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A theory of resonance scattering of electrons is formulated by taking into account the formation
of polariton-type electron-phonon states at the impurity center. A formula is derived for the
resonance scattering cross section with an arbitrary value of the electron-phonon interaction at
the center. The possibility of point-contact spectroscopy of the electron-phonon interaction
function in quasilocal electron states is demonstrated. The conclusions of the theory are
compared with experiments employing mixed valence heterojunctions (CeNi,-Cu) .l 3

1. INTRODUCTION

The extensive investigation of mixed valence systems,
heavy-fermion and metal-oxide compounds has recently
generated special interest in the problem of localized electron states in metals. Since the presence of such states near
the Fermi level causes substantial changes in the thermodynamics and kinetics of the metal, it is important to investigate their interaction with the vibrational degrees of freedom
of the crystal. This interaction will produce a polaron shift
and a band of coupled electron-phonon states at the center.
It is important to note that conventional optical spectroscopic techniques used to investigate analogous states in
semiconductors' are less effective in the case of metals due to
the skin effect. One promising approach in these conditions
is to investigate the transport properties, which are sensitive
to the structure of the localized electron states due to resonance scattering.
We will demonstrate in the present study that electronphonon interaction (EPI) at the center has a substantial
influence on the resonance scattering picture, as it determines its inelastic nature and the temperature dependence of
the cross section. The most promising method for investigation of this scattering process is analysis of the point-contact
. ~ ~we
~ will demonstrate the first
electrical c o n d ~ c t i v i t y As
derivative of the I-V characteristic is proportional to the total scattering cross section and in many cases can be used to
recover the EPI function in local states.
A model taking into account the hybridization of the
band and localized states and the EPI in the localized states
will be formulated in the next section. The problem of resonance scattering at an empty center is solved exactly for electron-phonon interaction of arbitrary magnitude, and expressions are derived for the partial and total scattering cross
sections.
Section 3 demonstrates the possibility of point-contact
spectroscopy of EPI at the centers. It is demonstrated that
the first derivative of the I-V characteristic of the heterojunction, one of whose junctions contains resonance scattering centers, is proportional to the total scattering cross section and allows determination of the position of the
resonance level and the extent of electron-phonon interaction at the center. Unlike regular point-contact spectroscopy2z3an appropriately normalized first derivative of the I-V
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characteristic is proportional (in the case of weak EPI) to
the thermodynamic-(and not the point-contact) EPI function in the localized state.

2. HYBRIDIZATION HAMILTONIAN ANDTHE EVOLUTION OF
ELECTRON-PHONON STATES AT THE CENTER;
SCATTERINGCROSS SECTIONS AT AN EMPTY CENTER

We will consider the localized electron state as a distinct degree of freedom (operators c+, c) corresponding to
energy e,. In this case the hybridization of such a state with
the band states characterized by the operators a, +,a, can
be described by means of Anderson's H a m i l t ~ n i a nConsis.~
tent with the discussion in the Introduction, the Hamiltonian must be augmented to account for the interaction of the
localized state with the phonons (the operators b, +,b, correspond to these). Below we will not take into account the
interaction of the band electrons with the phonons. This is
possible since the phonon renormalizations of the band electron energies are small compared to analogous renormalizations for localized states by a factor w,/q,v-s/ug 1 (s is
the speed of sound; u is the electron velocity, w , and q, are
the Debye frequency and momentum).
The Hamiltonian of the model takes the following form:

Here E, is the dispersion law of the band electrons, o, is the
phonon frequency. The EPI matrix element a, is related in
the normal manner to the deformation interaction constant
A of the localized electrons ( V, N M / V are the crystal volume and density) :
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We will henceforth assume that the hybridization constant g
is small on the scale of characteristic electron energies of the
metal:

In order to solve the problem of band electron scattering at
the center it is necessary to analyze its hybridization dynamics with the set of local electron-phonon states described by
the Hamiltonian H,. We will introduce the probability amplitudes and D of a transition from the initial state a , + 10)
to the states a , + 10) and c+ 10). The one-electron wave function can be represented as

In analyzing transport phenomena the probability of
resonance scattering at a single center must be averaged over
the states of the phonon system. Assuming an equilibrium
phonon system we will define the transition probability per
unit time W,,, in the following manner:

;,

Using the results from Ref. 5 we have

(lip, D operate on the phonon variables). The Schrodinger
equation $ ( t ) determines the time dependence of the opera, and 2:
tors ;

