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The problem of the dynamics of electron-beam relaxation in a plasma is solved. An analytic solution to
the three-dimensional quasi-linear equations is found. A numerical simulation of the nonlinear phase of the
electron beam-plasma interaction process in the two-dimensional case is carried out. The results of the
numerical and analytic solutions coincide. The mechanism of beam-electron capture by the field of the
mirror machine is explained.
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1. FORMULATION OF THE PROBLEM
The interaction of an electron beam with a plasma
has been investigated by many authors both experimentally[ 1-4J and theoretically[ 5-8J. However, thus far
only a one-dimensional theory of electron-beam relaxation has been developed, it having been impossible in
the three-dimensional case to determine even the
steady state[9J. We shall solve the three-dimensional
temporal problem of the beam-plasma interaction.
Let on a plasma at the moment of time t = 0 be incident an electron beam of velocity uo directed along
the z axis. The beam density nb is considerably lower
than the plasma density no (nb / no « 1), while the beam
velocity is considerably higher than the thermal plasma
velocity. The magnetic field is sufficiently weak (in the
experiments[lJ, wpe = (3-10)wHe), so that it does not
affect the permittivity (wHe < wpe( nb / no// 3 ). The beam
excites in the plasma Langmuir oscillations, which grow
from a level W0 close to the thermal level to some
level Woo considerably exceeding the initial level. An
important parameter of the problem is In (W",,/W 0),
which, for the majority of experimental conditions, differs little from the Coulomb logarithm A. = In ND, where
ND is the number of particles in the Debye sphere. In a
typical laboratory plasma (n ~ 10 '3 cm- s , Te ~ 100 eV),
the quantity In (W cx)W 0) is estimated by the following
relation:
In( W oo/W,) 001\-15-20»1.

(1.1)

Under the above-described conditions the relaxation
of the distribution function is described by the set of
quasi-linear equations[10 j :
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Here f is the beam-electron distribution function, Da!3
is the diffusion tensor,

W~ w()!J'"

ow Sn

t:.v satisfying the condition for the buildup of the kinetic
oscillations,

(1.6)

in fact, any beam after a time t ~ Ny acquires a sufficient spread over velocity to be describable by the
Eqs. (1.2)-(1.5).
For a purely one-dimensional noise spectrum
(k = {O, 0, k z }) we can carry out the integration in the
formulas (1.4) and (1.5) in the explicit form. As a result, the set of integro-differential equations (1.2)-(1.5)
reduces to the set of one-dimensional quasi-linear equations
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In these equations we have made a change of variables,
using the relation k z = wpe/vz, so that W, is now a
function of v z.
The problem, described by the system (1.7) and (1.8),
of the dynamics of one-dimensional quaSi-linear relaxation has been solved by Rudakov and one of the present
authors[7J. But certain characteristic parameters of the
process can be found without solving the quasi-linear
eq uations. In particular, we can immediately find the
steady state of the distribution function, f1""(Vz) = const,
and the stationary noise level W1~(kz) = mnbwpe/kiuPJ.
Attempts have been made in analogous fashion to determine the steady state in the case of three-dimensional
relaxation[1l,12 1, but the steady states thus obtained are
too artificial, and are not realized in experiments[91. It
is quite possible that the steady state does not at all
exist in the case of three-dimensional relaxation. An
answer to this question can be found only by solving the
problem of the dynamics of the relaxation of the beamelectron distribution function. Below this process will
be considered qualitatively.
In Sec. 3 we find the dependence of the distribution
function and the noise level on Vz. Essentially threedimensional effects-the variation of the spread over
the transverse velocities and the spectral width of the
noise with respect to kl -are considered in Sec. 4.
Section 5 is devoted to the numerical experiment.

is the spectral denSity of the energy of the electrostatic
noise, y is the increment of the oscillations, m and e
are the electron mass and charge, and nb and no are
respecti vely the beam and plasma densities. Although
the quasi-linear equations are valid only for sufficiently
smeared distribution functions with a thermal spread

2. QUALITATIVE ANALYSIS OF RELAXATION
Let us, in accordance with the foregoing, follow the
process of relaxation in the dynamics step by step. Let
us consider the initial phase of the process, when the
noise level is still low and the distribution function can
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be assumed to be stationary. In this case the oscillations in the plasma are described by the linear equation
(1.3) with the time-independent increment (1.5) determined by the specific form of the initial distribution
function.
As a model beam-electron distribution function at
the initial stage, let us use the Maxwellian function
/=n-"'v,,-' exp {- (v,-uo) 'Iv/-v.L'lv,.'},

(2.1)

where vT = (2T/ m)l/~. The increment of the oscillations excited by the beam has the form
"( = ( -

n ) 'I,
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where e is the angle between the wave vector and the z
axis. Notice that the increment decreases with increasing k1 . This means that the skew waves build up more
slowly than the longitudinal waves, and will, up to the
moment when the process reaches the nonlinear regime,
at which time the growth of the oscillations ceases, have
a small amplitude.

