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Bremsstrahlung in collisions between electrons and atoms
9.A. Zon
Vomnezh State University
(Submitted December 23, 1976)
Zh. Eksp. Teor. Fiz. 73, 128-133 (July 1977)
General formulas have been obtained which express the contribution of atomic electrons to the
bremsstrahlung and absorption cross sections in electron-atom collisions in terms of the dynamic atomic
polarisibiiity. Application of these formulas enables experimental data on the optical breakdown threshold
of alkali metal vapors to be brought into qualitative agreement with the cascade theory of breakdown.
PACS numbers: 34.80.Dp, 5 1.70.+f

1. Bremsstrahlung and the absorption by electrons
of photons when they a r e scattered by atoms play, a s is
well known, a determining role in the development of
optical breakdown in gases. <'] The same mechanism to
a significant extent determines the heating of plasma by
laser radiation, and also manifests itself in a number
of other phenomena.
In theoretical calculations of the bremsstrahlung ef fect it is usually assumed that the electromagnetic quantum i s absorbed o r emitted by the scattered electron a s
a result of which the bremsstrahlung c r o s s section can
be related to the transport cross section for elastic
(nonradiative) scattering of electrons by atoms. E''2'
Although the question of the role played by atomic electrons in the emission and absorption of bremsstrahlung
photons has been repeatedly discussed in the literature
at the present time investigations of it do not exist. An
exception is Ref. 3 in which the important role played
by atomic electrons in bremsstrahlung was numerically
demonstrated for the case of the scattering of electrons
by the ground state of the hydrogen atom.
In the present paper the effect of atomic electrons on
the bremsstrahlung c r o s s section is investigated by
utilizing a number of approximations of the theory of
nonradiative electron-atom collisions. As a result of
this we succeed in obtaining physically transparent formulas for arbitrary atoms which contain a single characteristic-the dipole dynamic polarizability of an atom
at the frequency under consideration.
2. We first state some elementary considerations
which enable us to understand the principal result. c4'
We consider induced bremsstrahlung which a r i s e s in the
scattering of electrons by atoms in the presence of a
65
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strong electromagnetic wave of frequency w. Under the
action of the electric field of the wave the atom becomes
polarized and long range forces l / r 2of the "chargedipole" type appear which significantly alter the cross
section for the Process.

-

For an atom in an S-state the polarizability is a scala r , and the scattering potential has the form
V(r, t) =VA(r)

ea(o)
+ -+Eor)cos

wt.

where

is the interaction between an electron and an atom in the
absence of the wave, Z is the nuclear charge, r, a r e the
coordinates of the atomic electrons, Eois the amplitude
of the electric field of the wave, which in the dipole apis the polarizproximation depends only on the time,
ability of the atom at the frequency w.

We write the wave function for an electron in the field
of the wave in the form (c = A = 1)
I$.(.,

{iP1 -

t )=

kj

(P

+ $sin

~t')~dt'].

The probability of scattering p- p' determined in the
f i r s t Born approximation is by the expression

n~.,.=

1

dl d t exP { i l l l i p
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where q = p - p' is the transferred momentum, p eqEo/

md.
Expanding exp(ip cos wt) in a Fourier s e r i e s we obtain
for the scattering cross section (cf., Ref. 5)

Here F(q) is the atomic form factor, J a r e Bessel functions. The value s = 0 corresponds to elastic ( p = p f )
scattering, s > 0 corresponds to scattering with absorption of s quanta, s < 0 corresponds to scattering with
emission of I sl quanta. But for I sl 3 2 formula (1) becomes, generally speaking, inaccurate since subsequent
approximations of perturbation theory in t e r m s of the
interaction between an atom and radiation lead to the dependence of the cross section on the atomic polarizability at frequencies 2w,30, .. .

.

In the optical range of frequencies p 5; 1 up to fields
Utilizing this circumstance we expand the
Bessel functions in (1) in power series

- 10' V/cm.

3. We now carry out more rigorous calculations
which enable us to establish the limits of applicability
of formulas (1)-(3) and to obtain generalizations of
them.
We shall consider the interaction of an atom and a
scattered electron with an electromagnetic wave in the
dipole approximation which turns out to be quite satisfactory for optical frequencies. In the second quantization utilized here for a unified treatment of both forced
and spontaneous transitions, and in the interaction representation, the corresponding part of the Hamiltonian
is given by

where a L , akAa r e the operators for the creation and
annihilation of photons of momentum k and a unit polarization vector C,,. In the f i r s t order in each of the operators VA, V? the cross section for scattering with
emission of a bremsstrahlung photon and transition of
the atom from the state i to the state f can be represented, without taking exchange effects into account, in
the following form:
Sov. Phys. JETP 46(1), July 1977

Here Nk, a r e the occupation numbers for the photons,

d is the dipole moment of the atom, E, +p2/2m = E, +pP2/

2m + w, the summation over n is carried out over all
the states of the atom including the continuous spectrum. The first t e r m in (5) corresponds to the emission of a photon by the incident electron, the second
term corresponds to the emission of a photon by the
electrons of the atom.

