Appearance of a saddle point in the energy spectrum of Bi, -,Sb,

alloys

S. Sh. Akhmedov, R. Herrmann, K. N. Kashirin, A. Krapf, V. Kraak, Ya. G. Ponomarev,
and M. V. Subakova
S. U.Umarov Physico-Technical Institute, Tadzhik SSR Academy of Sciences
(Submitted 15 September 1989)
Zh. Eksp. Teor. Fiz. 97,663-680 (February 1990)

We investigate experimentally the electron Fermi surface of the semimetallic alloys Bi, - ,Sb, in
the composition interval 0.22(x(0.6. We have observed an electronic-topological transition of
the kind described by I. M. Lifshits which consists of the confluence of two isolated portions of the
electron isoenergetic surface, which are initially shifted with respect to the L point in opposite
directions relative to the mirror symmetry plane, to form a single dumbbell-shaped Fermi surface.
This topological transition is a consequence of the appearance of a saddle point in the electronic
Sb, alloys as a result of inversion of the bands about L with
energy spectrum of the Bi, -,
increasing x. We show that the transformation of the electronic Fermi surface in these alloys can
be described over the entire interval of composition O(x(0.6 in terms of the McClure-Choi
dispersion relation when certain of the parameters of this relation are allowed to vary with x.

INTRODUCTION

Bi and Sb are typical semi metal^,'-^ which form a conSb,, whose charactertinuous series of solid solutions Bi, -,
istic feature is a transition to a semiconducting phase in the
concentration interval 0.07(x(0.22 (Refs. 4 - 6 ) . The semiconducting alloys Bi, , S b , belong to the class of narrowgap materials with "thermal" gaps, i.e., gaps less than 30
meV. Band structure calculations for Bi and Sb (Refs. 7 and
8 ) show that the reason for the transition of these alloys to
the semiconducting phase is the differing symmetries of the
terms which determine the top of the valence band in Bi (the
term T,) and in Sb (the terms in H ) . As the antimony
concentration x increases, the top of the valence band (the
term T,) shifts rapidly downward along the energy axis
and reaches the bottom of the conduction band (term L a )
for x 0.07 (Ref. 6 ) . In the process of removing the band
overlap, the terms of the reduced Brillouin zone invert at the
L point, leading to a transition to the gapless state for
x z 0 . 0 4 (Refs. 9 and 10).
The reconstruction of the band structure in the
Bi, _,Sb, alloys with increasing x in the region O(x(0.22
has been quite well studied up to no^."^,^-'^ At the same
time, data on the band structure of the alloys in the composition interval 0.22(x(0.75 is clearly inadequate, although it
has also been established that the semiconductor-semimetal
transition at x z 0 . 2 2 comes about because of the appearance
of an overlap of the conduction band at the L point with the
extrema of the valence band at H.I6*" Thus, the symmetry of
the terms which determine the top of the valence band in the
Sb, for x > 0.22, remains unsemimetallic alloys Bi, -,
changed up to pure Sb ( x = 1 ) .",I8
The electronic Fermi surface in bismuth consists of
three different quasiellipsoids which are centered with respect to the L points and which are rotated out of the basal
plane at an angle O = + 6"21' (Refs. 3 and 7). The entire
complex of experimental data obtained for the electrons at L
is described by the McClure-Choi dispersion relation,19
which is calculated using the k.p method and which contains a large number of parameters which appear in first,
second and third order of perturbation theory.
For small values of the energy E and the gap parameter
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EgL,the global characteristics of the electron Fermi surface
can successfully be described by using the simplified
McClure dispersion relationz0

