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The density-density correlator in a model of a disordered granulated metal on a Bethe lattice is
calculated by the method of supersymmetry. In the limit of large distances and low frequencies
general expressions are obtained for this correlator both in the insulating and in the metallic
region. In the insulating region an explicit expression for the localization length is obtained.
Near the transition point this length is inversely proportional to the distance from the
transition point. In the metallic region the diffusion coefficient D is calculated. As the
transition point is approached D decreases sharply in accordance with an exponential law,
making it possible to speak of the existence of a "quasijump." A comparison is made with
other models. The role of the noncompactness of the symmetry group of the supersymmetric
a-model used is discussed.

1. INTRODUCTION

In recent years a large number of papers have been devoted to the study of the Anderson metal-insulator transition. The systematic solution of this problem for realistic
physical models presents considerable difficulties. One of
the few models that can be investigated analytically is the
model of a disordered metal on a Bethe lattice ( Cayley tree).
However, even on such a simplified lattice, the solution of
the problem is not simple. The Anderson transition on a
Bethe lattice has been studied by many authors. The Anderson model on a Bethe lattice was studied in Refs. 1-3. In Ref.
4, Shapiro proposed a certain model of one-dimensional
scatterers, which was studied by means of the resistancecomposition hypothesis proposed in Ref. 5 for the investigation of the conductivity of wires. A model of a granulated
metal on a Bethe lattice was studied in Refs. 6-8. In all these
papers certain averaged quantities were calculated, knowledge of which made it possible to make definite statements
about the properties of the models that had been studied.
The investigation carried out in these papers has made it
possible, e.g., to establish firmly the existence of the transition.
Complete information on the kinetics can be obtained
by calculating the density-density correlator. This correlator at coinciding points was calculated in Refs. 6 and 7.
However, to calculate such quantities as the diffusion coefficient or permittivity, it is necessary to know the densitydensity correlator at large distances. In a recent paper8 a
certain correlator at noncoinciding points was investigated.
The correlator calculated in Ref. 8 differs from the densitydensity correlator, but coincides with the latter in the region
of localization in the low-frequency limit. This did not permit the author of Ref. 8 to calculate the diffusion coefficient
in the metallic region, although the localization length in the
insulating region was obtained.
Below we calculate directly the density-density correlator at noncoinciding points. The form obtained for this correlator makes it possible to determine the behavior of the
diffusion coefficient in the metallic region and of the dielectric permittivity and localization length in the insulating region. It is shown that as the transition point is approached
the diffusion coefficient falls off very rapidly (in accordance
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with an exponential law). This rapid decrease should give a
"quasijump" on the curve of the dependence of the diffusion
coefficient on the disorder, although in the strict sense there
is no jump in the diffusion coefficient. In the insulating region the localization length near the transition point is inversely proportional to the distance from this point. It is
shown that the unusual critical behavior is a consequence of
the noncompactness of the symmetry group of the supersymmetric a-model. A comparison is made with the results
of Refs. 2-4.
2. THE BASIC EQUATIONS

The kineticts of a system of metallic granules is described by the supersymmetric c~-modelon a lattice. The effective Lagrangian F in such a model is written in the formh

The first term in ( 1) describes the interaction of the granules, and the second term is the effective Lagrangian of the
isolated granules. The letters w and v denote the frequency
and the density of states in the granules, V denotes the volume of the granules, and the symbol STr denotes the supertrace. The supermatrices Q and A in ( 1) have dimensions
8 x 8 and are equal to
i sin 0
Q = U Q O ~ ,Y O =
- i sin 0 - cos 8,

=(

case -

The form of the matrices u , u, and 8 depends on the
presence of time-reversal symmetry and central symmetry.
A bar above a supermatrix denotes charge conjugation. The
corresponding formulas can be found in the review Ref. 9.
We note only that uii = uE = 1.
The calculation of the density-density correlator
K(r,,r,) in the model described reduces to the calculation of
the following correlator:
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where F[Q] is determined by the expression ( 1) . The superscripts in (3) label the blocks distinguished explicitly in ( 2 ) ,
and the subscripts label the elements in these blocks.
Below we shall calculate the density-density correlator
(3) for a speical type of lattice-the Bethe lattice (Cayley
tree). As in Ref. 6, we consider the case of an arbitrary
branching ratio m. We assume that the only interactions are
between nearest neighbors, for which all Juare the same and
equal to J.
The structure of the Cayley tree makes it possible to
reduce the calculation of the integral ( 3 ) for arbitrary r, and
r, to the calculation of a definite integral of the solution of
certain integral equations. To obtain these equations, as in
Ref. 6 we introduce the function

where in the product hithe sites are those on the path between r, and r,, excluding the site r,, r is the distance between
the sites r, and r,, and N ( r ) = (m + I )mr- ' is the number
of sites situated at a distance r from any fixed site.
The function P(r,Q) (7) is defined for all r > 1. We shall
complete the definition of this function by setting

P (0, Q) =QZiY(Q); P(r, Q) =0, r<O.

(8

Using the definitions ( 7 ) and ( 8 ) , it is not difficult to
obtain the following equation for P(r,Q):

X Z(Q1)P(r-l,Q')dQ1

where

= 15(r) Y

The symbols 2' and n' denote sums and products over all
sites of one of the m + 1 branches entering the site with index 0. Here, in n; and Z; the index j cannot take the value 0,
while in 2; it can. It is assumed that the jth site is closer than
the ith site to the base of the branch. The function Y (Q,)
depends only on Q,. Considering the function Y(Q,) at a
neighboring site, it is not difficult to set up the equation
Y ( Q )= exp

B ST^ AQ'] Y1"(Q')dQ',
[a
ST^ Q ~+' 4
4

In ( 5) the integration is over supermatrices of the form ( 2 ) .
Knowledge of the function Y(Q) makes it possible to
calculate the correlator K(r,,r,) at coinciding points, and
this was done in Refs. 6 and 7. However, the information
that can be obtained from the form of this function is not
complete. To calculate such quantities as the diffusion coefficient, localization length, etc., it is necessary to calculate
the correlator K(r,,r,), the asymptotic form of this correlator at large distances being the most interesting.
Using the definition ( 4 ) of the function Y (Q), we write
the correlator K(r,,r,) in the form

Xmp

2

(E
4

z (q)

-

STr QIQ1) Z( ~ ~ ) d Q i ,

(6)

i,j

B STCAQ
(Q)exp (T

yrn-l

).