In discussing induced emission in the presence of a
monochromatic field of frequency w, Nth>> 1, one should
integrate in (4) over d% over a small range of propagation vectors near the vector representing the external
field. Denoting

(3

It can be easily seen that the interaction of the atomic
electrons with the field which leads to the second terms
within the absolute value signs in (2), (3), almost does
not change the elastic scattering (s = 0 ) due to the small
value of the factor p2. At the same time simple numerical estimates show the important role played by atomic
electrons in transitions accompanied by absorption or
emission of optical photons (s # 0) practically for all
neutral atoms.
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where
M=e2q[ZGli-F,, ( q ) ] +imew2

1

dotd (p, pl) = -I m 2 PI P I . ( p ) I Z - F ( ~ I)
qL P

m z p'
do'*" (p. p') = :
p Z l e 2 [ Z- F ( q )] + m o z a ( o ) I' dQp*.
9 P

P'I~Ek,12~Q,,
d3k,

do(-')( p i , p'f) = el(Nkh+''
n2q403 p

where F is the flux of quanta of polarization X crossing
unit area per unit time, we obtain

In the case of spontaneous emission, NkA<< 1, we c a r r y
out in (4) summation over the polarization h and an integration over the directions of k

In the case of inverse bremsstrahlung-absorption of
a photon of the external field-the c r o s s section differs
w. In
from (4), (5) by the replacement Nk,+ 1 Nk, w this case E, +p2/2m + w = E, + p"/2m, while the quantity
d3k is interpreted a s the density of the incident photons.
In the general case of partial polarization of incident
radiation the c r o s s section should be averaged over the,
polarizations. Introducing the polarization density matrix p,,

-

-

we obtain

Here the prime on the quantity M denotes the replacew, a summation over the subscripts p, v is
ment wcarried out over the values of x, y if the wave is being
propagated along the z axis. In such a case

-
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consideration can also be transformed and expressed in
t e r m s of the tensor for the scattering of light by the
atom when one of the photons is a quadrupole photon.

where 5 a r e the Stokes parameters.
Depending on the scattering angle the value of q which
determines the magnitude of the matrix element (6) varies within certain limits determined by the conservation
law. If a a r e the atomic dimensions then qm,,a<<1, while
for electrons of energy greater than 100 eV, %,a>> 1.
The same matrix element F,, (6) determines in the first
Born approximation the amplitude for the transition of
the atom between the states s and t in the case of a nonradiative scattering of the electron. From the theory of
atomic collisions it is well known that the amplitude F,,
is exponentially small for scattering at large angles for
which qa>>1. In virtue of this the main contribution to
the integral scattering c r o s s section is made by such
angles for which qa 5 1.
This enables us to limit ourselves in the evaluation of F,, to the lowest terms in the
expansion of the exponential which give a nonzero result
due to the selection rules in terms of angular momentum.

-

Thus, if we a r e not interested in the angular distribution of electrons accompanying bremsstrahlung, the
circumstance noted above enables us to simplify significantly the formula for the amplitude (5). We consider
here the case when the states i and f a r e of the same
parity and differ in total angular momentum by 0, * 2.
In such a case the diagonal matrix elements F,, do not
appear in the sum (5) and in accordance with the statements made above it is possible to introduce the replacement eia" Q . r, as a result of which we have:

-

where

is the tensor for the scattering of light by an atom which

satisfies the selection rules indicated above. In the case
of scattering by an atom in an S-state and for i =f, the
tensor cb, is diagonal and coincides with the dynamic
polarizability of the atom a t the frequency w. In such a
case the substitution of (10) into (7) leads to formula (31,
if one takes into account that F = ~ ; / 8 n w . At the present
time there is published in the literature a large number
of calculation of dynamic polarizabilities of particular
atoms over wide frequency ranges, reference to some
of which is made in Ref. 7. In the case of a hydrogen
atom one can obtain analytic formulas for the scattering
tensor c,,. In Ref. 8 corresponding expressions a r e
given for the IS- IS, 2S, 3d, 25 2S transitions. Calculations utilizing these formulas of the integral cross
section for the induced bremsstrahlung in the case of
scattering by the ground state of a hydrogen atom of an
electron of momentum 3/aB (a, i s the Bohr radius)
which was investigated in Ref. 3 without the replacement eia"- @. r utilized in the present work, have
demonstrated a practically identical agreement with the
results of this paper.