where Q,, are matrix elements of the velocity operator which
characterize the k.p interaction between the valence and
conduction bands in the three principle directions; (a,,), ,
are the corrections to the inverse masses which take into
account the way distant bands at L affect the curvature of
E ( k ) in the elongated direction of the isoenergetic surfaces
at the valence band ( V) and conduction band ( C ).
In the case of positive mass corrections (a,,, ,a,,, > 0 )
(Refs. 19-22), a saddle point can appear in the spectrum ( 1 )
only for EgL< 0. According to one of the widely-used models
(that of Tikhovolskii and Mavroides; see Ref. lO),the gap
parameter is negative in Bi and in the alloys Bi, _ ,Sb, for
~ ( 0 . 0 4 changing
,
sign to positive (E,, > 0 ) after an inversion of the bands in the Bi, - ,Sb, alloys for x > 0.04. It
should be noted that up until the present time there have
been no experimental data which indicate the existence of a
saddle point in the Bi spectrum and in the Bi, ,Sb, alloys
with ~ ( 0 . 0 4 .
The model described above is widely used to analyze the
existing experimental data, with the simplified McClure
expression taken as the dispersion relationz0 [Eq. ( 1 ) 1.
However, it should be pointed out that there are a number of
experimental results which cannot be explained within the
Tikhovolskii-Mavroides model.I0 The authors of Refs. 22
and 23 observed a sharp maximum in the anisotropy of the
charge carrier cyclotron mass in the semiconducting
Bi,-,Sb, alloys with compositions in the range near
x z 0 . 1 5 . This effect cannot be explained within the framework of the model of Ref. 10. Another important discrepancy was observed by the authors of Ref. 24 i I their investigation of spin effects in the semimetallic Bi, - ,Sb, alloys near
the zero-gap state. It was established that in using the usual
model of Ref. 10, agreement between theory and experiment
can be obtained only with unreasonably large values of the
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spin parameters. These authors observed that by changing
amplifier and phase detector; the monotonic trace was subthe sign of the gap parameter they could use reasonable valtracted out at the output of the phase detector. The record of
ues of the spin parameters; this allowed them to propose a
the Shubnikov-deHaas oscillations was generated as a funcnew model of the reconstruction of the band structure in the
tion of both direct and inverse magnetic field on a two-diBi, _ ,Sb, alloys, according to which the gap parameter E,,
mensional plotter.
is positive in Bi and changes its sign to negative when the
The single-crystal Bi, -,Sb, alloys were prepared by
bands invert.
the method of zone melting. The rate of motion of the zone
~*~
the
~ aIf the McClure dispersion law is c o r r e ~ t ' and
was chosen so as to exclude the possibility of a cellular subparameters are positive'9921within the framework of the new
structure because of concentration supercooling. Determinthen a saddle point must appear when the energy
ation of the concentration of these alloys was carried out by
spectrum of the Bi, _ ,Sb, alloys is inverted, and the funcusing a "CAMEBAX SX" x-ray microscopic analyzer.
tion E ( k ) must acquire a double-humped ("camel back")
Samples of rectangular shape with characteristic diform in the conduction and valence bands.
mensions 0.5 X0.5X3 mm3 were cut along the principal
In this paper, we will investigate quantum oscillations
crystal axes from single-crystal billets using an electron millin the magnetoresistance (the Shubnikov-deHaas effect) in
ing apparatus. An additional visual selection allows us to
single-crystal samples of semimetallic Bi, - ,Sb, alloys in the
exclude those samples with twinned inclusions.
After the samples were etched in a polishing etch and
composition interval 0 . 2 1 9 ~ ~ ~ at
0 . liquid-helium
6
temwashed in ethyl alcohol, current contacts made of 100 p m
peratures and in magnetic fields O(H(55 kOe, when the
diameter copper wire were soldered to their ends with
magnetic field is rotated in the twofold-bisector (HlC,) and
Wood's metal. The potential contacts (tinned copper wire of
bisector-trigonal (HlC,) planes. It was observed that with
diameter 50 p m ) were melted to the central parts of the
increasing x in the region of concentrations 0.255 < x < 0.26
samples at distances 0.5 mm from one another by using electhere occurs in these alloys a confluence of two separated
tric spark welding. The samples of Bi, - ,Sb, alloys used for
portions of the electron Fermi surface, which are displaced
the investigation in this paper are listed in Table I.
from one another relative to the L point of the reduced Brillouin zone in opposite directions in the reflection symmetry
EXPERIMENTAL RESULTS
plane, into a single isoenergetic surface of dumbbell form ( a
so-called electronic-topological or Lifshits transition).