(6a)

In the integral (6) in the product fl and the sum 5 the labels
are those of the sites lying on the path between the sites r,
and r, (including the points r, and r,). In the sum Zu the
indices i and j denote, as before, nearest neighbors, the jth
site being closer to r,, and the ith site closer to r,.
To calculate K(r,,r,) we shall make use of the scheme
proposed in Refs. 9 and 10 for the calculation of this same
correlator in wires. We introduce the function

(Q)pi.

(9)

Correspondingly, for the density-density correlator we obtain
K(r)==N(r) K (rl, r2)=-2Pv2

I

Q

~ (r, Q)Z(Q)
~
~ ly (Q)
~ dQ.P

In principle, the formulas (5), (6a), ( 9 ) , and (10)
solve the posed problem of the calculation of the densitydensity correlator. The correlator K ( r ) differs from K(r,,r,)
by the factor N ( r ) . To be precise, K ( r ) characterizes the
rapidity of the decay of the correlations, since K(r,,r,) always decays exponentially because of the exponential
growth of the number of sites situated at a distance r from a
specified site.
Of course, all the formulas written out above are applicable for systems with any type of symmetry, irrespective of
whether or not magnetic and spin-orbit interactions are
present. The subsequent calculations must be carried out for
each model separately. In this paper we shall consider only
the case of a system with broken time-reversal symmetry ( a
unitary ensemble). In this case (m_odelI1 in the classification proposed in Ref. 7 1, the matrix 0 determining Q has the
form

The equations (5), (9), and ( 10) can be simplified considerably if we make use of the invariance of the original
Lagrangian (1 ), ( 2 ) to the replacement U+ U,U, where U,
is any matrix of the form ( 2 ) satisfying the condition
uouo= 1.
Because of this invariance the solution Y of Eq. (5) can
depend only on the variables 8 and 8,. Integrating over the
other variables in (5), we bring this equation to the form6

' '=Jr
(')l"i-A

(nnr, n,n,~)

Y ( L 1 ) Z ( h ' )- 1 dn' dn,'
A,'-A'
(2nI2 '
(11)

where
d
, a'[
r(nnf,nini ) = - exp (-anin,')exp (arm')
2
da
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where f = (;
is a two-component vector. The matrix
L ( A ,A') has the form
L (I,, A')

n and n' are vectors on a sphere, and n, and n; are vectors on
a hyperboloid. Correspondingly, nn' ( r n - n ' ) is an ordinary
scalar product, and n,n: = n,,n;, - n,,n;, - n,,n;, is a
scalar product on a hyperboloid. The components of the vectors n and n, are equal to
n= (sin 8 cos cp, sin 0 sin cp, cos 8 ) ,
nl=(sh 8, cos cp,, sh

(12)

sin cpl, ch el).

(h,k')
( Lit
L21 (5,A')

=

Z ( l ) = Y m - ' ( a ) e x p [p(h-At)].

(13)

In Eq. ( 1 1 ) we can immediately integrate over q, ' and p ;.
This makes it possible to obtain an equation in which the
integration is performed only over the two variables A ' nd

2;:

and acts on the vector f i n the usual way:
L l l ( h ,h')='12aZexp [ a ( x - x , ) I { I l ( a ~ ) I o ( a ~ l )
x(x+xl)+ I o ( a y ) Z o ( ay~-lI)l ( a y ) I ~( a y l ) y l
+ [ a ( h l - h ) (hi1-h')l - l [ ~ o ( a ~ ) ~ o ( a ~ l ) ~ - ~ ~ ( a ~ ) ~ ~ ( ~ ~ i ) ~ ~ l ~ ,
LZ2(h,h')='lza2 exp[a(x-xi) lZl(ayi)Z0(ay)
(x+xi)
-Io (ayl)Zo( a y )yi+Il (ayJ {Ii ( a y )Y+ [a(hl-h) ( L ' - h f ) I-'
L,,(h, 5') ='/,a e x p [ a ( x - x i ) ][(hi-h) (hir-h') I-'
~ [ I ~ ( a y ) Z ~(l-h~~(hl'LI)"+~l(a~)~l(a~l)
(ay~)
~ ( l - h ' ~ ) ' ~ ~ ( h i 2 - 1 Lzl(h,
) ' ~ ] , h r )=L1Z(hr,h).

The variables x , x , , y, and y , are defined by the expressions
(14a).
Substituting ( 1 6 ) and ( 1 7 ) into ( l o ) , we bring the
expression for the correlator K ( r ) to the form
1 m

)+ (h12-l)'"fl(r,h )
I j (I-h2)'"f(r,5(hi-h)z

K ( r )= 2n2v2

-I
1 ca

-1

Xi-h
I Lo(h,P1)-Z(I,')lY
hi -A

1

x[I~(~Y)~~(~Y~)Y~-~I(~Y~)~~(~Y)Y~),

The same expressions define the vectors n' aand n;. if we
makethereplacement8-8', 8,-8;,p-q,',
andq7,-q,;.
The function Z ( A ) is defined by the expression ( 6 a )
and can be rewritten in the form

Y (I,) =

Liz (h,A')
Lzz(5, 5')

(I,')dhfdhlr

1

where
Ldh, h')=1/2a2exp[a(x-x,)] [Zo(ayl)Zo(ay)
(xl+x)
- I 1 ( a ~ i ) Z o ( a ~l l) (~al f~ ) I O ( a ~ l ) ~ l(,1 4 )
in which I, and I , are Bessel functions of imaginary argument, and

I

x z (5)Y (Iv) dli.ahl.

