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The spin temperatures and polarization of nuclei in a semiconductor with oriented electrons are calculated
theoretically by assuming that the spin-spin interaction between neighboring nuclei is mainly scalar, and that
the correlation radius of the electron orbital motion is large compared with the lattice constant. It is shown
that in this case the spin temperature can be found without resorting to the high-temperatureapproximation.
An analysis of the results shows that by means of optical orientation the spin-system temperature can be made
lower than the temperature of the phase transition due to the scalar interaction between the nuclear spins.
PACS numbers: 64.60. - i, 21.10.H~

1. When the electrons of a semiconductor a r e optically oriented in a magnetic field, the spin system of
the lattice nuclei is cooled.
D'yakonov and perel"
obtained a kinetic equation f o r the nuclear density mat r i x and found the nuclear spin temperature (8) f o r the
c a s e when i t is high compared with the characteristic
energy of the nuclear spin. If the high-temperature
approximation is not valid, the determination of 0 entails a s a rule considerable difficulties and h a s not
been performed to data.
'1'

Yet this spin-temperature range is of particular interest. If 8 is of the o r d e r of the energy of the spinspin interaction between the lattice nuclei, a phase
transition should take place in the nuclear spin system.
The spins of the lattice nuclei become ordered.= By
solving the problem outside the region where the hightemperature approximation is valid i t would be possible
to determine whether a phase transition can be produced in the spin system of the semiconductor nuclei
when the electrons a r e oriented. (It follows from the
high-temperature calculations1 that if a magnetodipole
interaction takes place between the spins of neighboring nuclei, the necessary condition f o r cooling below
the phase-transition temperature is a high polarization
of the oriented electrons. )
We show in the present paper that if the spin-spin
interactions between neighboring nuclei a r e mainly
scalar, the temperature of the nuclear spin system can
be obtained without using the high-temperature approximation.
F r o m an analysis of the results it follows
that in this case the spin system of the lattice nuclei
can be cooled t o below the phase-transition temperature. The cooling must be carried out in a weak magnetic field H, weaker than the local field H, produced a t
the nucleus by the neighboring nuclei on account of the
s c a l a r interaction. The s m a l l e r the polarization of the
oriented electrons, the weaker must H be.
2. We assume that the spin-spin interactions between
neighboring nuclei a r e mainly scalar5:

where
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f,,, and ina r e the spin operators of
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the nuclei

numbered m and n respectively, while the coefficients
A,, depends only on the positions of these nuclei. The
Hamiltonian (1) commutes with the projection operators
of the total spin of the lattice nuclei. Thus, in a constant magnetic field H directed along the Z axis the total
angular momentum (I) and i t s projection on the Z axis
(M) a r e "goodv quantum numbers.
We shall regard the dipole-dipole interaction between
neighboring nuclei a s a s m a l l perturbation that leads to
establishment of a thermodynamic-equilibrium distribution over the nuclei spin levels with different values
of I , M, and other quantum numbers which we shall designate for brevity by a single letter y. We neglect the
influence of the dipole-dipole interaction on the form of
the wave functions of the levels of the nuclear spin s y s tems. This is valid if the external magnetic field exceeds the characteristic field H,, connected with the
dipole interaction between neighboring nuclei (H,, <<H),
and H,, is much s m a l l e r than the local field H, due to
the s c a l a r interaction.
We examine now how such a nuclear-spin system is
cooled by oriented electrons.
A distinguishing feature of the polarization of nuclei
by electrons in a semiconductor is that the electron int e r a c t s simultaneously with a l a r g e number of nuclear
spins. (The radius of the correlations of the orbital
motion of the electrons if large compared with the lattice constant. ) We assume that a l l the lattice nuclei
a r e identical, s o that the hyperfine contact interaction
does not depend on the number of the nucleus. It can
then be assumed with sufficient accuracy (see the Appendix) that a t each instant of time the electron intera c t s with the total nuclear spin I:

A

where S i i s the spin operator of the i-th electron. T h i s
interaction produces transitions only between states
with identical quantum numbers I and y. (The projection M changes in one transition by unity, M M + 1. )
Thus, the problem of the polarization of a l l the nuclei
turns out to be equivalent to the problem of dynamic
polarization of one nucleus with angular momentum I
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(Ref. 6).
We recall now the reasoning used to solve this problem. Let the population of the nuclear spin levels with
quantum numbers M, I , and y be described by a c e r tain spin temperature 8. We then have f o r the occupation numbers

where y j and j a r e the magnetic moment and the spin of
the lattice nucleus.
On the other hand, since the s y s t e m s of nuclear and
electron spins a r e in dynamic equilibrium, we have

