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The nonlinear theory of the instability of a relativistic beam of oscillators developed here takes into
account both the nonlinearity of the equations of motion of the beam and the nonlinear properties of the
retarding medium. The maximum field intensity excited by the beam when the anomalous Doppler-effect
condition is satisfied is calculated.
PACS numbers: 77.90.+k

If an oscillator moves at a speed Vo larger than the
speed of light c/n(w) in a retarding medium [n(w) is the
index of refraction], its motion is accompanied by the
emission of electromagnetic waves in the frequency range
in which c- 1v on(w) > 1 (see[1J). If we take as the oscillators a beam of charged particles moving along a constant
magnetic field B o, the radiation is coherent and a collective instability occurs, with the maximum increment
at the frequency which satisfies the anomalous Dopplereffect condition. [1_3]

The nonlinear stage of the instability of a beam of oscillators in a linear retarding medium without dispersion has been investigated in the nonrelativistic and relati vistic cases in two previous papers. [4.5] The nonlinear
mechanism which limits the increase of the amplitude of
the field is the destruction of phase resonance of the
beam with the wave, caused by the longitudinal slowing
of the particle while the phase velocity of the wave remains unchanged.
The purpose of the present paper is to take into account not only the nonlinearity of the beam but also the
nonlinear properties of the retarding medium, i. e., the
dependence of the index of refraction on the amplitude
of the wave, which changes the waveguide properties of
the medium. It will be shown that, depending on the
modulation frequency of the beam, there can be either
an increase or a decrease of the phase velocity. In the
latter case it is possible for a nonlinear resonance between beam and wave to occur, so that the decrease of
the velocity of the particles of the beam is synchronous
with a decrease of the phase velocity of the wave. [6J
The nonlinear effects are then less important, and the
linear stage of the instability is "stretched out" and accompanied by a large increase of the energy density of
the oscillations.

w~: Iw-w~j «w~

The propagation of an electromagnetic wave in a dielectric (gaseous) medium is accompanied by the appearance of a ponderomotive force[8]
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When a beam of charged particles moves in a gas whose
dielectric constant is sufficiently close to unity, n2 ( w)
- 1« 1, the condition c-1von(w) - 1« 1 is satisfied only
in the case of a relativistic beam and in a narrow frequency range. Therefore in describing the medium one
can use a two-level approximation, with the assumption
that the effective frequency w of the particle is close to
one of the resonance frequencies of the medium, say
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(1)

(T is the temperature, N is the density of the medium,
and E and B are the electric and magnetic fields). The
function a(E) gives the connection between the dipole
moment d of an individual molecule and the electric
field E, d=a(E)E, and is given by the equation[9.10]
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(do is a dipole-transition constant characterizing the
properties of the medium).

In the case of "a traveling wave
E(t, r)=E(t, r) exp i(wt-kz),

(3)

with amplitude varying "slowly" with time and the coordinate
(4)

it follows from Eq. (2) that[7]
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and from the condition (f) = 0 we get11
N=Noexp [ - do

2xT

1. NONLINEAR DIELECTRIC CONSTANT OF A
RESONANCE GASEOUS MEDIUM

(cf. Ref. 7).

]
(H+x'E'-l)signd

(6)

(No is the unperturbed density of the gas; the average is
taken over a time of one period, and the total derivative
with respect to time in Eq. (1) is dropped).

From Eqs. (5) and (6) it follows that the nonlinear dielectric constant w(w,E) of the gaseous medium is given
by
n'(w,E)=l+

4nxdoN osign d
[do
-]
,.
exp --(l'1+x'E'-1)signd .
(1+x'E ).
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(7)
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2. INSTABILITY OF A RELATIVISTIC BEAM OF
OSCILLATORS IN A NONLINEAR GAS

The motion of a relativistic beam of charged particles
in a medium described by Eq. (7) along a constant magnetic field Ho can be described by a system of equations
with a self-consistent field:
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and consequently increases exponentially with time:
e ('t") =g (0) exp (qQ-"',).

We can regard the change of the amplitude as "slow"
and use Eqs. (10)-(13) only under the condition qO-1/2
« 1, which we assume is satisfied.
It can be shown that the system (10)-(13) possesses
the following integrals of the motion:

dt- + div pv~O,
(n,'-1)a'+b'=Q-'

where p =yv, y =(1 - v2 / c2)-1/ 2; v is the velocity of the
beam and P its density; E and H are the components of
the self-consistent field,2) and D=n2E.
We shall look for the solution of this system of equations in the form of running waves with "slowly" changing amplitudes and phases, propagated along the magnetic field Ho II z:
H.-iH.~no(E.+iE.) =
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According to Eq. (11) the increase of the amplitude is
cut off when the phase shift reaches the value ITIm I =7r /2.
At this instant the amplitude of the field satisfies the
equation

(9)

]},

where no=n(w,O) and cJ>=w(t-noz/c). As has been shown
previously, [4,5] a solution p =Po, v" =v ,,(t) exists which
satisfies the equation of continuity, in spite of the dependence of the transverse velocity on the coordinate. Taking this into account and introducing the dimensionless
variables
g

? '
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Let us expand the left and right sides of Eq. (16) in
series with respect to the field amplitude, assuming that
the inequalities
(no'-1) em '<::4q'/Q,

(17)

x,'e m '<::1.