(19)

The equations ( 14) and ( 1 6 ) - ( 1 8 ) and the integral ( 1 9 )
solve completely the posed problem of the calculation of the
density-density correlator K ( r ) .We note that up to now we
have not made any approximations. Of course, an exact analytical calculation of the correlator K ( r ) is impossible. However, we can investigate the most interesting asymptotic
forms-in particular, the asymptotic form at large distances
r. Introducing the new function

~ t = h ~ h l 'x=s).iln,
,
pi=[ (hi2-I) (hir2-I)

]Ih,

we bring Eq. ( 17) to the form
We note an important property of the kernel L,(A,A ')
and of the function Y ( A ):
1 m

=s (r)

Y (I,) [Z ( h )1'"
hl-h

( (hi2-1)'"
(l-hz)'iz 1

*

(20)

A

1

for h = ( l , 1). ( 1 5 )

In ( 2 0 )the action of the operator M on an arbitrary function
cp(A) is specified by the integral

The invariance of the Lagrangian ( 1) under the replacement
U-+UoUmakes it possible to simplify Eq. ( 9 ) as well. As in
the problem of
we seek a solution P in the form
h

Substituting ( 16) into ( 9 ) and integrating over all the variables except A ' and A ;, we obtain

The expressions ( 18) and (20a)show that the operator M is
real and symmetric. The eigenfunctions cp, ( A ) , satisfying
the equation

f (r,A) - [m+G (r-I) ]

are orthogonal to each other and form a complete set. The
eigenvalues E are real.
By expanding thz function p(A) in ( 2 0 ) in eigenfunctions of the operator M, we can find the solution of Eq. ( 2 0 ) .
Substituting this solution into ( 1 9 ) ,we bring the expression
for the correlator K ( r ) to the form
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Sov. Phys. JETP 65 (2), February 1987

K. B. Efetov

362

K ( r )=

-x

2nZvZ
(m+ 1)
m
1

BE=

m

[I I
-1

(I-a2)'Ir

BZ(~E)'.

-

E

=Y

+

( h ) (alz-l)'h( P E ~( h )

(PE~

( t )[ Z ( t )1'" e-'",

(27)

where

a1-a

1

m

@ ( t ,7 ) =E(t-r) [ Z ( t ) Z ( r ) ] " ' ,

-

where the s u m ~ a t i o nis performed over all the eigenvalues
of the operator M; p, and p, are the components of the vector function Q. For r = 0 the summation can be performed
immediately, if we make use of the completeness of the set of
eigenfunctions. In this case we obtain

Of course, this formula can also be written directly using the
integral (3). It was the quantity K ( 0 ) that was studied in
Ref. 6.
The subsequent calculation in (22) can be carried out in
the low-frequency limit for the metallic and insulating regions separately. The critical value a, separating these regions is determined by the equation6

andp is the second component of the vector pfl ' I 2 exp( t /
2). The first component is small in the limit P-0,
PA, = const. This can be seen directly from the right-hand
side of (20). The first formula in (22) for the correlator
K ( r ) preserves its form. For the coefficients BE in (22) we
obtain
m

Here the functions p, are eigenfunctions of the symmetric
operator M:

and satisfy the orthogonality and completeness properties.
Using these properties, we can obtain K ( 0 ) in the localized
region:
rn

where K, ( a )and I,,(a) are Bessel functions of imaginary
argument. For a > a, the conductivity is nonzero, while for
a <a, the system does not conduct.
3. THE INSULATING REGION

In the region of localized states in the limit of low frequencies P all the equations are simplified considerably.
This is connected with the fact that the main contribution is
made by valued, 1/P) 1 (Refs. 6,7,9, l o ) . Passing to the
limit A,)1 and making the change of variables
2P/2, = exp t, we bring Eq. ( 14) to the form

-

a:"
~ ( t=j-exp (-a ch t )
(2n)'/a

[ sx
cht +--a
a

shaI
201"

In the derivation of (25) it was assumed that for smallg the
solution of Eq. ( 14) is a function only ofPA and this made
it possible to perform the integration over A. From the equality ( 15) it follows that

,,

The equality (26) can also be obtained by direct integration
o f E ( t ) (25).
Passing to the limit of small P and large A , , in place of
(20) we obtain
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This formula can also be easily obtained directly from (23).
An investigation of the dependence of K ( 0 ) on a was carried
out in Refs. 6 and 7. It was shown that PK(0) decreases
monotonically with increase of a , reaching a certain critical
value at a = a,. More interesting is the behavior or K ( r ) at
large r, since this correlator describes the decay of the wavefunctions.
To elucidate the asymptotic form of the correlator K ( r )
at large r we shall consider the properties of the eigenfunctions p, ( t ) of the operator
First of all, we shall determine the asymptotic form as t- - UJ . In this limit the function V ( t ) satisfying Eq. (25) tends to
Therefore, for
the determination of the asymptotic form as t- - U J ,in
place of (29) we have

a.

From Eq. ( 3 1) we obtain

q~(=
t )(2ln)"' sin [-pt+S(p)], t+-m,

(32)

-

where the parameterp is a certain function of E, and S ( p ) is
a phase that depends on p. As t UJ the function p, ( t )
should decay to zero for all E > 0, because of the presence in
M(t,.r) of the factor [ Z ( t ) Z ( . r )] ' I 2 which decays in this
region. Therefore, the eigenvalue spectrum of the operator
%(t,r) is continuous. The general factor multiplying the
sine ensures that the functions p, ( t ) are orthonormal:

K. B. Efetov
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Substituting (32) into ( 31), we can determine the dependence E(p):

where Fop is determined by the expression (24).
We now elucidate the behavior of the function p, as
p--0. In this limit, for t ) 1 the function approaches the
asymptotic form
cps(t)=c(p)u(t), twl.

(34)

The function u ( t ) in (34) no longer depends onp. The coefficient c(p) is determined by matching with the solution as
t- - co. Equating theasymptotic forms (32) and (34), and
also their derivatives, at t- 1, we obtain c(p) -p, S(p) -pro,
to-1.
This reasoning makes it possible to write the function
p, ( t )forp-0 and all t i n the form

We note that v(t) tends to a finite limit vo(t) as a --+a,.This
follows from the fact that the function Y ( t ) (Refs. 6,7) and,
consequently, the kernel B ( t , r ) (27) tend to a finite limit
Yo(t).
Owing to the continuity of the spectrum of the kernel
%(t,r), the sum over the energies E in (22) must be replaced
by an integral over p. At large r the main contribution is
made by the region of smallp. Substituting (35) into (28),
and then (28) into (22), and expanding E ( p ) for smallp, we
obtain
K (r) =

