along the x and y axes, a = (aE + iM ')/4eE, F i s the confluent hypergeometric function, and M ' =p: + p i + m2.
Let

From (A. 11) and (A.12), we find that the equations f o r
g* a r e
(D:+ieE) g+-0, (D2-ieE) g-=O,

The solution of this i s

where

The constants c,, c,, c,, and c, can be determined
from the initial conditions and from the normalization
condition. Direct evaluation leads to D,@, # 0, i.e., interference between vector and scalar states also takes
place. It is easily seen from (A.13) that the longitudinal
and scalar parts of the field a r e coupled.
Borgardt and ~ a r p e n d k o have
~ ~ ~ demonstrated
]
the
existence of stable solutions of the Kepler problem for
the charged vector boson. The Lagrangian density in
the form given by (1.1) was taken a s the starting point.
The condition D,@, = 0 was imposed on the asymptotic
behavior at long distances from the force center. This

fixed the constants in the solution of the equations of
motion, s o that the scalar part of the field cancelled by
the longitudinal part. The result was that the vector
meson could be only in transversely polarized states.
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The Aharonov-Bohm effect in a toroidal solenoid
V. L. Lyuboshitz and Ya. A. Smorodinski
Joint Institute for Nuclear Research
(Submitted 18 January 1978)
Zh. Eksp. Teor. Fiz. 75, 4 0 4 5 (July 1978)
We consider the Aharonov-Bohm effect in the case in which the magnetic field is concentrated in a finite
region of space (a closed solenoid). Formulas are obtained for the scattering of charged particles in a
toroidal solenoid in the eikonal and Born approximations.
PACS numbers: 0 3 . 6 5 . B ~

1. INTRODUCTION
Aharonov and Bohrn called attention to the fact that a
magnetic field affects the interference of coherent
beams of charged particles propagating outside the region of localization of the field.(" They also discussed
the scattering of charges in an infinitely long solenoid
and showed that the scattering is due to the change in
phase of the wave function in the region in which there
19
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is no magnetic field but in which the vector potential i s
not zero; here the total c r o s s section for scattering
turns out to be infinite. Subsequently a large number
of articles have appeared on the interpretation of this
effect and on discussion of locality in quantum mechanics (see for example Refs. 2-5l').
The analysis contained in the studies cited has a definite methodological deficiency due to the infinite
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length of the solenoid. An idealization of this type in
discussion of fundamental questions is not completely
correct, although in this case it does not lead to error.
Accordingly, it is interesting to consider the transition from an infinite solenoid to a finite solenoid
closed into a toroid. In this case the magnetic field is
strictly zero over the entire space outside the solenoid.
As we shall see below, in this case also one can formulate an interference experiment similar to that of
Bohrn and Aharonov. The problem of scattering of
charged particles in a toroidal solenoid has a simple
solution; the scattering c r o s s section turns out,
naturally, to be finite and is described by diffraction
formulas. It should be noted that if the charged particles do not enter the interior of the solenoid, the
scattering is determined by the magnitude of the magnetic flux and does not depend on the field distribution
over the volume of the solenoid. Although there is
nothing surprising in the fact that in the wave picture
the electrons a r e sensitive to the topological structure
of the space (the ring cut out by the magnetic field), the
effect is rather interesting in that it does not have a
classical analog.
2. INTERFERENCE EXPERIMENT
We shall consider a modification of the interference
experiment of Bohm and Aharonov with two coherent
beams of charged particles. Instead of using an infinitely long solenoid (see Ref. I), we shall imagine that
one of the beams passes through the hole in the center
of a toroidal solenoid and the other outside this hole.
It is well known that the quasiclassical wave function of
a charged particle moving along a trajectory L in the
region in which the vector potential is different from
zero acquires an additional phase factor

where e is the charge of the particle. Consequently, on
passage of current through a closed solenoid an additional phase difference

Thus, with respect to a beam of electrons o r protons
a superconducting solenoid with a n odd number of magnetic flux quanta plays the role of a half-wave plate.
3. FRAUNHOFER DIFFRACTION

We shall find the amplitude of scattering of a charged
particle in a toroidal solenoid in which the magnetic
field is perpendicular to the particle momentum
(tikiln). We shall assume that the De Broglie wavelength
is much smaller than the size of the solenoid, i.e.,
X= l/k<<a; here the transverse s i z e of the wave packet
is R >> a. It is clear that under these conditions for any
relation between the wavelength h and the radius of the
turns b the principal role is played by scattering a t
small angles. Therefore in solution of the problem of
interest to us it is possible to use the eikonal method,
which is used C6*" in the theory of Fraunhofer diffraction (see for example Refs. 6 and 7).
Assume that the z axis is directed along the particle
momentum and that the center of symmetry of the torus
coincides with the origin of coordinates. As is well
known, for calculation of the scattering amplitude in the
eikonal approximation it is sufficient to know the wave
function in the spatial region in which there is already
no interaction but diffraction effects a r e not yet felt.
The corresponding expression, which is valid for distances e << ka2, has the form

