relaxation times in the liquid crystal phase. Each of
these facts is necessary although the form in which they
are taken into account for calculations can be made
more precise. One may hope that in the framework of
the concepts given here the kinetic phenomena in liquid
crystals can be connected with the sizes and shape of
molecules in as far as this can allow the single mole-
cule approximation used here.

DThe values of the stress tensor of a suspension of ellip-
soids given in our paper!3! are erroneously understated by
the amount 2pgy;, which must be added to the appropriate ex-
pressions. This reduces to the fact that the value of w in the
definition (4. 9) (see!'3!) must be increased by unity. The re-
maining expressions then remain valid. The numerical
values of the quantities w and V in Figs. 1 and 3 must be
increased by unity. In Egs. (7.5), in the equation that fol-
lows, and in (9. 3) one should read 2.5 instead of 1. 5.

In a similar manner we can establish the form of the rota-
tional diffusion equation for a particle of arbitrary shape, the
oreintation of which is determined by two mutually perpen-
dicular unit vectors e and ¢

w . 3(Qj,w) N 0(Qj.w) a D ow dw
— te = einserind — . —_ —
ot A 9, Cs 9, fgksb’zm{ e, [ hi ( €sCn e, + €esCn )]

a ow ow
+— [Dm ( CeCn— + Csbp— .
dcj dc; de;

The antisymmetric angular velocity tensor Q;, and the sym-
metric diffusion tensor D,; are here functions of the vectors
e and ¢ and of the tensor Sy,.

o
-

ya. I. Frenkel’, Kineticheskaya teoriya zhidkostei (Kinetic
theory of liquids) Acad. Sc. USSR Press, 1945.

’M. Schadt, J. Chem. Phys. 56, 1494 (1972).

3%V. N. Tsvetkov, A. P. Kovshik, E. I. Ryumtsev, I. P. Kolo-
miets, M. A. Makar’ev, and Yu. Yu. Daugvila, Dokl. Akad.

Nauk SSSR 222, 1393 (1975).

L. Bata and G. Molnar, Chem. Phys. Lett. 33, 535 (1975).

5A. N. Kuznetsov and T. P. Kulagina, Zh. Eksp. Teor. Fiz.
68, 1501 (1975) [Sov. Phys. JETP 41, 752 (1975)].

M J. Stephen and J. P. Straley, Rev. Mod. Phys. 46, 617
(1974).

V. N. Tsvetkov, Vestnik Leningrad State Univ. No. 4, 26
(1970).

8w. Maier and A. Saupe, Zs. Naturf. Al4, 882 (1959).

SW. Maier and A. Saupe, Zs. Naturf. A15, 287 (1960).

101,. D. Landau and E. M. Lifshitz, Elektrodinamika sploshnykh
sred (Electrodynamics of continuous media) Gostekhizdat,
1957 [English translation published by Pergamon Press,
Oxford].

113 Chandrasekhar and N. V. Madhusudana, Mol. Cryst. and
Lig. Cryst. 17, 37 (1972).

12k, A. Karpov, Tablitsy funktsii F(z) v kompleksnoi oblasti
(Tables of the function F(z) in the complex domain) Acad.

Sc. USSR Press, 1958.

18y, N. Pokrovskii, Usp. Fiz. Nauk 105, 625 (1971) [Sov.
Phys. Usp. 14, 737 (1972)].

4G. L. Hand, J. Fluid Mech. 13, 33 (1962).

5y, 1. Klyatskin, Staticheskoe opisanie dinamicheskikh sistem
8 fluktuiruyushchimi parametrami (Statistical description of
dynamical systems with fluctuating parameters) Nauka, 1975.

16y, N. Pokrovskil, Kolloid. Zh. 29, 576 (1967) [English
translation,in Colloid J. ].

1M, A. Leontovich, Statisticheskaya fizika (Statistical Physics)
Gostekhizdat, 1944.

18M, A. Martsenyuk, Yu. L. Raikher, and M. I. Shliomis, Zh.
Eksp. Teor. Fiz. 65, 834 (1973) [Sov. Phys. JETP 38, 413
(1974)].

p, P, Ho, W. Yu, and R. K. Alfano, Chem. Phys. Lett. 37,
91 (1976).