2nZv2(,+I)

mS

J pze-.w a&
o

(36)

where

A convenient characteristic of the wave functions is the
long-time limit of the density-density correlation function in
the time representation. Denoting this limit byp, (r), calculating the integral overp in (36), and going over to the
time representation K(r,t) with the aid of ( S ) , we obtain
n"v m+l
g(r,t-+oo)~~~(r)=-a2(br)
(37)
2V m
The formula (37) is applicable for r$1, and the coefficients
a and b remain finite as the transition point a, is ap-

proached. The only quantity that has singular behavior near
the transition point is the localization length I. Comparing
(36) with (24), we obtain the asymptotic behavior of I as
a--'ac:

We note that the quantity mFoo(a) decreases monotonically with decrease of a. It follows from this that the
localization length 1 decreases monotonically. The expression (37) has the same form as the corresponding expression
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for one-dimensional ~ystems.~-''Formula (37) is also applicable for m = 1, which corresponds to a one-dimensional
chain of granules. Of course, in the one-dimensional case
there are no singularities for finite a , since the function
roo
(a)decreases monotonically from 1 to 0 as a varies from
oo to 0. For m = 1 and a% 1 the localization length 1 is proportional to a . In this limit the model on a lattice can be
replaced by a continuum model, for which the formulas obtained in Refs. 9 and 10 are applicable. The diffusion coefficient D to which the localization length in the continuum
model is proportional (we have in mind the classical diffusion coefficient) coincides, to within a numerical factor,
with the parameter a .
Knowledge of the function p , ( r ) makes it possible to
calculate the response to an external electric field 8 of the
following symmetry: We select a particular site and let the
potential at each point situated at a distance r from this site
be equal to gr. We shall calculate the polarizability x: in this
field. It is not difficult to see that it is equal to

where e is the electron charge. Near the transition point,
when I is large, the main contribution to the sum (39) is
made by large r. In this limit we can use the expression (37).
Calculating the sum in (39), we obtain

Naturally, for large values of lc the dielectric permittivity is
proportional to x .
In Ref. 6 the correlator K(0) was investigated. The
quantity p i '(0) was called an integral permittivity, and it
was shown that this quantity tends to a finite value as the
transition point is approached. Although the expressions
given by formulas (39) and (40) correspond to the real dielectric permittivity, the quantityp, ( 0 ) also has an important physical meaning. This quantity is proportional to the
average probability that a quantum particle that was at some
particular point at time t = 0 will be found at the same point
after an infinite time. The fact that this probability does not
vanish as the transition point is approached seems to be not
at all trivial. It was this fact which stimulated the assertion in
Ref. 6 that the physical dielectric constant is finite at the
transition point.
In real physical systems, evidently, the response to a
spatially uniform field should grow as the transition point is
approached. At the same time, it can be postulated that the
response to some particular field localized in a small region
of space can remain finite.
The expression (37) and (38) were obtained near the
transition point in the presently considered model on a Cayley tree by Zirnbauer8 in a calculation of a certain correlator
K"' differing from the density-density correlator. The fact
that in the insulating region these two correlators become
equal as the frequency w + O enabled him to obtain the formulas (37), (38) for the density-density correlator as well.
In principle, the equations ( 14), ( 18), (21) and (22)
derived here make it possible to calculate the density-density
correlator for all frequencies; it is evident, however, that this
can only be done numerically.
K. B. Efetov
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4. THE METALLIC REGION

Before calculating the density-density correlator, we
shall consider the classical diffusion of a particle on a Bethe
lattice. We shall find the probability WN( r ) that a particle
executing a random walk on a Bethe lattice will be found
after N steps at a distance r from the point from which it
started. This probability coincides, to within a normalization factor, with the density-density correlator. Let the probabilities of the moves from some site to the neighboring sites
1 ).
be equal. Then each such probability is equal to l/(m
It is not difficult to write a recursion equation for WN( r ) :

+

to zero with increase ofA, (Refs. 6,8). Therefore, the kernel
in the integrand of (20a) differs substantially from zero only
in a finite range of variation of its arguments, and this region
also remains finite as B-0. Correspondingly, the spectrum
also remains discrete in this limit. The character of the decrease of the function \y(h) will be discussed in more detail
later. The discreteness of the spectrum makes it possible to
calculate the sum (22) at large distances r$. (( a ) ,where
( ( a ) is a certain characteristic length. In this limit, only one
term, with the larget value E,(fl), remains. The length ((a)
is inversely proportional to the difference of the logarithms
of this eigenvalue and of the next eigenvalue, and remains
finite as 8- 0.
For p= 0 the largest eigenvalue E,(O) and the correcan be
sponding eigenfunction p,(h) of the operator
found exactly:

a

Equation (41 ) is linear, and can be solved by means of Fourier transformations.
Let the number of steps per unit time be equal to n. In
real physical processes the number n is determined by internal characteristics of the system. In the limit of low physical
frequencies w the solution of Eq. (41) gives
where c , (p) is a normalization factor, equal to

+

HereD=n/(m
1).
Ifwe go over from the frequency representation W(w,r)
to the time representation, we immediately obtain the probability of finding the particle at a distance r at time t. The
coefficient D in (42) is proportional to the probability of a
move from a particular site to a neighboring site per unit
time. It can be identified with the diffusion coefficient. Consequently, if for some model on a Bethe lattice one can obtain
the law (42), one can make definite statements about the
diffusion coefficient. Below it will be shown that in the model ( 1)-(3) under consideration the density-density correlator K(w,r) in the metallic region is indeed described, to within a normalization factor, by formula (42), and this makes it
possible to calculate the diffusion coefficient D.
In the limit a $. 1 the correlator K ( r ) ( 3 ) , ( 10) with the
Lagrangian ( 1) was calculated in Ref. 6. At low frequencies
this correlator has the form

The expression (43) differs from (42) only in the normalization. Recalling the connection between 0 and the physical
frequency w (5), we obtain for the diffusion coefficient

