K,I~V"/T«.K,,

the difference in the concentrations of the two types of
particles. From experiment, it is known that mixtures
ha ve, in the general case, two critical pOints: one higher
in temperature-the liquid-vapor critical point-and one
lower-the liquid-liquid phase-separation point. At the
liquid-vapor critical point a nonzero order parameter
Y2 arises, leading to the appearance of a liquid and a
gaseous phase with different densities. At the phaseseparation point, the order parameter y 1 appears.
The conditions (29) mean that the Hamiltonian is invariant with respect to interchange of n1 i and n2 i;
particles of the first and second type appear sym-'
metrically in this expression, Le., at temperatures
above the phase-separation point the concentration
c = 0.5. From symmetry arguments it can also be seen
that the concentration derivative of the critical temperature (for c = 0.5) equals zero.
In analyzing critical phenomena in mixtures, a number of authors [6-8] have made the following assumption:
the thermodynamic functions (specific heat, order
parameter, susceptibility) calculated at constant chemical potential of the impurity are isomorphous to the
corresponding functions of the pure substance[lO]. This
assumption was based on a calculation of the thermodynamic quantities for "decorated" models, in which the
assumption formulated above is exact. The difference
between the "decorated" model and the model considered in this section is that in the "decorated" model
there is only one phase-transition point.
In this section we shall show that a model containing
two critical points (liquid-vapor and liquid-liquid) is
also isomorphous to the pure substance. However, in
contrast to the "decorated" model, this isomorphism
holds not at constant chemical potential but at constant
1/! = iJ. + fT2, where f is a constant and Ti = (T - Tci)/T o.
To prove this statement, we shall study the expression (31) near the higher (liquid-vapor) critical point,
at which the order parameter Y2 is nonanalytic. We
shall calculate the integral over the nonsingular variable Yl. (This method was pOinted out to the authors by
A. M. Polyakov.) We introduce the Hamiltonian H(Y2)
by the formula
H(y,)=-ln S dy,exp[-H(y"y,)].

We represent H(Yl, Y2) in (33) in the form
H(y" y,)=H,(y,)+H,(y,)+H,,,,(y,, y,),

and the lower defines
X=fi,=K"

K2),

(34)

where

h=2K,-1'/2T,

Wit.h the aid of the expression for Qo, the effective
Hamiltonian H is determined by the expression (2), the
partition function being calculated from the formula
Z=

(33)

H

dy, dy, exp[ -H(y" y,)],

d'k
H,(y,)= S(2n),(r,+k')y,'(k),

(31)

where functional integration is performed over the Yi.

,

H'n<=fi, S 6

•

{,Ek,} IIy,(k;)
i_I

d'k

12n~' +fi, S Yl(k,)y,(k,)y,(k3)y,(k~)

;=1

Adding and subtracting n1 i and n2,i in (28), we
have
'
ni=n t ,i+n2,l=i/2(1+a/ 2»,

~ni=t/2(1+a~2})(J~1),

(32)

where ni is the total density of the substance and t.ni
is the difference in the concentrations of particles of
the first and second types. It can be seen from (32) that
the parameter Y2 defines the density, and y 1 defines
483
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Expanding the right-hand side of formula (33) in a
series in Hint, we obtain (taking only the connected
diagrams into account; cf. Sec, 15 Of[ll])
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11 {~}

=-, [C><)

1-' [~

+

+ -

+

--<>---

+ ---<::) +

c:x::=:x::::::>
+

in which all the coefficients of the powers of yz are
analytic functions of the variables 7z and !l.

:::.::::::J ]

+ --c::><:)
(35)

:::::<>:::::J

+ -- ..... +
"~--

In the Hamiltonian H{yz} all terms proportional to
y~ with m > 4 have been omitted, since they make no
contribution to the Singular part of the free energy.
The expression II {yz} differs in its form from the
Hamiltonian of the one-component ISing model only by
the presence of the term proportional to y~, which can
be eliminated by the linear replacement y~ = Yz + t with
the appropriate chOice of t. The Hamiltonian H {y~} is
isomorphous to the corresponding Hamiltonian of the
one-component ISing model. The path

"'1.

Here the dashed lines correspond to yz (g), the solid
lines to

(39 )
corresponds to zero external field, in accordance with
what has been stated above.

and the vertices have the form

---< =

X,

~:::< ="z'

X

=ilI

.

Momentum conservation is satisfied at each vertex. The
integration is performed over all the independent momenta. Thus, e.g., the diagram

---<:>-is equal to

~'X.2 Sy,'(g) G,(k) G,(g-k)

ddg
ddk
(Zn)d (2n)d'

(36)

Since the external lines in each diagram correspond
to the critical mode, their characteristic momenta are
equal to g ~ rc l (7z) - 0 as T - T c 2. But the main
contribution to the integrals over the momenta of the
internal lines is given by scales of order rc1( 71)
»rcl (7z). Expanding, therefore, all the integrands in a
series in the parameter (g/k)z ~ (rc( 7d/rc (7z»Z, it
is not difficult to estimate any diagram. In particular,
in the zeroth approximation in (g/k)z, the integral (36)
equals
d'·
(Zn)d'

ddk

dd

1=~'X.' Sy '(g)-g- SG ' ( k ) - - - ~'X.·(A.) (d_'J/'S y2(g)_g_.
2

(Zn)d

'

{2n)d

(37)
It can be seen that this diagram does not contain any

singularities in T z or g, and renormalizes the first
term in Hz in formula (34). It is easy to see that all the
other diagrams in the expression (35) also have no
Singularities in Tz and g, and renormalize the corresponding coefficients in the Hamiltonian Hz. Thus, we
obtain
D{y,}=
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