virtually velocity independent (see Fig. 1). Such a form
of the solution can be qualitatively understood if we take
into account the fact that in the transition region, where
the deri vati ve Of/a v is large, the electrostatic -noise
level, which is very low before the arrival of the front,
rapidly increases.
Behind the front the noise level does not change,
since the increment of the oscillations in this region is
equal to zero. The high noise level behind the front
leads to intense diffusion and the formation of a plateau.
The beam particles strive to move into the lowervelocity region, but the too low noise level in the region
ahead of the front retards the motion of the front of the
distribution function and causes a narrow transition region to be formed.
Thus, in the initial phase we can use the results of
the one-dimensional theory. According to the foregOing,
a front and a plateau are formed in the one-dimensional
distribution function f z . Let us represent the threedimensional distribution function in the form

{V ' }

1
/=/,--,exp
-~ ,

To determine the dependence of the noise level on
kl' let us use the solution to Eq. (1.3)
(2.3 )
with an increment y determined by the formula (2.2).
SubstitUting into (2.3) the time T taken to reach the
nonlinear regime and estimated with the maximum increment by
T __
1_lnW~

21m=

W,'

we obtain the k 1 spectrum of the noise:
W(k.L) =W(O)exp{-k.L'1 M'},

(2.4)

where ~k = k z / A l/~. It can be seen from this that a beam
with an initial Maxwellian distribution function excites
in a plasma oscillations in a narrow cone along the
direction of propagation of the beam. The angle of taper
of the cone is determined by the relation
(2.5 )

Thus, at the initial stage the spectrum of the noise excited by the beam is nearly one-dimensional. For a
one-dimensional spectrum the quasi-linear equations
get significantly Simplified and go over into the Eqs.
(1.7) and (1.8). One may expect that the solutions to the
three-dimensional equations with a sufficiently narrow
noise spectrum will not Significantly differ from the
solutions to the one-dimensional equations.
The principal result of the one-dimensional theory
of the quasi linear relaxation of an electron beam consists in the fact that there is formed in the distribution
function a narrow front that slowly moves toward the
region of lower velocities. There occurs at the front a
sharp increase in the distribution function from the
initial value to the value at the plateau. Behind the
front the distribution function of the beam electrons is
fz

I~
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FIG. I. The distribution function of
an electron beam in one-dimensional
relaxation.
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where fz is the function shown in Fig. 1. Let us investigate the stability of this distribution (for greater detailS, see the Appendix).
In the region of the plateau, the increment of the
oscillations turns out, as in the one-dimensional case,
to be equal to zero. Let us replace fz in the frontal
zone by the model Maxwellian distribution function with
vTz = ~u (~u is the width of the front) and consider the
increment of the oscillations excited by a beam with different spreads over the longitudinal and transverse
velocities. The angular dependence of the maximum
increment in this case is somewhat different from (2.2),
and has the form
(2.7)

The spectrum of the oscillations excited by such a beam
is described, as in the case of equal spreads, by the
formula (2.4), but with a different width with respect to

k1 :
(2.8)

This leads, as before, to the appearance of noise in a
narrow angle range along the direction of propagation
of the beam. Thus, it turns out that it is not only in the
initial phase that the noise grows only in a narrow cone
with an angle of taper
(2.9)
but also during the entire subsequent relaxation process.
The narrowness of the noise spectrum at all stages of
the electron beam-plasma interaction allows us to fully
apply the results of the one-dimensional theory to the
three-dimensional relaxation of the beam.
Let us note at once that the estimate for the width of
the noise spectrum with respect to the angle ~e, determined by the relation (2.9), is not quite exact. The point
is that there exist in any distribution function regions
where the angle dependence of the increment is not only
weaker than in the formula (2.2), but even inverted, i.e.,
in these regions the skew waves build up more rapidly
than the longitudinal waves. All the sections of the moving front excite waves by turns. As a result, the oscilA. A. Ivanov et al.
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lations develop in a wider cone than is determined by
the relation (2.9). However, the main conclusion about
the narrowness of the noise spectrum (toe« 1) remains
valid.
Let us consider the relaxation at a later stage. On
the basis of the analysis of the oscillation increment
carried out in the Appendix for functions of the type
(2.6), we can conclude that the skew oscillations with
k z S wpe I Uo that appeared at an earlier stage of the
relaxation will die down by the time vT 1 increases significantly. In the process, they will gi ve away their
energy to the beam particles, somewhat extending the
tail of the distribution function. The magnitude of the
extension depends essentially on the energy stored in
the skew oscillations with k z ~ wpe I uo, i.e., in the
initial phase of the relaxation. The skew oscillations
are intensely pumped by monoenergetic beams. According to the formula (2.2), beams with large thermal
spreads excite at the initial stage of the relaxation
oscillations in a narrow cone along the direction of
their propagation. Therefore, the elongation of the tail
will be appreciable only for monoenergetic beams. In
an analytical consideration, it is difficult to take the
elongation of the tail of the beam-electron distribution
into account, but the numerical computations carried
out in Sec. 5 allow this to be done. As can be seen from
Figs. 4 and 8 (see below), the qualitati ve arguments
about the substantial elongation of the tail of a monoenergetic beam are correct. In this case the increase
in the velocity is 10-15% of uo.