2y, N. Tsvetkov, I. P. Kolomiets, E. I. Ryumtsev, and F.
M. Aliev, Dokl. Akad. Nauk SSSR 209, 1074 (1973) [Sov.
Phys. Dokl. 18, 247 (1973)].

Translated by D. ter Haar

On magnetic forces at the surface of a superconductor

N. I. Shikina
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We construct a theory of the ponderomotive forces at the surface of a superconductor of arbitrary
dimensions, which is valid in the framework of the applicability of the London equations or the Ginzburg-
Landau equations. The formalism obtained is used to describe a number of observable effects: the effect
of magnetic forces on the dispersion law of the bending oscillations of a plate of arbitrary thickness in a
parallel magnetic field, the appearance of an electrical quadrupole moment in a superconducting sphere in
a uniform magnetic field, and so on. The presence of a potential difference between the equator and the
poles of such a sphere in a magnetic field is experimentally confirmed. We propose, in connection with the
problem of the calculation of the magnetic forces at the surface of a thin plate of a type-I superconductor,
a consistent perturbation theory for the solution of the Ginzburg-Landau equations under the stated

conditions.

PACS numbers: 74.30.Gn, 74.70.Gj

One of the fundamental properties of superconductors
is their capacity to expel from their volume an external
magnetic field with a field strength less than the critical
one (the Meissner effect). This fact leads to many con-
sequences which can be experimentally verified. In
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particular, the Meissner effect is accompanied by the
appearance of well defined magnetic forces at the sur-
face of the superconductor. We are dealing with a pres-
sure from the magnetic field on the surface of the super-
conductor. which for bulk superconductors and weak
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magnetic fields is given by the well known phenomeno-
logical relation (', p. 216)

P=—H,/8x, 1)

where H,(r) is the local value of the magnetic field at
the surface of the sample.

Another effect, which is less well known, but is or-
ganically connected with the action of the pressure (1),
turns out to be the appearance at the surface of the su-
perconductor of a well defined charge density, The
point is that the pressure (1) is in fact applied to the
electron gas, which is the carrier of the superconduct-
ing properties of the metal. For that reason the initial
magnetic forces lead only to a deformation of the den-
sity of the electron component of the superconductor.
This deformation destroys the electro-neutrality of the
metal, and this is equivalent to the appearance of sur-
face charges which compensate the action of the mag-
netic forces on the electrons. As a result, the pres-
sure (1) starts to act upon the lattice of the metal via
the field of the charges. Electrical fields induced by
the magnetic field, which in magneto-mechanical effects
are a necessary intermediary between the electron and
the lattice effects of the problem, can be observed also
independently. Such a possibility follows, for example,
from Bock and Klein’s experimentsm in which the ap-
pearance of a potential difference between the poles and
the equator of a bulk superconducting sphere in a uni-
form magnetic field was detected and was proportional
to the square of the magnetic field,

Magneto-mechanical effects must occur for supercon-
ductors of any dimensions. However, when the dimen-
sions of the sample are reduced the phenomenological
relations which determine the amplitude of the magnetic
pressures ultimately cease to be valid. Under such
conditions it is necessary to use for the calculation of
the magnetic forces equations that retain their meaning
for finite-size superconductors,

The aim of the present paper is the construction of a
theory of magneto-mechanical effects at the surface of
a superconductor which is valid for superconductors of
any size, In the first part of the paper we use the Lon-
don definition of the magnetic forces and calculate on
this basis some concrete magneto-mechanical effects.
Later we discuss the problem of the magnetic forces at
the surface of a superconductor in the framework of the
Ginzburg—-Landau theory.

LONDON DEFINITION OF THE MAGNETIC FORCES

We first of all consider the possible consequences of
the London definition of the magnetic pressures on the
surface of a superconductor. Supplementing the Max-
well equations with the connection between the super-
conducting current j; and the magnetic field H

(4nd¥/c)rot j,+H=0, 6*=mc*/4nn,e (2)
(6 is the penetration depth for the magnetic field into the

bulk superconductor, » and e are the electron mass and
charge, c is the velocity of light in vacuo, and n, the
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density of superconducting electrons) and postulating
the equation®

4n8® 9,

= (22)

(E is the electric field) London®? obtained a closed set
of equations describing the electrodynamic properties
of local superconductors.