We now show that for all a > a, the correlator K ( r ) has
the form (43), if the frequency is small and r is greater than a
certain characteristic length that depends, forp-0, only on
a . For this we shall make use of the eigenfunction expansion
(22). First of all we note that the spectrum of the eigenfunctions pE of the operator
[see (20a) and (21)] in the
metallic region a > a , is discrete. This is connected with the
fact that the function *(A) and, consequently, Z ( h ) fall off
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We note ihat @, (A ) for P # 0 is not an eigenfunction of the
operaor M. In (46) we have used the equality ( 13).
In order to see that E,(O) and p,(h) aAe indeed an
eigenvalue and eigenfunction of the operator M, we substitute (45) into (21), (20a), and ( 18). In the left-hand side of
(21 ) we integrate by parts. After this we can convince ourselves that f o r p = 0 the first of the equations obtained coincides with the derivative of the two sides of Eq. ( 14) with
respect to A, multiplied by - ( 1 - il 2, 'I2, while the second
coincides with the derivative with respect to A multiplied
by ( 2 - 1) ' I 2 . This proves that the expressionk(45) are an
eigenvalue and eigenfunction of the operator M (20a) for

,,

p=o.
I f p is nonzero but small, the eigenfunctions and eigenvalues are close to the corresponding quantities forp = 0. In
the expression (22) for BE we can simply s e t p = 0. For the
coefficient B, corresponding to the eigenvalue (45) we obtain
i a

(

I

)

-1 - 1

d Y

dh

dh dh
(kt-h)

'.

(47)

The subsequent calculation of the coefficient B, can be carried out by integrating by parts in (47). Here we must exercise some care, since for il = A , = 1 the integrand is not defined. In order to circumvent this difficulty, we can calculate
the integral over the region - 1 <A < 1 - 6, 1 S, <A,,

+
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and then in the final answer take the limit S -,0, S, 0. After
straightforward calculations, we obtain

In the derivation of (48) we used the equality ( 15) for the
function Y ( A ) .
For the calculation of E,(fl) for small but nonzero values ofp we multiply both sides of Eqs. (21) and (20a) by the
vector <Pg ( A ) (45) andintegrateboth sides overA andA,. In
the left-hand side, as in the case with fl = 0, we again integrate by parts and use the derivatives of both sides of Eq.
( 14), but now w$hfl # 0. For smallp the eigenfunction p,
of the operator M (21), (20a) coincides with p,, (45 ). Performing the necessary transformations, we obtain in the limitfl-0

expressions (43), (44) already obtained in this limit.
We turn to the investigation of the behavior of the diffusion coefficient B in the neighborhood of the transition
point. A scheme for the analytical investigation of the function Y ( A ) was proposed in Ref. 6. Following this scheme, we
rewrite Eq. ( 11) in the form

dn' dn,'
t~(L)= J r ( n n f ,n , n @(M
~ (2n)' '

(53)

where

-

1 -

We shall study the solutions that decay as A, a.The solution Y = 1 corresponds only to the insulating region a < a c .
As A, A , 1, Uapproaches a constant. For functions Y of the
form described, F [ U] >O.
First ofall we can write the asymptotic form of the solution Y for A, ccr . For such A, the function Y does not depend on A, and in place of Eq. ( 11) we can write Eq. (25),
having set Z = Y m- ' in the latter, since we are considering
the limit fl = 0. In Ref. 6 the asymptotic form of the solution
Y was obtained:

-

-

In (49) and everywhere below we understand by Y(A) the
solution of Eq. ( 14) with P = 0. Substituting (5), (46),
(48), and (49) into (22), we obtain
K ( r )=

4nv

Ymexp [ - b i (0,'"+y)exp (bzO,'")1,

where b,

V(m-l)D

and

b,

(54)

are numerical

coefficients and

8, = In ( W ,) . The parameter y in (54) is arbitrary; this cor-

where the diffusion coefficient is equal to

responds to the invariance of the kernel in Eq. (25) under a
scale change A, -AA If Y,is a particular solution, e.g., that
corresponding to the asymptotic form (54) with y = 0, then
for the functions Y and U for A, ) 1 we have

,.

y ( I , )=Y. ( A h , ) , ~ ( h l= )A U ,

7

(55)

whereA is a number determined by matching with the region
A, 1. For the calculation of A we multiply both sides of
ip (A,)P, (A) and integrate over A , and A.
(53) by PThe product P ip ( A ,)P, (A) of Legendre functions is
an eigenfunction of the operator T.Therefore, we obtain

-

The expression (50) corresponds to formula (42) for
classical random walks on a Bethe lattice, and, as already
discussed, the diffusion coefficient D is proportional to the
probability of a move from one side to a neighboring site per
unit time. In the derivation of the expressions (50), (5 1) we
have used only the smallness of the quantitiesoand r- I . The
frequency fl should be smaller than c , (0) (46), in order to
ensure that the correction is small in comparison with the
perturbed eigenvalue (45). The relative magnitudes o f b and
r-' can be arbitrary.
Solving Eq. ( 14) forP = 0 and using (5 1), we can construct, at least numerically, the entire curve of the dependence D ( a ) for a > a,. We can calculate D ( a ) analytically in
the limits a - a, 4ac and a ) 1. For a ) 1 values ofA and A,
close to unity are important. In this limit the function Y is
equal to6

(Ahl)

,

+

,,

+

[rnP-'( a )- m I UaP=-Fnpl
1 m

Un.=

I

up-vz+ip( A , )Pn(h)dh dh,,

-

where r, is given by the expression (24).
If we assume that A 0 as a - a c , then the important
region in the integrals in (56) is the region A , > 1. In this
limit the solution does not depend o n 2 and it is necessary to
set n = 0. We also set p = 0 and estimate the integrals obtained. Using the asymptotic form P - (2)-In z/zl/* for
z ) 1, substituting (55) into (56), and making the replacement A,A = z, we bring (56) to the form

,

where
c = a ( m - 1 ) lm.

(52a)

Substituting this solution into (50), (5 1) , we arrive at the
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Strictly speaking, the form of the integrands is applicable
only for z4A (A, 4 1) . However, the region A, 1 makes a
small contribution. The function Us ( t ) like
,
Ys (z), varies
over scales z 1.
At first sight, it appears that integrals in both sides of
the equation are of order ln(l/A). But the integral in the
, '(a),
left-hand side is multiplied by the quantity m - T
which tends to zero as a -a,. This leads to a contradiction,
on the basis of which it was stated in Ref. 6 that A remains
finite at the transition point. Then the diffusion coefficient
need not tend to zero either.
However, as shown by Zirnbauer,' this crude estimate
of the integral in the left-hand side of Eq. (57) is not exact,
since, although the counting of the powers of the parameter
A is correct, extra powers of In( 1/A) arise. To convince ourselves of this, we shall consider the asymptotic forms of the
function Us (z). For z, 1 the function Us -A /z, as can be
seen directly from the relationship (53) between U and Y
and from the decay of Y at infinity. For small A &z( 1 the
quantity U is small and the asymptotic form of Us can be
found by neglecting the right-hand side F [ U ] in (53) ,which
for small U is proportional to U 2. In this limit we obtain

-

-

U.(z) =a(e)e-'2-'" sin [-e In z+6(e) I,

(58)

where a ( & )and S ( E ) are unknown parameters to be determined from the condition for matching at z 4 1 with the
asymptotic form (54), in which we must set y = 0 and
19,= ln(2z), and E is determined from the equation
( a )-m=O.