X

J d t , exp[-i(eOa-ek-iI')tJ

dii,
i -= e P i i p + g ~ ,
dt

x [ e x p( - i o q t 2 ) - I ]
The initial conditions on Eqs. ( 7 ) in accordance with the
scattering problem at the empty center we are treating take
the form

We will focus on the formal analogy between this problem and the problem of resonance tunneling involving phonens.' The Hamiltonian ( 1) differs from the tunnel Hamiltonian in that the localized states undergo hybridization only
with a single "kind" of band electron. Hence only a single
kind of amplitude ii, will figure into the scattering problem.
It is possible to simplify equation Eq. (7) in the case of low
levels of energy transfer:

dt3
0

0

1

0

+

+

cth 2-[ e x p ( i o q t 2 ) exp ( - i o q t 3 )
2T

+ exp ( i o q t i )( I - exp ( i o q t 3 ) )( e x p ( - i w q t 2 ) - 1 )

I}

- c.c..]

Here E,* is the resonance level energy renormalized on account of the polaron shift:
eom=e.-en,

1 a, I ' l o , .

en =

(14)

'1

The scattering cross-section is related to the quantity
W,,, by the relation

Equations ( 12)-( 15) make it possible to determine the energy dependence of the total scattering cross section:
for which the density of states in the band may be taken as
fixed: N ( E ) = N ( E ~ )This
.
allows introduction of damping
of the local electron states, which gives the level I? a finite
width:
r=ng2

6 (8,-80) =ng2N ( E O ) .

(10)

00

o,(e)-

I

1

2nr
d e ' ~ ( e + e ' ) = ~d t e x p l - r l t l + i ( ~ - a . * ) t l
ko
-m

1 (2n.+i) - ( n , + i ) exp ( - i o , t )

xexp{01'

P

It follows from (7 ) that
where n, = [exp(w,/T) - I]-'. It is clear from relation
(16) that the EPI intensity is characterized by the dimensionless parameter A:
+ g z tip ( 0 )exp ( - i e p t ) .

(1 1)
q

The solution of system ( 11) for 2, ( t ) can be represented as
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We can introduce the EPI function g,, ( w )locally by analoGlazrnan eta/.
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( 17 )

In the next section we will discuss the possibility of recovering this function from point-contact experiments.
The exponent in (16) can be expanded in this parameterA 4 1 (weak EPI). In this case the nth term of the expansion determines the scattering cross section involving n photons. Taking into account the contribution of the
one-photon processes, we obtain

u,(E)= (1-C)o... (8-8,')

+

[Aq&.. ( e - ~ ~ * - o ~ )

where

=Fz
1

AE

la412~41

4

8 ( E ) is the Heaviside step function.
Expression (22) holds when ( 19) is satisfied and for
energy transfers satisfying I E 1 <E,. Hence for AE4 c T the
characteristic energy transfer levels are determined by the
value of AE. We can obtain an estimate for AE bv re~lacing
the phonons with classical shifts. The polaron shift after the
electron enters the localized state obeys the law

- .

m

-(1 - oos o q t ) .

ET(~)q

( 18)

In the case A & 1 (strong EPI) multiphoton contributions are significant. The integral ( 16) can be evaluated asymptotically by expanding the exponent in powers of w, t
-wq2/)aq
l 2 4 1 up through quadratic terms. For
(19)

0q

If the time of the electron at the center is tobtain from (24) :

r-' g @ , - I ,

we

which agrees (in terms of relevant parameters) with (23).
In the inverse limiting case, r g o , , the characteristic energy transfer levels are E - 2 ~ , .
Finally, with regard to further applications of the theory to point-contact experiments, we will discuss the resonance scattering of hole excitations at filled local levels lying
deep under the Fermi surface. Remaining within the framework of our model we will go
- from the electron creation
operators to the hole excitation creation operators in the
Hamiltonian(1)-(3):

we obtain

IS,(&)=--

(2n)"

I?

(20)

ko2 eA(T)

Expression (20) suggests that strong EPI produces significant resonance broadening. This is due to the activation of
the inelastic scattering channels. It is interesting to note that
such a change in the nature of the scattering does not alter
the normalization of the function or(E).Using relation ( 16)
it is possible to directly determine the validity of the following sum rule:

which holds with any value of the parameter A.
The energy distribution that arises with resonance electron scattering is conveniently characterized by the partial
inelastic scattering cross section oi
This quantity
depends both on the departure from resonance E - E, and
the energy transferred to the photons E = E - E'. In the case
of strong EPI the cross section oi( E + E ' ) is maximized for
( E - E,(<E,, ( T ) [see (20) 1. The characteristic value of E is
related to multiphoton processes and hence significantly ex.,
Using the saddle-point method to evaluate the
ceeds @
integrals in ( 12) we obtain