As one of the consequences of these electrodynamics
one can find an explicit expression for the momentum
flux tensor of the field and of the superconducting elec-
trons T'}, and hence also the volume force density f
acting per unit volume of the superconductor:

Ty’
*01: ’ To'= TikM + Sihy
. ~ 1 (2b)
m
TiaM=——8n (maih_szHh), Sik:r(jijk_?aihj<z) .

Ji=

Here T}, and S;, are the Maxwell and the so-called Lon-
don stress tensors. It turns out that under stationary
conditions 8T §,/9x, =0, i,e., there are no volume
forces in such an electrodynamical scheme. To make
things clear we can state that in this case the Lorentz
volume force which acts on a moving charged fluid is
exactly cancelled by the Bernoulli pressure. As to the
boundaries of the metal with vacuum, by definition the
tensor T}, is continuous on it, but S,, has a discontinu-
ity. Because of this discontinuity there are surface
forces at the superconductor-vacuum boundary,

Pi=Sa (0)m=— (m/2n.¢)1.}(0), (2c)

where n is the normal to the metal surface,

Yet another way to obtain the tensor T§, of (2b) is of
interest for what follows, It is well known from field
theory that if the equation of motion (in this case the
London Eq. (2)) is obtained through the variation of a
functional of the form

aq 1 2 2 2
Pt fa (58] dn A= B+ &laHi), @d)

the momentum flux tensor T;, corresponding to this
“equation of motion” is given by the expression (see™!)

ag N aT;
———— L =0. (2e)
dz; 9(9q/dzy) 0xy

Tik: S —

One checks easily that for the actual functional (2d) the
tensor (2¢) has the form (2b).

For a more consistent study of the problem of the dis-
tribution of the forces in the volume of a superconductor
it is sufficient to use London’s Eq. (2), supplementing
the theory by the equation of motion of a charged fluid
in an electromagnetic field

di, | . e*n, e
T L= R E

s X H . 3)

Using (2) Eq. (3) takes the form

S A
= ot 2ne Vi (3a)
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i.e., it differs from (2a) by the term with vjZ,

In the given non-linear variant of the theory, which
was also discussed by London (see, p. 56) and con-
firmed by further microscopic calculations, 5] there
acts upon the density of superconducting electrons a
volume force which is equal to the Bernoulli pressure,
well known in hydrodynamics:

fi=="nmv? j=env. (3b)

As a result, to satisfy the condition 8j,/8f =0 one must
introduce in the problem a longitudinal volume electric
field E, i.e., destroy the local electro-neutrality of the
superconductor. However, this field E, determined
from the condition eE/m - $Vv2=0 does not affect the
magnetic field distribution inside the superconductor as
mvy/pp<1 (v, is the superfluid velocity and p, the
Fermi momentum).

The appearance of the volume forces (3b) in this vari-
ant of the theory is, as one can easily verify, accom-
panied by the vanishing of the surface force such as (2a)
due to the discontinuity of the momentum flux tensor.
Indeed, the tensor T, corresponding to the equation of
motion (3),

T =T +TuE+8u, 5‘;;‘:”!,]4,]':_”2582 (30)
(T¥ and TE are the Maxwell stress tensors for the

magnetic and electric fields) is continuous at the metal-
vacuum boundary, i.e.,

Tih"(+0) nk*Tm’ (‘0) ny=0.
The integral action of the forces f; of (3b) is equiva-

lent to the presence at the surface of the superconductor
of an effective magnetic pressure Py which is equal to

1 a2
Py=— an,m 9 dz, (3d)

where the integration is over a coordinate into the su-
perconducting phase up to the point where Vu§ vanishes,
If at the upper limit of the integral in (3d) the quantity
v, also vanishes, the definitions (3d) and (2¢) coincide,
In the cases of practical interest such a coincidence al-
ways occurs,