Here p is a two-dimensional vector in the (ny) plane and

Izcrb)is the change of the action function on motion of

the particle along a straight-line trajectory parallel to
the z axis.
The scattering amplitude a t small anglee 0 is determined in terms of the function &) according to the well
known formulac6]

where 1Zq is the change of the particle momentum (for
0<<1we have the vector q l k and Iq 1 ~ k 0 ) .
In the case of interest here

a r i s e s between the two interfering beams and the interference pattern is shifted, in spite of the fact that both
beams a r e propagated in a region of space in which the
magnetic field is zero (the Aharonov-Bohm effect). We
note that if inside the solenoid the magnetic field is
large and the fluctuations of the magnetic flux a r e
A+>>Ec/e, the Aharonov-Bohm effect appears in the
fact that on passage of current through the solenoid the
interference pattern is completely destroyed, and on
turning off the current it is again established.

We shall consider a thin solenoid. If b <<a, we can
neglect the contribution of the region a - b < Ipl < a + b
and then with inclusion of Eq. (15) from Ref. 6 we have

Substituting these values into Eq. (13), we find

As is well known, the magnetic flux passing through
a superconducting ring can take on values +-lrEcm/e,,
where e , is the electronic charge and m a r e iptegers.
Corresponding to this, for a superconducting solenoid
Eq. (1) gives a phase difference

20
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(J, and J , a r e Bessel functions). According to the optical theorem, the total c r o s s section for diffraction is

We note that the expression

,

solenoid is covered by "black" screen C having an
aperture C,. If the width of the wave packet substantially exceeds the size of the screen, the scattering
c r o s s section will depend on the magnetic flux inside
the solenoid. In particular, if the width of the beam is
greater than the size of the opening and the wavelength
X is much less than these dimensions, the scattering
amplitude has the form

coincides with the amplitude for diffraction by a black
screen. Consequently,
where the quantities
The total c r o s s section for diffraction is

where S is the a r e a of the hole in the solenoid C.
If the wave vector k forms some angle 0 with the normal n to the plane of the solenoid, then the total c r o s s
section for scattering is
e0
2hc

coincide with the amplitudes for diffraction by continuous completely absorbing screens having respectively
the shape of Z, and C2. The total c r o s s section for
elastic scattering is easily obtained by means of the
optical theorem if we take into account that the cross
section for absorption in the ring -shaped "black"
screen i s equal to its a r e a (Si-S2). As a result we
obtain

0=4S sin' -coa p.

We see that the nature of the diffraction pattern (the location of the maxima and minima) depends only on the
shape and orientation of the solenoid, while the probability of deflection of the particle from its initial direction
of motion is described by the factor sin2(&/2tic). It
is easy to s e e that the effect remains even in the presence of strong fluctuations of the magnetic flux; in this
case

In scattering of particles with a charge equal to the
electronic charge in a superconducting solenoid whose
magnetic flux contains an odd number of quanta, the
cross section takes on the maximum possible value
(sin2(e@/2Ec)=l);if the magnetic flux of the solenoid
contains an even number of quanta, there is no diffraction.
4. SCATTERING BY A SCREENED SOLENOID

a

--

4n
Irn f (0)- (S,-St) =S,+S,-SS2
X:

eos

EQ)
-.hc

Obviously,

i.e., by changing the magnetic flux in the solenoid we
can change the probability of diffraction over wide
limits. In the presence of large fluctuations of the -_
magnetic flux, u=S, +S,. In particular, if the screen
is a circular ring whose outer and inner radii a r e respectively equal to R and r , Eq. (13) gives for B << 1

It should be emphasized that if the wave packet is
propagated entirely inside the hole of the solenoid o r
outside this hole, the particle does not sense the magnetic field and the diffraction effects discussed above
a r e absent. It is also an exact result that a s long as
both coherent beams of charged particles pass either
inside o r outside the hole of the solenoid, the magnetic
field does not affect the interference of these beams.

It should be emphasized that the scattering of charged
particles by a closed thin solenoid, which we have been
discussing, does not actually depend on the behavior of
the wave function in the narrow spatial region in which
the magnetic field is concentrated. The contribution of
this region is of the order b/a << 1, and we did not take
it into account in the calculations. In particular, i f we
place in front of the solenoid a thin absorbing ring
which does not transmit the charged particles, then the
diffraction in this system will a s before be described
by the formulas of the preceding section.