In deriving these equations, we used the expansions of
the distribution function fz at the point Vz = wpe Ikz
and of the one-dimensional spectrum of the noise, Wz ,
at the point k z = wpelvz, and took only the lowest-order
terms into account. The smallness parameters with
respect to which the expansion is carried out are
(tok/k z )2 and (t.kvTl/2k z tou)2, where tou is the characteristic variation width of the distribution function (the
width of the front). In Eqs. (3.6) and (3.7), Wz has been
transformed into a function of Vz and, thus, they completely coincide with the one-dimensional quasi-linear
equations (1.7) and (1.8).
Let us recall the solUtion, obtained in P1 , to the onedimensional equations. Let us find the solution in two
regions: in the region of the front, where the energy of
the noise and the distribution function rise sharply, and
at the plateau, where the value of fz almost does not
change. In doing this, we shall assume that the front
moves slowly with velocity u(t). We shall obtain the
complete solution by matching the solutions found at the
point u* (see Fig. 1).
Let us first consider the region of the front. We
shall seek the solution to the Eqs. (3.6) and (3.7) in the
form
{,(v"

(3.8)

t)~t,(lj),

W,(v"t)~W,(lj),

(3.9 )

t} = Vz - u(t). Then the derivatives a/at and
a/ovz will respectively go into -ud/d1) and d/dTj, and

where

the equations themselves will assume the form

3. ANALYTIC SOLUTION OF THE THREE·
DIMENSIONAL QUASI·L1NEAR EQUATIONS

Pdt,

Let us show that the three-dimensional quasi-linear
equations (1.2)-(1.5) with a narrow kl spectrum of the
noise reduce to the one-dimensional equations (1.7) and
(1.8) for the functions fz(vz) and Wz(k z ). For this purpose, let us integrate Eq. (1.2) over Vx and Vy and Eq.
(1.3) over kx and kyo As a result, the quasi-linear
equations (1.2)-(1.5) will assume the form
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Here we have introduced the notation:

and used the assumption that the front is narrow, i.e.,
that 1) « Uo - u, which justifies the replacement of
P(t) by a constant.
Let us integrate both equations over 1), and substitute
fz from Eq. (3.11) into (3.10). After some transformations, we obtain

iJv

(3.12)

Here we have introduced the functions fz and Wz determined by the relations

(3.13 )

f tdv,dv"
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The solution to Eq. (3.12) has the form
Go{li (GIGo) -1.9) ~Pl]/c"

Let us substitute into Eq. (3.3) the kl spectrum of
the noise of the form (2.4) and, furthermore, using the
fact that the spectrum is narrow, let us replace k 2 by
ki. Carrying out the indicated transformations, and
performing the integration in Eqs. (3.1)-(3.3), we obtain the equations for the functions fz and W z:
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(3.10)

iJv,

(3.14)

where Ii is the integral logarithm. The beginning of the
front is reckoned from the moment when the noise increases by a factor of e.
Thus, until the front becomes too steep and the local
relation between (lfz /0 Vz and y gets broken, the shape
of the front in the function fz will be described by the
Eqs. (3.13) and (3.14). When the slope of the front exceeds some value, the local connection between afz/dvz
and the increment y gets broken. Let us discuss this
case in greater detail.
A. A. Ivanov et al.
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For ~u ~ y/k z , there get excited at the front of the
function (2.6), resulting from the electron-beam relaxation process, hydrodynamic oscillations of increment
n ) 'J, ( u ) 'I,
1=00" ( -2' - - cos 6.
no

Uo-ll

(3.15)

Thus, because of the appearance of a nonlocal connection between y and afz/avz, the minimum width of
the front is bounded by the quantity
( non.)"'(uo-u
U

)'"

.

(3.16)

This limitation naturally distorts the shape of the front
but does not affect its velocity(7). Qualitatively, this is
not difficult to understand from the following simple
arguments. The time during which the front traverses
a distance of the order of its width (~u) is equal to the
time of growth of the noise from the initial to the final
level. Therefore, the velocity Ii of the front can be
estimated as follows:
(3.17)

But, as follows from the inequality (3.16), the front can
never become too narrow. Its slope is maintained at the
buildup boundary of the hydrodynamic and kinetic oscillations (~u ~ y/kz ). Therefore, we can always use the
kinetic increment (2.7) at the front. Substituting it into
the relation (3.17), we obtain an equation determining
the velocity of the front:
n" u~ Ci)PII'
u-------.
no U,-U A
.

(3.18)

The width ~u of the front does not enter into this equation; therefore, the velocity Ii turns out to be the same
for a fairly wide front (~u > y/kz ) as for a front whose
width is limited by the transition to the hydrodynamic
oscillation-pumping regime (3.17).
Let us now conSider the Eqs. (3.6) and (3.7) in the
region behind the front. We shall seek th'e solution in
the form of a sum of the value on the plateau of c( t)
and a small correction or z :
(3.19 )

f,=c(t) +6f,.

The value of the distribution function on the plateau is
found from the normalization condition
+-

Sf,dv,=i.

(3.20)

USing the fact that the front is narrow, let us evaluate
the integration in this expression over only the region
of the plateau. As a result, we obtain the value of the
distribution function behind the front:
(3.21 )

c(t)=1/(uo-u).