The more consistent system of definitions (2), (3a) to
(3d), without touching upon the results referring to the
magnetic field distribution over the volume of the su-
perconducting phase and without changing the average
value of the magnetic field pressure at the surface of
the superconductor, therefore changes the volume dis-
tribution of the magnetic forces qualitatively due to the
Meissner effect as compared to the variant (2a) to (2c).
There exists a sufficient number of interesting prob-
lems for which the distribution of the magnetic forces
over the volume of the superconductor is not of interest
as a matter of principle. In what follows we discuss
just such problems,

For a bulk superconductor the results (2¢) and (3d)
written in terms of H are the same as (1). If, however,
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the size of the superconductor is small (comparable to
the penetration depth 6 of the given superconductor)
there arise, of course, deviations from the phenomeno-
logical definitions. It is convenient to trace these devia-
tions using concrete examples.

1. We consider a superconducting plate of thickness
2d in a magnetic field H, parallel to its surface. The
plate executes bending oscillations with a low frequency
w and amplitude £, while the wavevector q of the oscil-
lations is parallel to Hy, Hyllq. Under such conditions
the magnetic forces affect the dispersion law for the
bending oscillations of the plate. This effect increases
particularly fast in the limit d> 6, ¢6 <1 when the
presence of the superconducting properties of the plate
can be taken into account via the boundary condition for
the magnetic field, which corresponds to the field not
penetrating into the superconductor

Hn=0, (CY)

where n is the normal to the surface of the curved plate.

In actual fact, the bending oscillations of the plate
lead, apart from the deformation of the magnetic field
lines of force, which is effectively taken into account
through the boundary condition (4), to the appearance
near the surface of the superconductor to electric fields
with a strength (**7, p. 228)

E=[V XH,l/c, (4a)

where V is the velocity of the plate motion. Below we

discuss the role of this electric field.

When the shape of the surface is periodically per-
turbed,

§(z, ) =B

the initial magnetic field strength H, ceases to satisfy
the boundary condition (4) as there appears a component
H, normal to the surface of the plate:

© H,=——H,d%/0z. 5)

To eliminate the magnetic flux through the surface of
the superconductor it is necessary to introduce an aux-
iliary magnetic field h(x, t) with boundary value %, with
the opposite sign of (5):

h=Vg, Ag=0,
0| _p 0t (®)
oz |, Moggr ¥ :

As a result the total magnetic field along the surface of
the bent superconductor turns out to be equal to

Hy=H[1+¢&(z, )]. ™
It is somewhat larger than the average field H, above

the convex relief of the surface and somewhat smaller
above the concave one.

We noted above that there exists yet another perturba-
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tion of electromagnetic origin, which is connected with
the occurrence of the electric fields (4a). Estimates
show that the magnetic field accompanying the genera-
tion of the electric field (4a) has an amplitude &, ~ w&H,/
c. This field is less than the extra fields (6) and (7) in
as far as the ratio of the sound speed in the solid to the
light speed in vacuo is small, The magnetic pressure,
normal to the surface of the plate, is, up to terms lin-
ear in £, equal to

Pu=Tu | cam— (H?/8n) [1£2qE (z, 1) ). (8)

We can split the action of the pressures (8) on the plate
as a whole into two parts, The main, symmetric, part
of the pressures that are directed opposite to each other,
exerts a compressive action on the plate:

Py, ="2[Py(d)+Py(—d) |=—H/8xn (8a)
and by virtue of its relative smallness does not appreci-
ably affect the properties of the plate. The other part
of the pressures (8),

Py =Pu(+d)—Pu(—d)=H,q% (z, t)/2x, (8b)

bends the plate and hence affects the dispersion law for
the bending oscillations of the plate.

Substituting (8b) into the equation of motion of a plate
or membrane we find the corresponding dispersion laws:

. Ed® H?