(58a)

roa-l

For a - a, &a, we have E- (a - a, 'I2.
For E + O the asymptotic form (54) has no singularities.
Joining of the asymptotic forms (54) and (58) for z- 1 in
the limit E-0 gives the limiting expressions a ( & )-a and
S ( E ) / E - S ~for E-0.
For z 4 1 the functional F [ U ] U ,Z (z)z. Recalling the
asymptotic form for 2% 1, we convince ourselves that in the
right-hand side of (57) the regions z & 1 and z) 1 make a
small contribution. The main contribution is made by the
region z- 1, and this contribution is of order

-

A

In-dz
A

-

1
ln-.
A

This estimate was obtained in Ref. 6. The region z- 1 also
gives the same in the integral in the left-hand side of (57).
However, the region A &z< 1 gives an extra logarithmic factor. Assuming that E- ' -In( 1/A) (this will be seen from the
final result ), we have

wherep and q are numerical coefficients that depend on m.
The formulas (55) and (59) show that the function Y(A,)
falls off slowly in the region A, 5 1/A, and then, according to
the asymptotic fwm (44), the decay becomes sharp. As the
transition poin<&ipproached the boundary of the region of
slow decay tends to infinity. The expression (59) was obtained by Zirnbauer,' who arrived at it by combining the
results of a numerical and an analytical investigation.
It is possible to propose a simpler way of obtaining
(59), which makes it possible, in particular, to find the coefficient q in explicit form. For this we write the function U in
the region A, 4 1/A. Neglecting the right-hand side in (53),
we have

-

Using the asymptotic form for A , ) 1,
P-#+c,(hl) (2/ne)h,-'" sin [ Eln(2h1)1,
and matching with (58), we obtain with the aid of (55) for
E+O

Solving Eq. (58a) in the limit of small a - a,, we obtain

where b ( a ) is defined in (36). Of course, this analysis does
not enable us to determinep.
The results obtained for the function Y make it possible,
using (51), to calculate the diffusion coefficient D. The main
contribution to the integral (51) is made by the region
1<A, & 1/A. Using (53), (55), and (58), we have for Y in
this region
Y (A,) =I-a (Ahi)'"1n(2hi).
Substituting this expression into (5 1), we obtain
D=[m(m+l)aZ/12nvV(m-I) ]A ln3 (I/A).
Using the expression (60) for A, we finally obtain

D=

paZm( m f l )
12nvV(m-1)

exp[-q (a-a,)
(a-a,)"

-'"I
(61)

The formula (61) completely solves the problem of the calculation of the diffusion coefficient in the critical region.
Although a minimum metallic conductivity, the existence of
which was predicted erroneously in Ref. 6, is absent, the very
sharp decrease of (61 ) as the transition point is approached
makes it possible to speak of the existence of a quasijump
near the critical point.
5. DISCUSSION OF THE RESULTS. THE ROLE OF THE
NONCOMPACTNESS