-

If an electric dipole transition between the states i
and f is allowed i t s amplitude in the approximation under
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4. The c r o s s section for spontaneous emission (8) is
of particular interest since it determines the absorption
coefficient of a weakly ionized gas.
We investigate
this quantity in greater detail restricting ourselves to
transitions not involving a change in the S-state of the
atom:

From this formula it is easy to obtain the presently
widely used connection between the total cross section
for bremsstrahlung absorption and the transport cross
section for the elastic scattering of an electron by an
atom o , if one neglects the polarizability of the atom
and takes the electron energy to be considerably greater
than w'" 21:
----- 4 eZvaa,. v=plm,
do

3n o

As is well known, the principal contribution to the
transport cross section under the conditions of applicability of the Born approximation is made by scattering
angles 1>> 8 >> vo/v, where vo= l/ma is the characteristic
velocity of atomic electrons. C6' The second term in (11)
which determines the contribution of atomic polarizability to bremsstrahlung is here evaluated for scattering
angles 8 5 vo/v for which qa 5 1. For larger angles it,
a s has already been stated, is exponentially small.
Therefore in the integral cross section the two terms do
not interfere, and the contribution of the polarization
t e r m can be calculated independently. Assuming, just
as before, p2/2mw >> 1, we obtain

Here Bo = y/pa is the limiting angle up to which the integration should be carried out, Y is a factor of the order
of unity. The quantity which determines the value of the
logarithm can be rewritten in the following manner f /
xm2w2a2= (p2/mw)(hx/a2), where A is the Compton
wavelength of the electron, X is the wavelength of the
emitted radiation. It can be easily seen that this quantity is quite large and therefore the dependence of the
result (12) on the value of y is insignificant. For the
same reason we can omit unity in the argument of the
logarithm.
A characteristic feature of the second term in (12)the "polarization radiationM-is its strong dependence
on the frequency w, due both to the factor w9 and to the
frequency dependence of the dynamic polarizabilitywhich
is particularly significant in the range I* c w < I,, where
I*, and I, a r e respectively the excitation and the ionization potentials of the atom, and also its dependence on
B. A. Zon
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the electron velocity which is different compared to
"transport radiation. "
5. In Ref. 9 the thresholds for the breakdown of Rb
and Cs vapors by radiation from a ruby laser were

measured. Breakdown was observed at densities approximately four orders of magnitude lower than for He,
Ar, Hg. As was noted in Ref. 9, very low thresholds
in cesium and rubidium are incompatible with all the
theoretical explanations of the phenomenon proposed
until now.
Use of formula (12) enables us in this case to reduce
such a sharp divergence between theory and experiment.
Meed, the polarizabilities of Rb and Cs at the ruby
laser frequency amount to approximately 1200 and
800 atomic units respectively. O' '
For electron velocities 10' cm/sec using for the transport cross sections
the theoretically calculated values of 4 X
cm2,
we find that the "polarization" term in (12) is greater
than the "transport" term by a factor of approximately
130. As regards He, Ar and Hg, for them the polarization term does not change the cross section a s a result
of the small polarizabilities of these atoms at the frequency under consideration. Utilizing for them the experimentally known transport cross sections 6x 10"'
cm2, it can be easily seen that for Rb and Cs the probability for the scattering by an atom of an electron with
a change in its momentum exceeds by approximately
three orders of magnitude the corresponding values for
He, Ar, Hg. In accordance with the elementary theory
of optical breakdown this leads to a difference by three
orders of magnitude in densities at which breakdown
occurs. The remaining discrepancy by approximately
an order of magnitude between experiment and the estimates given above can no longer be regarded as one involving a matter of principle. It can be connected with
the difference in the ionization potentials of two groups
of atoms (this was pointed out in Ref. 1)and also with

-

-

-

-

68

Sov. Phys. JETP 46( 1). July 1977

the inaccuracy of the first approximation utilized here
of perturbation theory in terms of the interactionbetween
an atom and an incident electron.
The author is grateful to V. M. ~ G m i s t r o vfor useful
comments.
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