Here n(1/2) and n(-1/2) a r e the numbers of electrons
with spin parallel and antiparallel to the magnetic
field H, while W,, and W,, a r e the respective probabilities of the transitions (-1/2; M + 1 , I , y ) (1/2; M, I , y)
and (1/2; M , I , y) (-1/2; M + 1,1, y). F r o m the detailedbalancing principle we have

-

-

(5)

W+,iW,,=exp{(-y,Hli+~gff)/Tl,

where p and g a r e the Bohr magneton and the g-factor
of the electron, and T is the lattice temperature.
Therefore

If the electrons a r e polarized, then

Here A c = g+ - t;- i s the difference between the chemical
potentials of the electrons with the spins parallel and
antiparallel to the magnetic field, and i s connected with
the average electron spin ( S z ) and i t s equilibrium component in the field H ( S , ) by the relation1

equilibrium state and from the form of the stationary
distribution of the total nuclear spin over the sublevels
with different values of M. The surprising fact is that
the distribution both above and below the phase-transition temperature is given by one and the s a m e equation
(3) which contains no singularities whatever connected
with the ordering of the nuclear spins. It might seem
a t f i r s t glance that the nuclear polarization should likewise not undergo substantial changes when the tempera t u r e is decreased below 8,. This, however, i s naturally not the case. The point is that a t temperatures
lower than 8, a substantial change takes place in the
distribution over s t a t e s with different values of I and y.
In the ferromagnetic phase, f o r example, the most
probable a r e the s t a t e s with I -Nj, where N is the numb e r of nuclei in the lattice and j is the angular momentum of one nucleus. At one and the s a m e ratio
N(M + l)/N(M), l a r g e r values of I lead to considerably
l a r g e r values of the polarization. In a transition into
the ferromagnetic state, therefore, the polarization of
the nuclear spins should be substantially l a r g e r than
their polarization in the high-temperature region (see
below).

3. We shall calculate the nuclear polarization in the
simplest model of the self-consistent Weiss field. ' We
shall assume that the nuclear spin is acted upon, besides the external field H, by the Weiss field H,= &(I),
which i s connected with the s c a l a r interaction between
the neighboring nuclei and is proportional t o the average spin ( I ) of the.lattice nuclei. Here X is a proportionality coefficient equal in o r d e r of magnitude to
A j / p j . The average nuclear spin i s then the solution
of the equation

Using the expression (9) for the nuclear spin temperature, in which we neglect f o r simplicity the t e r m 1/T,
we easily obtain the final equation f o r the polarization
of semiconductor nuclei upon optical orientation of the
electrons. In particular, if the nuclear spin is 1/2

Substituting (3) and (7) in (6) we obtain the final expression for the spin temperature of the nuclei:

As is easily seen, it follows from this expression that
the nuclear spin system can be cooled below the phasetransition temperature (8,). Indeed, if the electron polarization is high enough (Af - T), when 8 (p,/j)H. The
nuclear spins become ordered a t a temperature 0, of
the order of the spin-spin s c a l a r interaction parameter
A, s o that a t magnetic field values

-

the spin-system nuclear temperature turns out to be
lower than 8,.

''

As shown above, this conclusion follows unambiguously from the assumption that the spin system of the
nuclei (described by the temperature 0 ) is in a quasi189
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At sufficiently low values of the external magnetic
field, when the Weiss field is comparable with o r exceeds H, this equation f o r (I) can be solved only numerically. It i s easy, however, to solve with the aid
of (12) the inverse problem, namely, given the values
of (I) and A ~ / T ,determine the field H that satisfies this
equation, namely

The r e s u l t s of the calculations by means of this formula, a t a given average spin = Af/4T =O. 5 of the
oriented electrons, a r e shown in Fig. 1. (The magnetic
field is measured in units of the Weiss-field parameter
X. )

It is seen that a t large value of the magnetic field the
polarization of the lattice nuclei is practically indepenI. A. Merkulov

189

dent of H and does not change when the sign of the field
is reversed. This is the usual consequence of the hightemperature approximation, where IJ., H/O -(I) = S , .
In weak fields, a phase transition takes place in the
nuclear-spin system. At positive values of the ratio
H/A the system goes over into the ferromagnetic state
and the degree of polarization ((Z)/j) tends to unity. On
the other hand, if H/X<O, the nuclear spins a r e antiferromagnetically ordered and the mean value of the
nuclear spin tends to zero a s H 0.