The logarithmic contribution from the regionz < 1 was omitted in Ref. 6.
Substituting the estimates obtained into (57), we obtain
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1.The density-density correlator calculated in the preceding sections makes it possible to give a complete description of the kinetics of the system under consideration. In the
insulating region of a - a, this correlator decays exponentially at large distances [see (37) 1 , and for a, - a <a, the
localization length 1 (38) is inversely proportional to the
distance a, - a from the transition point. This behavior of
the localization length near the transition point coincides
K. B. Efetov
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with the characteristic-length behavior predicted in Ref. 3.
The form of the correlator (37) is exactly the same as in the
one-dimensional models of Refs. 9-1 1. The dependence of I
on a is specified by the exact expressions (36), (24), which
are applicable for all a < a , . It is interesting to note that the
authors of Ref. 3 considered an entirely different model of a
disordered metal on a Bethe lattice, in which, in particular,
time-reversal symmetry was not broken. This agreement of
the results is characteristic for the one-dimensional case. In
Ref. 11 disordered chains were studied, while in Ref. 9 and
10 wires were investigated. The coincidence of the results in
all these cases implies that the model ( 1) of a granulated
metal correctly describes the kinetics. However, this is also
clear without calculations. The model ( 1) differs from, say,
the Anderson model in that the density of states in ( 1) is
fixed. But fluctuations of this quantity should not have a
qualitative effect on the phenomenon of localization.
The dependence (38) of I on a is very similar to the
corresponding dependences of the characteristic lengths in
the theory of second-order phase transitions (it has a powerlaw form). However, this length, diverging at the transition
point, occurs only in the exponent in the correlator (37),
despite the presence of a power of a distance in the pre-exponential factor. This leads to the result that the application of
the traditional scaling relations for the calculation of physical quantities does not give correct results. For example, the
polarizability tt (40) is proportional to 1 312,and not to I as
would follow from ordinary scaling. The probability that a
quantum particle remains at its original site after an infinite
time does not tend to zero as the transition point is approached, and has a discontinuity at the transition point.
This probability is determined by the density-density correlator at coinciding points, which was calculated in Ref. 6. On
the basis of this property, it was postulated in Ref. 6 that
there exists a maximum dielectric permittivity. It is evident
that the correctness of this assertion depends on what form
the applied external field takes. If we examine the response
to a spatially uniform electric field, this response should diverge, as can be conjectured by looking at the expression
(40). However, we cannot exclude the possibility that the
response to a field that is nonzero only in some particular
small region of space will remain finite, since it is determined
by the correlator at coinciding points.
The exponential behavior of the diffusion coefficient
(61) seems very interesting. The assertion in Ref. 6 that
there exists a minimum metallic conductivity in the model
under consideration was the result of an insufficiently accurate investigation of the integral equation. The correct formula (61) shows that the transition is continuous. Nevertheless, the decrease of the diffusion coefficient near the
transition point is sharp, making is possible to speak of the
existence of a quasijump near the transition point. If we assume that the exponential decrease also applies for real systems, this could explain the very sharp conductivity decrease
that has been observed in many experiments and has led
people to suspect the existence of a minimum metallic conductivity.
The conductivity in the Anderson model on a Cayley
tree was studied numerically in Ref. 2. The authors of Ref. 2
obtained a very sharp decrease of the conductivity near the
transition point and concluded that a minimum metallic
conductivity exists. The sharp decrease is in agreement with
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(61). However, for an exact comparison of the results of
Ref. 2 with (61) we need a larger number of calculated
points near the transition.
In no way can the formula (61 ) be obtain9 by means of
the scaling hypothesis of Ref. 12. Of course, it may be doubted whether models on a Bethe lattice bear any relation to real
systems. However, such doubts seem strange, since the theory proposed in Ref. 12is very similar to the usual theories of
second-order phase transitions, for which the Bethe lattice
has simply yielded mean-field theory. Moreover, an attempt
has already been made4to obtain the conductivity on a Bethe
lattice using ideas expressed in Refs. 12 and 5. Application of
all these ideas in a certain rather general model on a Bethe
lattice has led to the conclusion that the conductivity decreases linearly as the transition point is a p p r ~ a c h e dwhich
,~
is natural from the point of view of scaling but contradicts
the exact result (61). In a recent paper13 scaling relations
were used to investigate localization in a space of high dimensionality d. It was concluded that the dielectric permittivity for d-+ co (corresponding to the Bethe lattice) should
remain finite as the transition point is approached. As already discussed above, the result can depend on how the
applied field varies in space. However, the author of Ref. 13
calculated the dielectric permittivity at zero momentum,
which, it would seem, corresponds to x (39). But the quantity tt diverges as the transition point is approached [see
(40) 1, contradicting Ref. 13. One may doubt the possibility
of describing a localized region by means of only one length.
2. The entire investigation carried out above is based in
an essential way on the noncompactness of the symmetry
group of the order paramter Q. In paticular, in the derivation
of (37) the important contribution is made by the region
A , = cosh 8, l/w, and in the derivation of (61 ) it is made
by the region A , a exp[q(a - a, ) -'"I. In the usual theories of phase transitions, however, the group of the order parameter has always been compact. We shall show that in the
present case too the replacement of the noncompact group
by any compact group quickly leads to scaling. We stress
that the compact symmetry group proposed below has no
physical meaning and is used only to illustrate the role of the
noncompactness.
We shall assume that the new model is described, as
before, by the formulas ( 1) and (2), but make t h t following
change for 6 in (2). We suppose, as bnefore, that 6 is a diagonal matrix, in which the component O,,corresponds to the
compact sector. We change only the component O,,. We
write the results of this change in the form of the following
change of Q,,,:

-

where the variables z and x are related by the equation
If f(z) = 1, we return to the noncompact model already
considered, since then x = sinh 8,. To construct the compact model we choose f(z) in such a way that Eq. (62a)
describes a closed curve. As f(z) we can take, e.g., the function

where R is a number
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Having changed the original model in this way, we can,
as before, obtain Eq. ( 11). Now, however, n, is a vector not
on a hyperboloid but on the closed surface obtained from the
curve (62a) by rotation about the z axis. Correspondingly,
by the scalar product of the vectors n and n; we understand
the expression
nlni1=f(z)f(zf)zz'-xx',

ni=(z, x).

(64)

The vectors n, and n; in ( 11) are now unit vectors in the
sense of the scalar product (64), and A , =f(z)z. In the region a %1, as before, the main contribution is given by values
o f 2 and A, close to unity, and this gives the solution (52).
Moreover, the entire perturbation theory in the limit a s 1 in
the presently considered compact model with f(z) (63) coincides with the perturbation theory for the correct noncompact model that was studied in the preceding sections, since
for values of z close to unity f(z) differs from unity by an
exponentially small amount. Despite the coincidence of the
perturbation-theory results, the critical behavior of these
two models is entirely different.
To elucidate the critical behavior it is necessary to find
the eigenfunctions of the kernel T.In the previous case the
eigenfunction was the product P,,(A ) P (A,). Because of the noncompactness the set of eigenvalues was continuous. However, in the general case too, it is not difficult to
construct the eigenfunctions of the changed operator T.
Naturally, the variables are again separable and the function
is written in the form of a product P, (A)p,(z). The function
p, (z) is a generalized spherical harmonic, corresponding to
transformations g that carry the set of unit [in the sense of
the scalar product ( 6 4 ) ] vectors into themselves, so that
n; =gn,. The procedure for constructing such spherical
harmonics by means of representations T ' ( g )of the group of
g is described in the book by Vilenkin.I4 Any function on a
compact set ofg can be expanded in a Fourier series in these
spherical harmonics (on a noncompact set, a Fourier integral is necessary).
We seek solutions of Eq. ( 1 1) in the form (52), assuming that c is a function of A and z. We expand c in a Fourier
series:

,

+.