In this case it is necessary to take into account the crystal
deformation arising from electron occupation of the local
state and resulting in renormalization of the phonon operators

Using these operators and dropping the insignificant constant terms we write the Hamiltonian in the form of (1 ),
where

(&-+&I).
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Here E,* = E, - E~ is the resonance level energy for a hole at
a filled center. After this transformation we can analyze resonance scattering of the hole at the deep filled center in the
same manner as was done previously for an electron. Specifically, the wave function of the hole takes the form
Glazrnan etal.
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spectroscopy. In solving the kinetic equation it is necessary
to use the collision integral of the carriers with the resonance
scattering centers:
We note that the completely filled states in the band and at
the center correspond to the hole excitation vacuum (O), .By
comparing Eqs. (2a), (3a), and (6a) with (2), (3), and ( 6 )
we see that a formal transformation from the results of the
scattering problem for an electron to the corresponding results for a hole is achieved by the substitution.

Thus the transition probability for the hole W : , , is related
to the scattering probability W,_, for an electron [see ( 12),
(1311 by

Without energy relaxation at each point in the metal the
current carriers can be divided into two groups: those that
have and those have not passed through the contact. We will
introduce the probability w, ( r ) of elastic electron arrival
from the dirty metal at point r with momentum p. In the
absence of resonance scattering the trajectory classification
given above can then be taken into account by representing
the carrier distribution function7.' as
fp(r)=wp(r)nF(ep+eq)+eV/2)

+ [l-wP(r) l n F ( ~ P + e ~ - e V / 2 )
(3 1)

3. POINT-CONTACTSPECTROSCOPY OF EPI AT IMPURITY
CENTERS

Point-contact spectroscopy is an effective method of investigating the energy relaxation of current carriers in metals. Unlike conventional application it is quite unique for
investigating resonance scattering in elastic and inelastic
channels, since, as we have seen, the scattering cross section
depends not only on energy transferred to the phonons but
also on the absolute electron energy. This relation is determined by the proximity of the energy to the resonance scattering level and may be quite steep. We will demonstrate
below that in the limit r g w , this steepness is responsible
for the features of the EPI function appearing as early as the
first derivative of the I-V characteristic of the point-contact.
Heterojunctions containing scattering centers on only one of
the junction boundaries (the "dirty" boundary) are the
most sensitive to resonance scattering emission. A specific
asymmetry of the nonlinear I-V characteristic will appear in
such structures and this will make it possible, in addition to
the EPI intensity, to also determine the position of the resonance level with respect to the Fermi surface.
For illustrative purposes we will consider the case of the
electrical conductivity of a point contact in ballistic conditions when the mean free path 1of the electron exceeds the
contact dimensions d:

(nois the concentration of resonance impurities). In investigating the electrical conductivity it is important to take into
account the additional carrier scattering on the contact surface of the metals forming the heterojunction. When the
transmission coefficient of the electrons through the surface
is small, the resistance is largely produced by these scattering processes, while the applied voltage V is principally applied at the contact boundary.' Current flow in this system is
accompanied by injection of carriers with excess energy distributed in the interval from 0 to eV to the metallic boundaries. The diffusion of these carriers in the solid boundaries
accompanied by scattering at the centers determines the
nonlinear addition to the I-V characteristic which may be
calculated using the standard method for point-contact
2137
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We note that with this selection of fp the potential q, in the
dirty metal will differ from the limit - V/2 by a value proportional to the low transparency of the contact boundary.
When (29) holds, the current in the point contact can be
calculated using perturbation theory in the collision integral
(30); the function& ( r ) (31) of the elastic approximation
must be substituted into (30). As a result the nonlinear correction determining the "return current" in the point contact9 can be represented as8