WH

d, ~-l-dt,

are satisfied. Dropping small terms of the order of the
ratio of the increment to the frequency, we get
(18)

Ae ..'-Bem'±C=O
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we can put the equations for the field amplitude and the
velocity, and also for the phase difference TI = C(J - -a in
the form
a=-be cos 1'],

(10)
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In substituting the n 2 (w,e) given by Eq. (7) into (13) we

have set Sign l:t. =1, since only in this case do we have
no> 1 so that the radiation condition is satisfied.
Equations (10)-(12) are identical to the analogous equations in our previous paper, [5] in which the retarding
medium was assumed linear. In Eq. (13) there is an
additional term in the right member, which along with
1- Ob leads to a shift of the phase difference TI between
the transverse velocity and the field.
In the linear approximation TI =0 and b =0- 1 (the anomalous Doppler-effect condition) the amplitude of the field
satisfies the condition
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The first term can be dropped under the condition
Ae~« IB I, i. e., for
e,,.'~C/IBI,

(19)

AC<::B'.

Obviously this approximation is always justified for p.
< 1 when B> 1.
In the case 1.1 > 1, when the inequality opposite to (19)
holds, we have
em2~(C/A)"'.

(20)

AC>B'.

For a linear medium Xl =0 Eq. (19) is the same as the
analogous equation ort 5 ]. The presence of the nonlinearity leads to a decrease (I BI > 1) or to an increase
( 1B 1< 1) of the maximum value of the energy density of
the field. We can get a physical explanation of this effect by analyzing the dependence of the index of refraction (7) of the medium on the field amplitude in the relevant frequency range l:t. > 0:

,
[""E'
3",'E'
fl'
n (w,e)=1+4nN,xd, 1+-2-(~l-1)+-8-(1-fl+3)]'
(21)
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For /..l < 1 the nonlinear dependence of the polarization
of the medium on the field amplitude is decisive and
leads to a decrease of the function n2 (w, f ) with increasing e2 • Because of this the phase velocity of the wave
increases and there is an additional (as compared with
the case of a linear medium) mismatching in phase between the beam and the field. The parti.cles in the beam
get out of resonance with the wave more quickly, and
the maximum energy density is smaller.
The situation is different when /..l > 1 and the nonlinearity caused by electrostriction is the dominant effect.
Molecules of the gas are pulled into the region of high
field intensity, so that the index of refraction there is
increased. The phase velocity decreases along with the
deceleration of the beam, so that synchronism between
the beam and the wave is preserved longer than in the
case of a linear medium. [5] This effect is particularly
pronounced if the condition (A2/2)H~(/..l-1)'" 1 holds; in
this case there is nonlinear resonance between the beam
and the field (analogous to that considered in[6] for a
plasma wave). According to Eq. (20) the maximum energy density of the field is proportional to (q3 /p}/2)1 / 2
instead of the q3/ n 3/2 given by Eq. (19) for the other
case (q/nl/2« 1 is a small parameter).
After the energy density of the field has reached its
maximum value, as given by Eqs. (18)-(20), and the
longitudinal velocity of the beam has reached its minimum value, the inverse process begins-thatofacceleration of the beam in the field of the wave, back to its original energy. The process of exchange of energy between beam and field thereafter repeats periodically, so
that the system of the beam and the retarding medium
exhibits oscillations with a period of the order of the reciprocal of the increment given by the linear theory. [4,5]
In conclusion we note the possibility of self-focusing
of an electromagnetic wave[11- 131 in a nonlinear resonance medium described by Eq. (7). In the frequency
range Il. > 0 the condition 8n2 /sr, 2 > 0 for the occurrence
of this effect is satisfied for /..l > 1. The increase of the
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index of refraction occurs owing to the electrostrictive
increase of the particle density of the medium in the region where the wave is propagating. [11) The possibility
of a resonance self-focusing in the case Il.< 0 (with electrostriction not considered) was indicated in[71. Calculations taking the nonlinear dielectric constant (7) into
account can be carried out by the methods given in[71.
l)For ,,2E2« 1 this formula goes over into the expression given
on p. 1569 of Ref. 11.
2)This model will be consistent if we assume that besides the
gas there is a plasma with density Pp: p« Pp« No. containing electrons which produce a return current which compensates for the static magnetic field of the beam.
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