In order that the magnetic field affect the behavior of
particles in a region free of field, it is necessary that,
first of all, the spatial region of localization of the
wave packets be doubly connected and, secondly, that
the magnetic flux through any c r o s s section of a tube
cutting this region be different from zero. This conclusion agrees with the general analysis carried out
in Ref. 5.

In this case directly inside the solenoid the wave
function is close to zero, and nevertheless the magnetic field affects the scattering, i.e., we again encounter the manifestation of the Aharonov-Bohm effect.

5. SCATTERING I N A CLOSED SOLENOID I N THE
BORN APPROXIMATION

Let us now assume that the opening of the toroidal
21
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Thus the Aharonov-Bohm effect is a purely quantum
effect and does not have an analog in classical physics.

In conclusion we consider the scattering of charged
particles in a thin closed solenoid of arbitrary shape
V. L. Lyuboshitz and Ya. A. ~morodinskiy
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in terms of perturbation theory. In the approximation
linear in the charge, the scattering amplitude is described by the Born formula with the interaction

Jf the solenoid has the shape of a thin torus with a
hole radius a, the Born amplitude takes the form

where v =&/m is the initial velocity of the particle
and m is its mass. The condition of applicability of the
Born approximation to the problem considered has the
form

In the case where klln we have

For the amplitude we obtain

The authors express their gratitude to B. N. Valuev,
V. I. Ogievetski:, M. I. Podgoretskic and M. I.
Shirokov for discussion and helpful remarks.

Here k and kt = k + q a r e the wave vectors of the particle before and after scattering, n i s the normal to
the plane of the solenoid, and G i s the portion of this
plane bounded by the magnetic lines of force.

he solution of the scattering problem at small angles is
given in Ref. 6.

According to Eq. (18) the amplitude for scattering by
180" is strictly zero. If k7> 1/2, where 1 is the length of
the solenoid, scattering occurs mainly at small angles;
here kt=k, and Eq. (18) is a limiting case of the eikonal
formula.
For-k<< 1/1 we have

In particular, if klln, then

and the total cross section for scattering is

'Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959); 123,
1511 (1961); 130, 1625 (1963).
Feinberg, Usp. Fiz. Nauk 78, 53 (1962)[Sov. Phys.
Uspekhi 5, 753 (1963)l.
'H. Erlichson, Amer. J. Phys. 38. 162 (1970).
'M. Peshkin, I. Talmi, and J. L. Tassie, AM. Phys. (N.Y.)
12, 426 (1969.
6 ~ I.. v z n s h t e i n and V. V. Sokolov, Yad. Fiz. 22, 618 (1975)
[Sov. J. Nucl. Phys. 22, 319 (1975)l.
6 ~ D.
. Landau and E. M. Lifshitz, Kvantovaya mekhanika
(Quantum Mechanics), Nauka, 1974, Section 131, p. 617.
English translation, e a r l i e r edition. Pergamon P r e s s , 1959.
IL. D. Landau and E. M. Lifshitz, Teoriya polya (Theory of
Fields), Nauka, Moscow, 1967, Section 61, p. 203.
2 ~ L.
.

Translated by Clark S. Robinson

Contribution to the theory of excitation transfer in slow
collisions of like atoms
M. I. Chibisov
I. V. Kurchatov Institute of Atomic Energy
(Submitted 4 November 1977)
Zh. Eksp. Teor. Fiz. 75, 4 6 5 5 (July 1978)
The exchange contribution, responsible for excitation transfer, to the term splitting is investigated. It is
shown that the previously developed theory, in which no account was taken of the symmetry with respect
to electron permutation, is inaccurate. In the case of alkali-metal atoms, the exchange contribution
determines the effective excitation-transfer cross section at lo3 K. The van der Waals contribution is less
than the exchange contribution. The cross section is of the order of lo-" cm2.
PACS numbers: 31.30. - i, 34.50.H~

We investigate in this paper the excitation-transfer
process
A-4-B-A+B'.

(1)

In collisions of identical atoms (A = B ) , the effective
cross section of this process is large and, in analogy
22
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with the resonant charge-exchange process, it determines the coefficient of diffusion of the excited atoms
A* in their own gas. If a dipole transition to the ground
state from the excited state A* is allowed, then transfer
of excitation i s the result of dipole-dipole interaction
of the atoms, which decreases aR-' when the atoms are
diluted (R i s the distance between nuclei). The process
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