Let us find the correction Of z by substituting the
solution in the form (3.19) into Eq. (3.6):
(jj,=-

'"S c(t) (uo-v.),
c,G(v.)v.

d

v•.

1
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The noise will then develop not only in the region of the
front, but over a distance y/kz from it. The growth of
the noise will lead to the appearance of a substantial
diffusion coefficient ahead of the front and, consequently,
to an increase of the width of the front to ~u ~ y/k.

.:',U-U -

the product G( vz) v~ by its minimum value, which is
attainable at the matching point u*:

(3.22)

(3.23)

c(t) (Uo-V.) dv,1 ¢:c(t) U(Uo-U) .
c,G(v.)v,'
c,G(u')u' 2

Substituting into this expression the value of G(u*) determined from Eq. (3.14), which describes the region of
the front, G( u* )::>: PATJ* / c 1, we obtain

II.
'

c(t) (uo-v.~ dv.1
c,G(v,)v,

¢:

c(t) Uo-~
A1'\

.

(3.24)

It can be seen from the estimates above that at distances from the front greater than (uo - u)/A, the correction orz becomes considerably smaller than the
value of the function on the plateau. Thus, there exists
a point u*, located at a distance of (uo - u)/A from the
beginning of the front, at which we can use the solution
(3.19), which is valid on the plateau, as well as the solution (3.13)-(3.14) describing the front, the use of the
latter solution being admissible on account of the smallness of TJ (TJ :S U - u* = (uo - u)/A« Uo - u). The width
of the front is determined by the equality
(3.25)

~u=(uo-u)/A.

Let us match the solutions at the point ti*. Let us,
to the left of u*, use the formula (3.13) and, to the right,
take the value of the distribution function on the plateau.
Equating these quantities, we find the equation of motion of the front
1i.~ln(G(u·)
Go

U' c

}=_1_.

(3.26)

Uo-U

We can replace with logarithmic accuracy
In (G (u* )/ Go ) by A. As a result, we obtain
. Uo-U
mil,.. n.
-u--=---,
u'
A no

(3.27)

This equation coincides up to a factor of 7T with the Eq.
(3.18), which was derived from qualitative arguments.
The solution to Eq. (3.27) has the form
~+ln~= 1 +~ no OOp.t.
u

u,

(3.28)

A n,

Thus, the exact solution to Eqs. (3.1)-(3.3) has been
found, and the functions fz and Wz have been shown to
behave like the distribution function and the spectrum
of the noise in one-dimensional relaxation.

4. THE TRANSVERSE CHARACTERISnCS OF THE
RELAXATION
In solving the three-dimensional quasi-linear equations, we assumed that: (1) the kl spectrum of the
noise was narrow (~« k z ) and (2) the condition (3.8)
for the admissibility of the fz and Wz expansions was
valid. Let us show that both conditions remain valid
during the entire relaxation process.

For this purpose, let us use Eqs. (1.3) and (1.5) with
a distribution function of the form (2.6) and the dependence fz( vz) as determined by the above-given solution.
Carrying out the integration over vx and Vy in the
formula (1.5), and substituting the result into Eq. (1.3),
we obtain

ow =It'h~ 00,: .!:!::..+S-(k:!1:.+
at
no k k.L
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Let us estimate the value of the integral. Let us substitute into it c(t) in the form (3.21), and let us replace
1030
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Let us, in integrating over v z, use the fact that k 1 vT 1
is small and retain in the expansion terms of the order
2
k2l'
of v T1

where D and Dl are the diffusion coefficients, determined by the equalities
4,,'e' W,

D=-,---.
m
v,

After the integration Eq. (4.1) assumes the form
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The steady-state level of the noise is determined by
integrating Eq. (4.2) over the region of the front. Using
the narrowness condition for the front (AU« Uo - u),
let us, as in Eqs. (3.10) and (3.11), go over to the variable TJ = Vz - u(r). Furthermore, let us replace fz by
G with the aid of Eq. (3.13). Carrying out the indicated
transformations, we reduce Eq. (4.2) to the form
din W = dinG
d'l
d'l

+

ki'VTi' ~ diG
4k.'
P d'l"

(4.3)

while O!( vz) = Ak 2 ( vz) v~ / W~e is a small parameter. In
this equation Ak is regarded as a function of vz, since
this is virtually the spectral width of the noise produced
upon the passage of the front through the point vz.
Since the diffusion coefficients D and Dl are of the
same order of magnitude, while into the last three terms
on the right-hand Side of Eq. (4.7) enters the small
parameter O!, the dominant term is the first term, which
describes the longitudinal diffusion. This leads to a Significant difference in the gradients of the distribution
function along the longitudinal and trans verse directions:

Here we have used the notation introduced in Eq. (3.11).
Solving Eq. (4.3), we obtain
(4.4)
Let us find the steady-state spectrum of the noise by
substituting into this formula the value of the deri vati ve
dSG/ dTJ 3 at the matching point u*. As has been assumed,
the kl spectrum of the noise has the form (2.4), but the
exact value of the width Ak turns out to be larger than
the value that was obtained from the qualitative estimates:
(4.5 )
It is important to note that the spectrum of the noise
in the region of the front is considerably narrower than
the steady-state spectrum. Indeed, in the case when
In (G/ Go) ~ 1 the formula (4.5) can be used to estimate
the spectral width after replacing in it 1)* by the running
value of 1):