4

dot =t gy Ao
=i ! T ©)

p is the density of the material of the plate, and E, o are
the Young modulus and the Poisson coefficient;

pdo*=Tq*+H,*q/2x, (9a)
T is the tension in the membrane, Substituting into (9)
E~10" g cm? 52, 4~10% cm, 0~107, g~1 cm™ we
find that the magnetic contribution H2g/27 in the disper-
sion law (9) is of the same order as the elastic one for
fields H,~10? Oe. Such field strengths are for many
superconductors appreciably less than the critical field
H

ce

2. One understands easily that when the thickness of
the film decreases to values d < 6 when it becomes incor-
rect to neglect the penetration of the magnetic field into
the volume of the film, the effect of the magnetic field
on the oscillations of the membrane, covered by the su-
perconducting film, decreases. For a quantitative de-
scription of the function Py(d) it is necessary to “join”
the magnetic field distribution inside the superconduc-
tor, determined by the London equation V?h=62h, divh
=0, with the vacuum solution (6). As a result

q 2 -2 2
b, Hqg/(1+7cthyd), =0+ (10)

However, it is not possible to carry out the calcula-
tion of the pressures in this case in terms of &, since
the quantity h is continuous at the metal-vacuum bound-
ary. Writing down the appropriate superconducting cur-
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rents in the film and using the London definition of the
pressure (2¢), (3d)” we find for P,(d) an expression
which generalizes the phenomenological result (8):

2
Pl d)= — 2

(’chz yd +2gE 15h yd ) (11)

b yshyd+gchyd

The changes in the dispersion laws (9) and (9a) then re-
duce to the substitution

H? H? yshyd
27 2n yshyd+gchyd

If, however, we are dealing with a composite film, con-
sisting of an-elastic substrate with parameters 2d,, pg,
Ty, and a superconducting film of thickness 2d, and den-
sity p, (we neglect the tension of this film), using (11)
we then get for the dispersion law of such a membrane

Hp? yshyd
o ! yshyd+gchyd *

(podlo + pu8) 0* = Tog* + (12)

It is interesting to note that the deviations from the
phenomenological values for the pressures P,, of (8a)
and P,, of (8b) arise at different regions of film thick-
ness. According to (8a) and (11) the pressure P,, is
equal to

P,,=—(H,*/8x)th* vd, (11a)
i.e., it starts to depend on d when
th yd<1. (13)

As far as the pressure P,, is concerned, according to
(11) the deviations from (8b) must arise in the region
th yd<g®. (13a)
Using the inequality q6<< 1, which is satisfied with a
large margin for the bending oscillations of a plate, the

requirement (13a) for the thickness of the plate turns
out to be more rigid than (13).

3. We calculate also the electric quadrupole moment
of a superconducting sphere in a uniform magnetic field.
The original definitions for the component D,, of the
quadrupole moment of the magnetic field distribution
near the field are

D“=J.p(3cosz 8—1)r*dv, (14)

8a sh(r/6) r 8
H,=3H ——( t ———)
03 sh(a/d) c 5 " cos 0,
_ 34, da sh(r/8) r 8

i.z
Hy=—22 02 S0) [ T ° (1+ )] si —
°T T2 F sh(ae) LS T r (1 52)]5"‘6’ Ho=0.

Here p is the charge density in the volume of the super-
conductor, dV an element of volume of the superconduc-
tor, a the radius of the sphere, and the definitions (14)
are written in a spherical system of coordinates with
the origin at the center of the sphere and the polar axis
along the direction of the unperturbed magnetic field.

In the limit ¢ > 6 the distribution of the pressures Py
on the surface of the sphere is
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H,*

32n (1 5)

H

. 3H,?
sin® @ = W; [Po—p2(cos0) ],

P, (x) are the Legendre polynomials.

The presence of the pressures Py, at the surface of the
sphere leads to a shift of the electron density relative
to the ion framework of the superconductor, as a result
of which there appear surface charges on the surface of
the superconductor, In the incompressible electron fluid
approximation we are dealing with a shift of electrons
from the equatorial region of the sphere to its poles.
The equilibrium surface charge density distribution is
determined from the condition that the work done by the
magnetic pressure when producing the charges is bal-
anced by the Coulomb energy which arises. Using the
auxiliary concept of the shift £(6) of the boundary of the
electron density relative to the surface of the sphere
we write the work done @ by the magnetic pressure when
the charges are separated in the form (ds is a surface
area element of the sphere)

0= _\'P,, (8)E(8) ds=—Px°-2na’t./5,

Py=P,"[po—p.(cos0)], Pu"= 13—6—?2’
£(0)=at,p,(cos 0), j £(0)ds=0, (16)

On the other hand, the Coulomb energy of the surface
charges which arise is analogous to the Coulomb energy
which turns up in the calculation of the natural oscilla-
tions of an incompressible charged drop of nuclear mat-
ter (see, e.g.,) if we understand by the surface charge
density the expression

0(0) =en,t (8) =enoak.p:(cos 0), 1)

n, is the ion volume density.