-

4. It follows from the foregoing analysis that if the
interaction between the spins of the neighboring nuclei
of the semiconductor is mainly scalar, electron orientation in a weak magnetic field can lead to a phase transition in a nuclear spin system. The spin system is
cooled into the region of positive o r negative temperatures, depending on whether the electrons a r e polarized
parallel o r antiparallel to the magnetic field. The ordering of the nuclear spins i s then ferromagnetic o r antiferromagnetic.

In conclusion, we emphasize once more that in the
model considered the thermodynamic-equilibrium distribution over the nuclear-spin level is established because of the dipole-dipole interaction between the spins
of neighboring lattice nuclei. Without this interaction,
the state of the nuclear system is not described by a
single parameter (temperature) and no phase transition can occur, since the principal scalar interaction
conserves the total nuclear spin and cannot lead to a
predominant population of states with larger values of
the total spin.
At the same time, an important factor in the entire
analysis is the smallness of the dipole-dipole interaction. This analysis i s therefore valid only if the characteristic relaxation time of the nuclear spins on the
electrons is longer than the long time T, during which
the dipole interaction establishes a thermo-dynamicequilibrium distribution over the nuclear spin levels.
The authors thanks B. P . Zakharchenya for interest
in the research and M. 0.D'yakonov and V. I. Perel'
for extremely helpful and fruitful discussions.

APPENDIX

In the derivation of the expression for the spin temperature we have assumed that the correlation radius
(r,) of the orbital motion of the electrons is infinitely
large, i. e . , it was assumed that the electron interacts
with the total spin of the lattice nuclei. If this radius
is finite, the electron interacts simultaneously only with
nuclei separated by distances r < r,. The total spin of
such nuclei, is acted upon, besides by the external field
H, also by the random field HL due to scalar interaction with other spins. This local field must also be
taken into account when the spin temperature is calculated. However, since the spin-spin interactions a r e
significant only between nuclei that a r e separated by a
distance not exceeding several lattice constants (b),
while the correlation radius in the semicondutor is
large compared with b, the field H i can be neglected if
190
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FIG. 1. Dependence of the degree of polarization of the lattice
nuclei of a semiconductor on the magnetic field in which the
cooling takes place. The rapid increase of the polarization a t
small positive values of the magnetic field is due to the phase
transition into a ferromagnetic state, and the decrease of the
polarization a t small negative values of I I / h is due to the antiferromagnetic ordering of the nuclear spins.

In the derivation of (9) we have also disregarded the
change of the nuclear-system wave functions on account
of the dipole-dipole interaction. This approximation is
justified if the energy of the dipole interaction between
the neighboring nuclei ( E d p ; / b 3 ) is small compared
with the energy of their spins in the magnetic field and
with the energy of the scalar spin-spin interaction. The
expression obtained for the spin temperature of the
semiconductor-lattice nuclei is therefore valid in a
region where the lower bound of the magnetic field is
given by the inequality

-

This condition can also be obtained by solving the kinetic equation for the spin density matrix of the lattice
nuclei.

'

')This interaction is due to the indirect exchange via the
electrons and it is sometimes called exchange i n t e r a ~ t i o n . ~
')We recall that in the derivation of (9) we have assumed that
the correlation radius of the orbital motion of the electrons
is infinite, and that the dipole-dipole interaction between
spins of neighboring nuclei is negligibly small. As shown in
the Appendix, these assymptions impose a lower bound on
the field H.

'M. I. ~ ' y a k o n o vand V. I. Perel', Zh. Eksp. Teor. Fiz. 68,
1514 (19z5) [Sov. Phys. J E T P 41, 759 (1975)l.
'v. G. Fleisher, R. I. Dzhioev, a n d B. P. Zakharchenya, pis'ma Zh. Eksp. Teor. Fiz. 23, 22 (1976) [JETP Lett. 23, 18
(1976)l.
'M Chapellier, M. Goldman, Vu Hoang, and A. Abragam,
Appl. Phys. 41, 849 (1970). A. Abragam, V. Bouffard, M.
Goldman, and Y. Roinel, J. Phys. 39, C6-1436 (1978).
'M. A. Rudermand and C. Kittel, Phys. Rev. 96, 99 (1954).
P. W. Anderson, Phys. Rev. 99, 623 (1954). R. K. Sundfors,
Phys. Rev. 185, 458 (1969).
5 ~ Goldman,
.
Spin Temperature and Nuclear Magnetic Resonance in Solids, Clarendon Press, Oxford, 1970.
%. D. Jeffries, Dynamic Nuclear Orientation, Interscience,
(1963).
'E. A. ~ a v a d s k i and
r
V. I. Val' kov, Magnitnye fazovye perekhody (Magnetic Phase Transitions), Naukova dumka, Kiev,
1980.
Translated by J. G. Adashko
I. A. Merkulov

190