(4.6)
Thus, the expansion parameters used in the derivation of Eqs. (3.6) and (3.7) are indeed small. In the
region of the front this follows from the estimate
AkvTl"" 2k Z 1) $ kzAU. On the plateau, the fulfilment of
a significantly weaker inequality, AkvT 1 ~ k z (uo - u),
which can be derived directly from the formula (4.5),
is required. From the formula (4.5) also follows the
narrowness of the kl spectrum of the nOise, but to show
this it is necessary to know the particle spread over the
transverse velocities at each moment of time. The determination of the dependence vT 1 (t) is of interest in
itself, since it is precisely the growth of the spread
over the transverse velocities that essentially distinguishes the three-dimensional relaxation from the
one-dimensional process.
The growth of vT 1 occurs in the region of the plateau,
where the noise level does not change. Therefore, the
problem of the diffusion of the distribution function behind the front can be solved. The diffusion tensor is determined by the relation (1.4) with a time-independent
noise level. Computing the diffusion coefficients and
substituting them into Eq. (1.2), we obtain

Of

af

Dv,

IJu,

(4.8)

-';;-.

These inequalities, together with the smallness of the
ratio v1/ vz, allow us to neglect the second and third
terms on the right-hand side of Eq. (4.7) in comparison
with the last.
Let us rewrite the equation, retaining only the dominant terms:

a.f . )ex; (<J'f
<J'f )
--=-D
--+-".'"
in

.:...

(n,\--

()u!l~

a ( af )
+()V..
" - D- .
OF
,

z

(4.9)

This equation describes the region u(r) < Vz < Uo with
the moving boundary u( T) determinable from Eq. (3.28).
The coefficient D in Eq. (4.9) is a known function of
v z, while the parameter a depends, as can be seen from
the formula (4.5), on the spread over the transverse
velocities, which is determinable only from the solution
to the equation. The moving boundary and the VT1dependent diffusion coefficient aD/2 make the search
for the exact analytic solution considerably difficult.
But the presence of the small parameter O!( vz) allows
us to make important estimates.
As has already been noted, in the region of the plateau the intense longitudinal diffusion is the decisive
effect. It leads to the smoothing out of the difference
in the magnitudes of the spread over the transverse
velocities, a difference which is caused by the dependence of the transverse-diffusion coefficient on Vz. Assuming in the zeroth approximation that the distribution
function does not depend on v z , let us integrate Eq.
(4.9) ove!; Vz from u(r) to uo. We obtain as a result
an equation describing the trans verse diffusion:

at

( iJ'j

(Pf )

"t =Di(t) -;--v' +~
u

u x

11

.

(4.10)

In this equation we have introduced the mean diffusion
coefficient
1

D.L(t)=

2

(

Uo-U

.,

(

t»

S a(v,)D(v,.u)dv,.
,,(I)

(4.11)

The solution to Eq. (4.10) with some initial distribution function foe vx, Vy)/ (uo - u(t)) has the form
1
1=

t,,,)( (t) (U,,-LL (t»

S
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t}v/ ov,/' '

)('(t) =

(4.7)

SD.l-(-c}dT.

(4.12)

1
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At large times such that X(t) ~ vTO, where vTO is the
initial velocity spread, the distribution function determined by the formula (4.12), approaches a Maxwellian
distribution with a transverse temperature VTl ~ 2x(t).

cannot be assumed to be axially symmetric. As a result,
the kl spectrum of the noise will be different from the
expression (2.5):

The solution (4.12) cannot be considered to be final,
since the dependence X(t) has not yet been determined.
It can be determined exactly if the initial distribution
was Maxwellian. In this case the Maxwellian transversevelocity distribution is preserved during the entire relaxation process, while
1 is determined according to
the formula

Such a change will almost not be reflected in Eqs. (3.6)
and (3.7), which determine the one-dimensional functions
Wz and fz. In these equations we need only to replace
~2 by Y2(~i + ~y). But Eq. (4.9), which describes the
diffusion of the distribution function in the region of the
plateau will change slightly. It will lose its axial symmetry, and will have the form

vT

Substituting the obtained solution into the formula (4.5),
determining the width of the steady-state spectrum of
the nOise, we obtain an integral equation for a:

,+2 S· - dT - "s a(v,)D(v"u)dv,=-'--'---'4(u,-u)'
A'a(u)

llo-U(T)

u(t)

11

(4.14)

This equation can be reduced to a third-order differential equation:
_ A' u'a(u)=~{u'~[U(U'-U)~ (U'-U)']},
2

du

du

du

(4.15)

a(u)

which can be solved by a numerical method.
A family of integral curves of Eq. (4.15) for different
vTO are shown in Fig. 2. It can be seen that the
parameter O! remains small during the entire relaxation
process, Le., the noise is always excited in a narrow
cone around the direction of propagation of the beam
(~ « kz ), in complete agreement with the qualitative
conclusions.
Of considerable interest are the transverse-velocity
spread versus front location curves shown in Fig. 3.
From the figure can be seen the most important result
of the analysis of the process of the transverse diffUSion
of the distribution function, a result which could not be
obtained with the aid of the one-dimensional theory.
This is the appearance, in the final phase of the relaxation, of an ele9tron beam with a transverse velocity
comparablet6:the initial longitudinal velocity.