Using (17) and the equations given in Davydov’s book®®
we have for the Coulomb energy V, in terms of n; and &
the following expression:

V.=*/sna’e?n,*E,/5. (18)
Comparing @ and V, we find
E,=3P,"/2a%e*n,%. (19)

The surface charges on a superconducting sphere in a
magnetic field are thus determined by Eq. (17) with ¢
from (19).

Once we have o(6) we can easily evaluate D,, from
(16). In the limit a> 6
D..=37a’Py"/5n.e. (20)

In the case of an arbitrary radius of the superconducting

sphere a,<<a s 5 (a, is the interatomic distance) the ex-
pression for D,, looks as follows:

D..=D..’¢p(a/8),

1 z»1 (21)

R Y —ch-2 =] *
¢ (z)=2"*[cth z(cth z—z) —sh~*z] {12/9' el
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The appearance of the charges (17) and (19) on the sur-
face of a sphere in a magnetic field can be put in corre-
spondence with the observed occurrence of a potential
difference between the equator and the pole of a cylin-
drical superconductor in a transverse magnetic field,r’
According to Bock and Klein this difference is propor-
tional to H2 and oscillates with twice the frequency of
the change in the magnetic field. The doubling of the
frequency of the potential difference is connected with
the fact that during one period of the change in the mag-
netic field the pressure P, reaches its maximum twice,

MAGNETIC FORCES AND THE GINZBURG-LANDAU
THEORY

1. To determine the forces in the framework of the
Ginzburg-Landau equations (GL equations in what fol-
lows) which arise as the result of the variation of the
functional Ft™

F={Adr, A=—j’+%f‘+ I(L;VfA)f|z+(%:i)z (22)

(f(r) is the magnitude of the order parameter, A(r) the

vector potential, » the parameter of the GL theory, and
Eq. (22) is written in the usual dimensionless units), it
is natural to use Eq. (2e) for T§,

af dA JA IA

Tt = Abip — —— - .
* Y 0a,0(0f/0z,) Ox: 9(0A/dz,)

23)

By definition, the tensor T3, in (23) satisfies everywhere
in the volume of the superconductor the equation 875,/
8x, =0 for the coordinate-dependent quantities f(») and
A(r), which satisfy the GL equations. The situation
which occurs when we use the definitions (2a) to (2c) in
the London variant of the theory is thus duplicated also
in the GL theory.

The non-vanishing component T%, (z is the coordinate
directed into the superconducting phase) in the one-di-
mensional case turns out to equal

1 1 /0f\* 04 \*
Ttm—(=a) o f = (S2) = (55 ) = const
( ) 3 f = \ %z EP const.

(24)

Expression (24) is exactly equal to the well known first
integral of the GL equations, whence we can conclude
that the existence of that integral is closely connected
with satisfying the condition 8T§,/8x, =0 in the one-di-
mensional case,

Defining (by analogy with (2c)) the pressure at the
metal-vacuum boundary as the difference between the
values of the momentum flux in the superconductor and
in vacuo, and using the boundary conditions £/(0) =0 and
A’(0)=H, we find the following result for Py:

Pu=(1—A&)[—[/2, fr=£(0), A=A(0). (25)
Using (24), where const=1 for the case of a bulk super-
conductor, we can rewrite (25) as follows:

Py=—H*+1/,. (25")

The magnetic part of this pressure in dimensionless
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units is the same as expression (1). As to the constant
3, its appearance must not cause any surprise, since
the magnetic pressure is defined accurate to a constant
that is independent of H (*!?, p, 224).