(66) can be interpreted as an equation for the diffusion coefficient. For a > a, and 0- 0 we have coo a - a, . Precisely
this result was obtained in Ref. 4. For a < a , the quantity
coo-0 /(a, - a ) . Comparing with (SO), for the localization length we obtain I - (a, - a ) - ' , which unexpectedly
coincides with ( 3 8) .
Equation (66) has also been obtainedI5with the aid of a
self-consistent approximation. The coincidence of the equations obtained in Refs. 4 and 15 with Eq. (66), which was
derived with the aid of specially made incorrect distortions
of the correct noncompact u-model, compels us to think that
the approximations used in Refs. 4 and 15 are incorrect. To
check this assertion it would be interesting to use the method
of Ref. 15 to investigate the transition on a Bethe lattice. We
note that almost any change of the correct model leads to
(66). For example, it is possible in the original model to
calculate the integrals over A , not from 1 to ccr but from 1 to
some A,, . Then we again obtain Eq. (66). Evidently, replacement of the noncompact model by any compact model
corresponds to replacement of certain strongly fluctuating
quantities by their average values. Near the transition, when
the averages themselves (e.g., the conductivity) become
small, neglect of their fluctuations can lead to incorrect results.
3. The form of the diffusion coefficient (61 ) also contradicts the predictions of the renormalization-group method in a space of 2 E dimension^,'^." if this method is applied to the supersymmetric model ( 1) . While in no way
doubting the correctness of Refs. 16 and 17, we must note
that the analysis was performed only for compact models.
All the proofs of Refs. 16 and 17 were based on the invariance of the integration measure. For example, in the matrix
case it is necessary to integrate over all matrices Q satisfying
the conditions Q = 1 and Tr Q = 0. Such invariance guarantees that, after the renormalizations, only terms of the
type Tr(VQ)' appear in the Lagrangian. In noncompact
models, specifying the matrices with the aid of only these
restrictions leads to the necessity of integration over both
sheets of the hyperboloid, and this gives divergent integrals.
A way of integration over supermatrices Q is described in
Ref. 9, but this method cannot be called invariant, since it
) is distinct. Therefore,
assume that the matrix A =
there is in advance no guarantee that terms other than
Tr ( VQ) are forbidden.
An attempt to discover the existence of particular new
terms in the Lagrangian was undertaken in Ref. 18. The existence of such terms could be manifested in nonuniversality
of the coefficients of the logarithms. In Ref. 18 it was stated
that this nonuniversality is already apparent in perturbation
theory. However, the calculational result presented in Ref.
18 is erroneous, as a consequence of the loss of the contribution of one of the diagrams. Correct allowance for all the
diagrams leads to a universal coefficient in the order under
consideration. It is evident that if the conjectured new terms
in the Lagrangian do exist, they are exponentially small and
a calculation in the framework of perturbation theory will
not make it possible to find them.
At the same time, it is important to go beyond the
framework of perturbation theory, since the critical properties are determined not by perturbation theory but by the
global symmetry of the order parameter. For example, the
compact model defined by means of (63) has the same per-

-

+

(A -:

and substitute (52) and ( 65 ) into ( 11) . After this we transform ( 11) to the form (56), in which we must replace
Pip by p,. In the critical region, as usual, only the
zeroth harmonic is important. The corresponding coefficient coo (65) is small. Expanding (65) in cooand discarding
the other harmonics, we obtain

,

+

where a,, a,, and a, are numerical factors of order unity.
Equation (66) coincides in form with the equation for
the mean field in standard theories of phase transitions (in
spin models, the term c& is absent and it is necessary to write
c& ). This means that all the nonstandard results obtained in
the preceding sections are a consequence only of the noncompactness of the group of the order parameter.
If in addition we assume that c in (52) foril, z - +1, and,
consequently, coo are proportional to the diffusion coefficient D, which in any case is true in the region a 1, then Eq.
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turbation theory as the correct noncompact model, although
the critical behavior of these models is entirely different.
In conclusion the author thanks A. I. Larkin for a discussion of the results.

'R. Abou-Chacra, P. W. Anderson, and D. J. Thouless, J. Phys. C. 6,
1734 (1973).
*S. M. Girvin and M. Jonson, Phys. Rev. B 22, 3583 (1980).
3H.Kunz and B. Souillard, Commun. Math. Phys. 78, 201 (1980); J.
Phys. (Paris) Lett. 44, L 411 (1983).
4B. Shapiro, Phys. Rev. Lett. 50, 747 (1983).
'P. W. Anderson, D. J. Thouless, E. Abrahams, and D. S. Fisher, Phys.
Rev. B 22,3519 (1980).
6K. B. Efetov, Pis'ma Zh. Eksp. Teor. Fiz. 40, 17 ( 1984) [JETP Lett. 40,
738 ( 1984) 1; Zh. Eksp. Teor. Fiz. 88,1032 ( 1985) [Sov. Phys. JETP61,
606 (1985)l;
'M. R. Zirnbauer, Nucl. Phys. B265, 375 (1986).
R. Zirnbauer, Preprint, California Institute of Technology, Pasadena
(1986).
9K. B. Efetov, Adv. Phys. 32,53 (1983).
'OK. B. Efetov and A. I. Larkin, Zh. Eksp. Teor. Fiz. 85,764 ( 1983) [Sov.
Phys. JETP 58,444 (1983)l.

370

Sov. Phys. JETP 65 (2), February 1987

"V. L. Berezinskii, Zh. Eksp. Teor. Fiz. 65, 1251 (1973) [Sov. Phys.
JETP 38, 620 (1974)l; A. A. Gogolin, V. I. Mel'nikov, and E. I.
Rashba, Zh. Eksp. Teor. Fiz. 69,327 (1975) [Sov. Phys. JETP 42, 168
(1975)l.
I2E. Abrahams, P. W. Anderson, D. C. Licciardello, and T. V. Ramakrishnan, Fhys. Rev. Lett. 42, 673 (1979).
"I. M. Suslov, Pis'ma Zh. Eksp. Teor. Fiz. 43, 544 (1986) [JETP Lett.
43,704 (1986)l.
I4N.Ya. ~ilenkin,Spetsial'nye funktsii i teoriya predstavlenii grupp ( Special Functions and the Theorv of G r o u Representations),
~
Nauka, Moscow ( 1965) [English translation published by American Mathematical
Society, Providence, Rhode Island ( 1968) 1.
I5W.Gotze, The Conductor-Nonconductor Transition in Strongly Disordered Three-Dimensional Sysems, in: Recent Developments in Condensed Matter Physics (ed. J. T. Devreese), Vol. 1, Plenum Press, New
York (1981); p. 133, D. Belitz and W. Gotze, Phys. Rev. B 28, 5445
(1983).
I6A. M. Polyakov, Phys. Lett. B59, 79 (1975).
"E. Brezin, J. Zinn-Justin, and J. C. LeGuillou, Phys. Rev. D 14, 2615
( 1976); E. Brezin, S. Hikami, and J. Zinn-Justin, Nucl. Phys. B165,528
(1980).
I8K.B. Efetov, Zh. Eksp. Teor. Fiz. 89,1050 ( 1985) [Sov. Phys. JETP 62,
605 (1985)].
Translated by P. J. Shepherd

K. B. Efetov

370