Notice that the axial symmetry of the problem was
implicitly used in the above-expounded arguments. This
manifested itself, in particular, in the fact that both the
initial beam-electron distribution function (2.1) and the
function (2.6), with the aid of which the kl spectrum of
the noise that develops at the front was computed, were
assumed to be axially symmetric.
In the general case the initial distribution function
f}~

;;A~UU
3
c.q

2
f

CZ

of

0.1

0.6

u/uQ

0.'

ot

FIG. 2

0.8

0.6

O.U

u./u o

FIG. 3

FIG. 2. The dependence of the spectral width .6.k of the noise on the
location of the front in the distribution function. I) vTO = O.08uo,
2) VTO = O.04uO, 3) VTO = O.02uo·
FIG. 3. The dependence of the transverse-velocity spread VTl on the
location of the front. The meanings of the curves are the same as in
Fig. 2.
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(4.16)

(4.13)

VT.L'=v T ,'+4X' (t).

VI"

W(k., ky)=W(O, 0) exp {-kx'/i1kx'-k:/i1ki}.

(4.17)

/

where ax = ~*;k~ and O!y = ~y k~. The solution to
this equation is similar to the solution to Eq. (4.9), with
the only difference that now the integral curves VTx(u)
and VTy( u) are different, since the initial spreads over
the velocities in the directions of the x and y axes are
not the same. However, this difference turns out to be
inSignificant, since after a short time the quantity vTl
"forgets" about the initial distribution (see Fig. 3).
Thus far, we have considered beams with a sufficiently large initial transverse-velocity spread vTO
~ y/k. Let us qualitatively consider beams with distribution functions not satisfying this condition (.6.v
~ (nb/no)l/suo). A monoenergetic beam excites in the
plasma a hydrodynamic instability with increment
(4.18)
In this case the noise that arises over a time T ~ A/y
increases the particle-velocity spread to values .6.v
~ (nb/no)I/3uo. Subsequently, the relaxation of the distribution function is described by Eqs. (1.2)-(1.5), but
with somewhat different initial conditions: intense noise
exists in the region

Ik,-wp./u, I.,; (n./n,) ·I,wp.lu,.
This noise does not lead to any new effects in the solution of the one-dimensional problem of the relaxation of
the distribution function[ 6 J, but they exert conSiderable
influence in three-dimensional relaxation. The point is
that the spectrum of the initial hydrodynamic noise is
far from one-dimensional. This can easily be verified
by analyzing the increment (4.18). Since the magnitude
of the increment does not depend on the angle, there
gets established in a wide range of angles almost the
same noise level. If as a model distribution of the noise
energy over kl we use the expression (2.4), then the
spectral width ~ should be taken to be larger than k z .
Let us consider the consequences to which the appearance of noise with a wide spectrum will lead. The
solution to Eqs, (3.6) and (3.7) in the region of the front
does not differ in any way from the earlier-obtained
solution, since in this region only the spectral width
~ of the noise that develops at the front enters into the
equations. Thus, as in the relaxation of beams with a
large initial velocity spread, a front is formed in the
distribution function during the relaxation of monoenergetic beams. However, the process will change greatly
in the region of the plateau. Because of the fact that the
hydrodynamic noise arises in a wide angle region, the
coefficients of longitudinal and transverse diffUSion get
to be of the same order of magnitude. This leads to the
rapid growth of the transverse-velocity spread comparable to Uo - u( T). Such is the qualitati ve difference
A. A. Ivanov et al.
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where we have introduced the following notation:
<Dh=ec:p~/mu02,

b

'I=Wpet,

'V,=(kUo-Ul pe ) t+o;"

k={n2nILx, m2nILy}.

Wp=(v,.-uo)/l!o,

0.6

0.0

f.O VZ/ii O

ozviuo

FIG. 4. Relaxation of an electron beam (VTO = 0.05uO; nb = 0.001
no). (a) The longitudinal- and (b) transverse-velocity distribution functions (r = wpet).

between the relaxation of monoenergetic beams and the
earlier-described relaxation of beams with a large
thermal spread.

5. NUMERICAL SIMULATION
Lately, the methods of numerical simulation have
come to be widely used in plasma physics. With their
aid have, in particular, been solved a number of problems related to the interaction of an electron beam with
a plasma. In these applications the method of total and
partial simulation were both used[13-16]. However, thus
far, only largely one-dimensional problems have been
solved. In the present paper we develop a method of
two-dimensional partial numerical simulation which allows us to confirm the main results of the theory of
three-dimensional electron-beam relaxation, as well as
to investigate the relaxation of an initially monoenergetic electron beam. An important distinctive feature
of the method used is that the transition to the twodimensional and three-dimensional problems does not
require an increase in the number of particles, an increase which was necessary in total simulation by, for
example, the particles-in-a-cell method. The number
of assigned waves increases, as in the case of total
simulation.
The method of partial numerical simulation allows
any a priori given part of the distribution function to be
described by the indi vidual particles. In the present
problem, in particular, the electron beam is simulated
by the particles:
(5.1 )
where rp( t) is the coordinate of the p-th particle. The
rest of the plasma is considered in the linear approximation to be a continuous medium. The electric-field
potential is given in the form of a sum of Fourier components:
(5.2)
where <Pk(t) and O'k(t) are the slowly varying (I (Pkl
« wk<Pk, 1elk 1 « wk) amplitude and phase of the k-th
harmonic of the oscillations.
The method of deriving the equations for the numerical simulation is similar to the method used in[ 15]. Let
us write out the final equations:

AfI=u'ok/w pe ,

pp=(rp-uot) Ulp"/Uo,

The initial conditions for the equations are the values of
all the variables at T = O. The initial wave amplitude
was prescribed to be from 10- 3 to 10 c6 of the maximum
value, the phases are arbitrary, the particle velocities
in the coordinate system moving with velocity Uo are
equal to zero, and the particle coordinates are distributed over a rectangle with sides Lx and Ly . To get
rid of the intense noise connected with the fact that the
number of particles simulating the beam is small,
the beam-particle coordinates are asSigned conSistently with the initial wave amplitudes. The equations are solved by the Runge-Kutta method. The
numerical experiments were carried out with a particle number of up to 500 and a wave number of up
to 200.
The wave spacing in k space that does not destroy
the continuity of the spectrum is determined by the
width of the wave-particle interaction region, t:.v ~ y/kz,
from which it follows that
(5.4)

To determine the wave spacing in the transverse
direction, let us turn to Eq. (1.4). Besides the width of
the interaction zone, which is determined by the width
of the o-function (of the order of y), into this equation
enters another factor: Ek COS 2 !;, where !; is the angle
between af/a v and k.
A good model for the continuous spectrum can be
obtained only when with each velocity-space point of
interest in the present problem will interact several
waves with different k directions and with a spacing in
angle space so small as to make the resolution of the
structure of E~ cos~!; possible. For the structure of
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FIG. 5. Relaxation of an electron beam (VTO
O.OOlno). Velocity space (r = wpet)·
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= 0.05uO; nb =
1033

Vj./~_ ~ .

FIG. 6. Motion of the front. The curve corresponds to the motion of the front in onedimensional relaxation, as described by (3.28).
The short lines indicate the front's motion obtained from the numerical simulation.
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FIG. 7. Relaxation of a monoenergetic electron beam (nb = 0.00 I no).
(a) The longitudinal- and (b) transverse-velocity distribution functions
(T = wpet).
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cos ~ to be resolvable, it is sufficient for the waves to
be spaced 20-30° apart. The angle necessary for the
resolution of
can be ascertained only in the course
of the solution. In practice, the angle interval for velocities v ~ Uo was set to be ~ 15°, while angle intervals of
up to 5° were used for lower v.
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The extent of the kz-defined spectrum depends on
the relaxation region in velocity space of interest to us,
and can be estimated from the duration T of the computational run with the aid of the equation
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FIG. 8. Relaxation of a monoenergetic electron beam (nb =
O.OOlno)· Velocity space (T = wpet).

6. CONCLUSION

Thus, it has been shown that the three-dimensional
quasi-linear equations have an analytic solution. The
problem of the interaction of an electron beam with a
The electron beam-plasma interaction was simulated in
plasma has also been solved by the method of twothe case when at the initial moment of time the beam had dimensional partial numerical Simulation. The results
a sufficient velocity spread (a kinetic beam), as well as
of the solutions coincide. The results obtained are also
when the beam was initially monoenergetic.
corroborated by experiments on the interaction of an
electron beam with a plasma located in a magnetic field
The results of the numerical simulation of the interof corkscrew configuration[l,41. In these experiments
action of a kinetic beam with a plasma completely corthe beam parameters were: U = 30 kV and I = 20 A.
roborate the result of the three-dimensional quasiThe magnetic field was weak, so that wpe » wHe. It
linear theory. The one-dimensional distribution funcwas shown[1,41 that the relaxation of a beam proceeds
tion fz is shown at different moments of time in Fig.
in accordance with the one-dimensional quasi-linear
4a and the transverse-velocity distribution function f1
theory[7J,
although a manifestly three-dimensional
at the same moments of time is shown in Fig. 4b. The
problem was conSidered (wpe » WHe). This result contotal distribution function, shown in Fig. 5, graphically
firms the correctness of the solutions obtained by us.
illustrates the two-dimensional relaxation of an elecOn the other hand, we can explain, on the basis of the
tron beam. It can be seen from Fig. 4a that the longiobtained solution to the three-dimensional quasi-linear
tudinal-velocity distribution function has a steep front.
equations, the appearance of trapped particles with a
The front moves with a velocity that coincides with the
high transverse energy (T 1 ~ 200 keY) observed in the
velocity obtained from the analytic solution (3.28) (see
above-discussed experiments. It can be seen from
Fig. 6).
Figs. 5 and 8 that over times ~200wp~ the beam partiThe relaxation of an initially monoenergetic beam
cles acquire a considerable transverse-velocity spread.
differs somewhat from the relaxation of a kinetic beam,
The portion of the particles having a higher transverse
since the buildup of the noise in the initial phase occurs
velocity is trapped by the field of the mirror deVice,
in a wide range of angles. The results of the numerical
after which they are accelerated to energies ~200 keV.
simulation corroborate the qualitati ve conclusions arA possible mechanism of acceleration of the trapped
ri ved at in Sec. 4. Figure 7a shows the longitudinalparticles is described in[41.
velocity distribution function, while Fig. 7b shows the
The obtained results may also be useful in the investransverse-velocity distribution function at different
tigation of the interaction of high-power electron beams
moments of time. It is not difficult to see that in this
with a plasma for the purposes of, for example, beam
case also the function fz acquires a steep front, but
heating or plasma chemistry.
that because of some difference in the initial phase of
the relaxation, the broadening of the transverseAPPENDIX
velocity distribution function occurs somewhat more
rapidly than in the case of a kinetic beam. The comThe increment of the oscillations excited by an elecplete form of the distribution function is shown in Fig.
tron beam with a distribution function of the form (2.6)
8.
is determined by the formula (1.5). After the integra(5.5 )
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tion over the transverse velocities this formula assumes
the form