where under ballistic conditions

n ( r ) is the solid angle of observation of the aperture from
the point r in the point contact, and Dpis the transparency of
the contact boundary between the metals (Fig. 1).
We can observe a qualitative picture of the electrical
conductivity by considering an example where the resonance level in the metal is above the Fermi level. Figure 1
shows a diagram corresponding to carrier injection from the
point-contact. The figure clearly reveals a qualitative difference of the electron scattering patterns in the two different
voltage polarities. When a positive potential is applied to the
dirty metal (Fig. 1, b) the nonequilibrium electrons are injected to the energy band above the Fermi level. Their possible scattering at the resonance center determines the nonlinear behavior of the I-V characteristic. In the absence of EPI
the scattering of electrons with a boundary energy E, + e Vis
maximized for e V = E~ - E,. Weak EPI is responsible for
the inelastic resonance scattering processes and will produce
an additional I-V characteristic reflecting phonon duplications of resonance. In the opposite polarity (Fig. 1, c) nonequilibrium holes are injected to the energy band under the
Fermi surface, there is no resonance scattering, and the I-V
characteristic contains no resonance features.
It is quite evident that if the resonance level lies below
the Fermi surface, the I-V features will appear with a negative potential across the dirty metal. These features correspond to resonance scattering of the hole excitations at a
filled center (see Sec. 2).
Glazman etal.
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Expression ( 3 3 ) is valid for any EPI level if the actual values
of electron energy during the scattering process are far from
the Fermi surface. The corresponding criteria take the following form in the case of weak ( A 4 1) and strong ( A>> 1 )
EPI, respectively

Ae,

EA,

Teea-eF, h B l .

The most direct relation between the EPI function and
the nonlinearity of the I-V characteristic occurs in the case of
weak EPI for T, T ( w D :

Here the function g , ( o ) determines the position and shape
of the line produced by scattering in the elastic channel:
g.(o)=-

de
j -oh-2-

4T - ez+I'"
00

FIG. 1. Point-contact configuration: a-( XS: Resonance scattering
centers; lines: Trajectories of impurity-scattered electron (ABC, A,B,C)
and non-impurity-scattered electron) and energy relaxation diagram of
carriers injected from the point-contact in two voltage polarities: &
Scheme of electrons undergoing subsequent scattering on the resonance
level, c-hole scheme.

e-o

2T

Figure 2 provides a schematic representation of 6 R / R , plotted as a function of V. We note that the integral scattering
intensity in the elastic channel is determined solely by T:

The calculations carried out by Eq. ( 3 2 ) subject to
( 15), ( 16) yield the following expression for the correction

6R to the ballistic resistance R , of the contact:

Taking into account that the total intensity of the phonon
repetitions is small compared to ( 3 8 ) we obtain from ( 3 6 )
the capability to directly recover the EPI function based on
experimental data1':

here

d is the diameter of the point contact,((K )) is the formfactor of a heterojunction averaged over the directions of the
m ~ m e n t a The
. ~ quantity I , ( & ) figuring into ( 3 3 ) is the
mean free path of the electron with respect to resonance scattering by the impurities:

j de'

lT-' ( e ) =no - c P

,41P

,(a'-4-8.)

2T

For r ) w , , the weak phonon repetitions are nondifferentiable against the principal peak g o ( @ )determining the position and width of the resonance level.
In the case of weak EPI the multiphonon processes
cause significant smearing of the resonance scattering line
[see ( 2 0 ) ] .In this case the nonlinear correction ( 3 3 ) to the
resistance will be determined by expression ( T g E , )

FIG. 2. Schematic representation of the nonlinear addition to the point-contact resistance as a function of the
voltage in the case of weak EPI for a resonance level lying
and below: b
above: a-(w = eV + s, - E,)
( w = 1 e V I + E,, - E, ) the Fermi surface. The inserts provide inelastic resonance scattering diagrams of electron
( a ) and hole ( b ) excitations.

eV
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We note that at any EPI intensity the integral intensity of the
nonlinear additions SdwSR (o)/R, is independent of /Z and
T, and isdetermined [in accordance with (21) ] solely by the
width of the level r.
The relations given above refer to the case of a resonance level lying below the Fermi surface. As discussed
above in the opposite case the features of the I-V characteristic appear in the reverse polarity. In order to obtain the corresponding results it is necessary to analyze ballistic spreading of the holes and their resonance scattering [see (28) ]. In
this case it is necessary to carry out the simple substitution
V- - V and to change the sign of the difference E, - E, in
the final expressions ( 3 6 ) , ( 3 9 ) , and (40) for the cases of
weak and strong EPI, see Fig. 2, b.
The nonlinear features of the I-V characteristic attributable to resonance scattering also occur for a symmetric
homojunction with the boundaries consisting of the same
dirty metal. However in this case the I-V characteristic is
symmetric with respect to the voltage polarity and is independent of the sign of the difference E, - E,. Moreover due
to the lack of a contact boundary between the metals the
electrostatic potential p ( r ) changes throughout the spreading region.3 Hence the kinetic energy of the injected electrons depends on the coordinates and the resonance condition EZE, holds for any possible values of the voltage
(eV>
- E ~ ( even
)
for electrons in a relative small fraction of the spreading region. As a result the intensity of the
resonance features in the first derivative of the I-V characteristic is substantially reduced compared to the case of a
heterojunction, while their decay law with increasing voltage diminishes. In the limit of weak EPI the elastic addition
to the resistance of the contact for the circular hole model
take the form ( T-4 T)

while the phonon features appear clearly only in the second
derivative of the I-V characteristic:

In the case of strong EPI the nonlinear addition to resistance
is determined by the relation (T<E, )

Here D ,,,(z) is a parabolic cylinder function having the
asymptotic forms
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The analysis carried out in the present section referred
to the case of ballistic charge transfer in the point contact
( I > d ) . The electrical conductivity of the point contact in
diffusion conditions ( I < d ) differs significantly from the
electrical conductivity in the absence of resonance scattering. This can be attributed to the sharp energy dependence of
the resonance scattering time which produces a sharp dependence in the coefficient of diffusion. In this case, as demonstrated in Ref. 10, the nonlinear portion of the resistance is
determined by the relaxation processes that occur in a region
far from the point contact over the total energy relaxation
length. This will serve to amplify the intensity of the nonlinear features of the I-V characteristic and will produce multiphoton duplications (in the case A < 1) in the SR(V) relation. A detailed analysis of this issue lies beyond the scope of
the present study.
4. DISCUSSIONOF RESULTS

As noted previously the area of particular interest is the
application of these results to an analysis of the energy structure of mixed valence compounds. It is important to point
out at the outset that this model contains a significant simplification and does not account for correlation effects. It applies to the case of a low concentration of scatterers, while
the familiar systems take the form of concentrated solutions.
Moreover an analysis of the electrical conductivity in terms
of the scattering cross section can apply only to the so-called
impurity (noncoherent) charge transfer regime in these
compounds, where the resonance centers are distributed
chaotically and there is no band motion over the ordered
local states." Nonetheless we believe that the relations obtained in the present study relating the point-contact electrical conductivity to the resonance scattering cross section can
be used to estimate the configuration and width of the quasilocal levels in these compounds. In this regard we will cite
research on YbCuAl, CeNi,, CeCu2Si, intermediate valence
compounds by means of point contact^.'^-'^ Experiments
conducted in Ref. 12, 13 were carried out on heterojunctions
and applied, in the opinion of their authors, to the ballistic
mode of electrical conductivity. So-called thermal conditions in which the R ( V ) relation of the point contact is similar to the R ( T) relation in a bulk metal with T=:eV/3.6317 is
realized in other studies" due to the short scattering length.
In emphasizing the experimentally observed asymmetry in
the I-V characteristic the authors identify the variable nature of its nonlinear features. While a noticeable nonlinearity
of the I-V characteristic was identified in Ref. 12, 14 together with a minimum appearing in the first voltage derivative
of the current, an analogous structure was observed in the
second derivative of the I-V characteristic. In this case the
features correlate well with the position and width of the
levels of the quasilocal states of rare-earth ions obtained
from other experiments. The analysis carried out in the present study makes it possible to attribute the difference in the
two experiments to the possible role of electron scattering on
the adjoining surface of the contact metals. If this scattering
is substantial, a near-tunneling situation occurs and the features associated with resonance scattering appear as early as
the first derivative of the I-V characteristic. If scattering at

the contact boundary is rather weak, the inhomogeneity of
the electrostatic potential distribution in the spreading region is significant, and the corresponding features in the
nonlinear I-V characteristic are smoothed out.
Unfortunately the distance of the resonance level from
the Fermi surface was shorter than the characteristic
phonon frequencies for the compounds used as test specimens in Refs. 12-14. This made it impossible to differentiate
the point-contact contributions from the EPI on the quasilocal level and in the conduction band (as noted in Sec. 3, these
contributions will be shifted along the energy axis by a magnitude equal to the distance of the level from the Fermi surface). It is also important to consider the temperature dependence of the width of the peaks on the nonlinear I-V
characteristic of the point contact in investigating the EPI
intensity in localized states. However the literature contains
no such data at present.

"We note that the features of the I-V characteristic related to EPI at the
resonance center are shifted bye, - E , along the eVaxis with respect to
the phonon spectrum for the band electrons. In the case e, - e,> a,
this makes it possible to reliably differentiate the corresponding contributions.
'LightScatteringin Solids, edited by J. L. Birman, H. Z. Cummin, and K.
K. Rebane, N.Y., Plenum Press, 1979.
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