2. The results (22) to (25) need some commentary,
The microscopic derivation of the GL equations'® shows
that to obtain them from the general Gor’kov equations
one can neglect terms ~ émvi as compared to terms
~prvs (vs is the superfluid velocity and p the Fermi mo-
mentum). In other words, the accuracy of the GL equa-
tions is sufficient for the determination of the distribu-
tion of the magnetic field inside the superconductor and
of the order parameter, but insufficient (in its existing
form) to describe effects leading to the appearance of a
local longitudinal electric field inside the superconduc-
tor of the kind of the Bernoulli potential (3b). For that
reason the conclusion reached above about the absence
of ponderomotive forces inside the superconductor when
we describe its properties by the GL equations is most
likely a consequence of the approximation and is not re-
tained when the theory is made more exact, as occurs,
in fact, in the London approximation. Nonetheless the
expression for the effective pressure at the surface of
the superconductor, which is an integral characteristic
of the as yet unknown volume distribution of the forces,
should, as in the London approximation, not depend on
the details of the distribution of the forces over the vol-
ume of the superconductor. One can therefore use the
result (25) for the calculation of actual effects which de-
pend only on the total magnitude of the magnetic pres-
sure at the metal surface.

One should state that the mentioned inaccuracy of the
GL equations is not unique. In fact, the coefficients of
the expansion in powers of the parameter f? in the free
energy (22) are well defined functions of the coordinates,
and this leads to an additional source for the existence
of volume forces. The cause for this dependence is the
observed effect of the change in the volume of the super-
conductor when it goes over from the normal into the
superconducting state (see, e.g., Shoenberg’s book!®),
Such a change in the volume in the transition region at
the ns-boundary of the intermediate state must be ac-
complished by the appropriate volume forces. However,
numerically this effect is very small (the relative change
in the volume is 1077%%7),

3. Using the formalism expounded above with the
reservations listed we can make the results which fol-
low from the London definition appreciably more exact.
We consider, for instance, the problem of the symmet-
ric part P,, of the pressures for a thin type-I supercon-
ducting plate of thickness 2d<1/%, % <1 in a parallel
magnetic field. The GL equations then become one-di-
mensional and, hence, the expression for T,, retains
the form (24). However, the constant, which is now
equal to the momentum flux, is not equal to 3. We must
therefore use Eq. (25), and not (25°), as the definition
of the pressure at the surface of the plate. Using the
explicit form of the vector potential in the plate prob-

lem[ﬂ .

A(z)=H,sh foz/foch fod, %0,
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where the dependence of f; on H, and d is given by the
relation®

2rpe gy Het(1—(sh 2f,d)/2f:d)
fo* (fo—1) = reh d ,

(26)

and using (25) we find an expression for the pressures
P,, at the surface of a thin plate:

Py, = fo? (1 - % f02> — Hy? th(fod). 27)

Comparing (27) with (11a) one easily notes the changes
arising in the determination of P,,. Apart from the ap-
pearance of f; in the argument of the hyperbolic tangent:
tanh?(d/6) - tanh?(f,d/6), which we could expect in the
case of thin plates, the stretching part of the pressures
which for a bulk superconductor had the form %, begins
to depend on the magnetic field. As a result the ex-
pression (27) contains the term f2(1 — 1 f2) which is com-
pletely absent in the definition (11a). As H,—0 we have
RS THESS

Turning to the determination of the bending part of
the pressures for plates performing oscillations in a
parallel magnetic field we can arrive at the conclusion
that the effective increase in the penetration depth, 6
- 8/f,, arising under the conditions f,<< 1, noticeably
widens the region of plate thicknesses for which the
quantity P,(d) begins to depend on d. The corresponding
inequality which replaces (13a) is

th (fod/8) <qd/fo. (28)

It is clear that the possibility for an effective increase
of the penetration depth for the magnetic field into the
volume of a superconductor is, because of the fact that
fo—0 is small, a basic distinguishing feature of the the-
ory of magneto-mechanical effects in the framework of
the GL equations as compared to the analogous consid-
eration in the London variant of the theory.

The author is grateful to V. L. Ginzburg for a number
of critical remarks about the problems touched upon in
the present paper, and also to A, F. Andreev, Yu. N.
Ovchinnikov, and L. P. Pitaevskil for discussions of
the results of the paper.