,=----_
wp ,'

)';;- nb

2 no

k2k.LVTJ.

+S~

( k -at,+ 2(k,u,-w,,»)
{(wpo-k,u.),} d
I, x exp
v•.
z

_CJO

avz

UT.L 2

k.LZVT,J.Z

The integration in this expression can be performed by
parts:
(A.1)
For oscillations with sufficiently small k1.:
~/!!J.:...~ kl.'vTJ.'
au: aus!
k z2

(A.2)
'

and the increment gets transformed to the "one-dimensional" form
J[
nb OJpe 3 aft
1=----·
2 no k/ avz

To obtain the k1. -dependence of the increment, let us
take higher-order terms of the expansion into account:
n n, wP:
l•
uTl.'
--+k , - - - -

,=---- (a
2 no k/

au:

a'I.)

.L

4k/ Ov/

.

It can be seen from this formula that the kl -dependence
of the increment is determined by the sign of a3fz/av~.
Since the sign of the third derivative changes, there
exist in any distribution function regions where the increment of the transverse oscillations is higher than
the increment of the longitudinal oscillations. In particular, for a Maxwellian distribution function of the form
(2.1), the sign of a 3fz /<1 v~ is negative in the regions
v,<uo-uT('/,)"'(I)

and uo<u,<uo+vT(,/,) '" (II)

and positive in the regions
Uo-Vr ('I,) '''<v,<u,(III)

and UO+vT('I,) '"<v, (IV).

Therefore, in the region I the transverse oscillations
will build up more slowly, and in the region II more
rapidly, then the longitudinal oscillations. In the region
III the transverse oscillations will attenuate more rapidly, and in the region IV more slowly, than the longitudinal.
Let us consider the increment for distribution functions with sufficiently large vT1., for which the condition (A.2) is violated. Since in this case the approximation of a local connection between 'Y and afz/a Vz is not
valid, the form of the slopes of the function (see Fig. 1)
does not play an important role. Therefore, we shall
assume that
for V,<U
for U<U,<uo
cexp{-(u,-UO)'IUT2'} for Uo<V,.
After this, the integration in the formula (A.1) can
easily be performed, and the increment assumes the
form
c exp{- (u,-u) 'I UTi'}

I. = { c

)';; nb w kl.vTJ.c [1
,=---,
-,-e -v''s (\/,)
- - - ,1- e -v''s (\/,
-- )] ,(A.3)
p ,'

2 no kz

UTi

fl.!

J..tl

ftl = (1 +vTJ.'kl.'luTI'k.') ''',

",= (k,uo-w

p ,)

UT2

Jll

Jl2.

ft,= (1 +vn'kl.'lv,,'k.') "',

",= (u,)"-k,,,) IkJYT.L,
Ikl.vTJ.'
(x) =l-n"'xe"'[l-tD (x) ],

s

and ~(x) is the probability integral. For x « 1, the
function ~ (x) can be represented in the form of a series:
~ (x)

=l-l'n x+2x'- ... ,

while for x » 1 it has the asymptotic form
;(x) =1I2x'-3/4x'+ ...
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It can be seen from the formula (A.3) that the increment has its maximum value in the region of phase
velocities
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and its minimum value at vrp z ~ Uo + VT2. It does not,
however, vanish in the region of phase velocities coinciding with the plateau in the distribution function, i.e.,
in the region u < vrp z < uo. But it is considerably reduced in this region. The main factors decreasing the
absolute value of the increment outside the regions k z
~ wpe/u and kz~ wpe/uo are exp(-v7) and exp-v~).
Therefore, for oscillations with phase velocities falling
in the region of the plateau at points whose distances
t:.vrp z from the edges of the plateau satisfy the condition
the increment is exponentially small. It is important to
note that the range of phase velocities vrpz at which the
increment is substantial broadens as k1. increases.
Therefore, the transverse waves with k1. ~ k z can build
up even with phase velocities vrp z significantly different
from the velocity of the front and die down at vrpz considerably lower than uo. When k 1. vT 1. » kz(uo - u), the
increment will, in general, vanish.
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