APPENDIX

The solution of the set of Ginzburg—Landau equations
for a thin type-I superconducting plate in a parallel
magnetic field

=L (A=D 4], A”=pA4,

flsa=0, A'|sa=H (A1)
will be looked for (see'®’) in the following form
Ay=H sh fiz/foch fod, f(z2)=foty, @<fo. (a2)
The quantity ¢ is then according to'”? defined by the
equation
@=L~ fot Bf’—1) 9+ Afo],  @ud=0. (A3)
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In actual fact, however, the equation for ¢ must in the
general case of arbitrary magnetic fields contain also

a term A%p. The absence of this term in (A3) does not
lead to errors in the relation between f; and H, in the
zeroth approximation in nd <1, but starts to affect the
results in the following approximations. In this connec-
tion there arises the necessity of a more consistent
consideration of the higher approximations in % in the
problem of a thin plate in a parallel magnetic field.

We write f(z) and A(z) as series

f=fobwi ottt ., A=dy(z)+wA (A4)

substitute (A4) into (A1) and collect terms of the same
order of smallness
Aa”=fozAu, A0,|:24=Hy

fl”= (1102—1)/0+f05» fll | =4=0;
A,”=f.,zA.+2f,,A“f“ A/ | +a=0,

(A5)

fz”=2AofaAg+ (Anz+3foz— l)fh f2,| =d=0v e (As)

An interesting peculiarity of the set of approximations
which we have written down is the method of determin-
ing the constants which arise during the solution of the
equations for f; in each of the approximations., The
zeroth boundary conditions substituted for arbitrary £}
and not for the function f; itself lead to the fact that the
corresponding integration constants c¢; of the equations
for f; can not be determined in the same approximation.
One finds the values of ¢; from satisfying the boundary
condition for f},; =0 in the next approximation,

Bearing in mind what we have said we give the solu-
tion of the set (A5):

Ao=H, sh foz/f, ch fd,
hz 2
ey =zt (2 Iz _ %

e — —4—) + ¢y,

a=fo(f*~1)/2, Bp=Hy*/f, ch® fod,

H*[1—(sh 2fod) /2fed]
- 2¢h® jod

(A5a)

ft(f*=1)

The last relation which determines f, in terms of H and
d and which is the same as Eq. (26) of the main text is
here obtained from the requirement that f}(+d) =0.

As to the quantity ¢, it remains as yet unknown, To
find it we must solve the set (A6), using (A5a) and re-
quiring that the condition f}(+d) =0 is satisfied. Asa
result we find

94,(z) sh foz
0z 24 Joch fod’

Al(z)=gl(z) -
Aan)
A= [A®shfo(c-D (1) at,
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£ (d)= :[ {2fs40(2) 4,(2) +[As* (2) +3f*—111(2) } dz=0. (A8)

The integrations in (A8) are elementary, but Eq. (A8)
when written out explicitly turns out to be rather cum-
bersome for the determination of the constant ¢;. For
that reason the explicit expression for ¢, has a translu-
cent form only in the limit fyd<1

bl A=0THE— Hi i
TS SHAE T H (A9)

In the region fyd~ 0 the combination H3d?/3 ~1 in the
denominator is proportional to fﬁ. As a result expres-
sion (A9) diverges as 1/f, as f,~0. This means that
the solution of the GL eguations obtained here has a
meaning only for finite values of f, as long as f,> »%f,,

DA consequence of the Maxwell equations and Eq. (2) is the
equation

4nb* 9j,
—— — E =grad 0,
at

c?
where & i8 an arbitrary scalar function. London’s postulate
consists in the assumption that this arbitrary function van~-
ishes.

Ywe noted above that the definitions (2c) and (3d) coincide in
the present case since the superconducting current for a
plate in a parallel magnetic field vanishes in the middle of
the plate.

$)Equation (26) is valid in the limit x—~0. In the more general
case xd <1 the analysis that allows us to determine the
» -dependence of f, contains some inaccuracies. A self-.
consistent scheme of calculating the function fy(*) is given
in the Appendix.
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