In recording the Shubnikov oscillations in the magneIntraband magnetic breakdown is observed in
toresistancep(H) of the Bi, -,
Sb, alloys in the longitudinal
Bi, -,Sb, alloys between the two portions of the electron
(Hllj) and transverse ( H l j ) configurations, we observed all
Fermi surface at L. Direct experimental proof has been obthe characteristic features of oscillations which are intrinsic
tained of the strongly dumbbell-like shape of the isoenergetic
to pure
First of all, in passing from the longitusurface which appears after the Lifshits transformation
dinal to the transverse configuration, the phase of the osciltakes place.25
lations i n p ( H ) changes by 180"; as successive Landau levels
We have investigated the transformation of the electron
separate from the Fermi level, p (H)passes through a maxi, for H l j and a minimum for HI(j. Secondly, as the temenergy spectrum at L in the composition interval 0 ~ ~ ~ 0 . 6mum
which can be successfully described by the McClure disperperature is lowered from 4.2 K to 1.8 K the amplitude of the
sion relationz0 under the condition that a number of its paoscillations in p ( H ) in the transverse configuration ( H l j )
rameters depend on x. A comparison of theory with experiincreases in the ordinary way,28 while in the longitudinal
ment is given for concentration dependences of the
configuration (HIJj)it decreases; this is due to the specific
cross-section of the electron Fermi surface and the cyclotron
properties of inter-level phonon scattering at low temperamass of the charge carriers.
ture~.~~
Taking into account the facts described above, we note
MEASUREMENTMETHOD; OBJECTS OF INVESTIGATION
that the temperature dependence of the oscillation ampliThe field dependences of the magnetoresistance p ( H )
tudes in the longitudinal magnetoresistance for the
Bi, _ ,Sb, alloys under discussion cannot be used to calcuand its derivatives dp ( H ) / d H and d 2p( H ) / d H were measured in the range ofmagnetic fields OgHG5.5 T for the temlate the cyclotron mass of the charge carriers using the stanSb,
peratures 1.8& TG4.2 K.Single-crystal samples of Bi, -,
dard methods. In this paper, the cyclotron mass of the carriers is calculated by the usual procedure," when the angle
alloys were placed at the center of a superconducting solebetween H and j is >60", at which stage there are no anomanoid in a drumlike rotating apparatus.The angle of rotation
lies.
of the samples relative to the direction of the magnetic field
In all the Bi, - ,Sb, alloy samples investigated (see TaH was determined to within f 0. lo by using an induction
recorder included in the tracking system.
ble I ) quantum oscillations in the magnetoresistance p ( H )
and its derivatives dp(H)/dH and d Z p ( H ) / d H 2were obA signal proportional to 1/H, and also a signal
served over a wide interval of angles as the magnetic field
a +_ aH +_ OH used to cancel the monotonic variation of
was rotated in the twofold-bisector (HlC,) and bisectorp ( H ) or dp (H)/dH, was generated using an analog computtrigonal (HlC,) planes. The calculations presented in this
er setup. The signal p ( H ) , after subtracting the signal p ( 0 )
paper showed that the concentration of electrons and holes
and the monotonic variation, was amplified by an F-118/1
at liquid helium temperatures vary within the following limphotoelectric amplifier. The record of the Shubnikov oscillaThe
. free
its: 2.1.1016 ~ m - ~ & N = ) < 1 . 6 1 - 1 0~' ~m - ~
tions in dp ( H )/dH and d 2p( H )/dH was generated using
charge carriers in these alloys appear as a result of the overthe standard modulation technique. The signal proportional
lap of the valence band (the terms at the H point) and the
to dp(H)/dHor d Zp(H)/dH was passed to a narrow-band
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TABLE I. Experimental and theoretical values of the quasiclassical frequencies of the SdH oscillation periods (which are proportional to the extremal crosssections) and cyclotron masses for the semimetallic alloys Bi, - .Sb, (0.219<x<0.33) for HIIC,, and also the calculated values of the energy E. The energy gap is
measured within the limits - 43<E,,< - 69.9 meV, while concentrations of carriers of both types at L were measured within the following limits: 2.10. 1016
~m-~<~=~<1.61.10~~cm-~.

conduction band (the terms at the L point). According to
the model of Ref. 24, in the alloys under discussion the energy spectrum at L is taken to be inverted (Ed <O) with respect to the spectrum of bismuth, while the values of the gap
parameter vary within the limits - 43 meV (E,, ( - 69.9
meV. In the table we also present the calculated values of the
energy E for all the samples under study.
The angular dependence of the frequency of the Shubnikov-deHaas oscillations allows us to reconstruct the shape of
the Fermi surface for each Bi,-,Sb, alloy sample with
x > 0.22. We also studied the angular dependence of the cyclotron mass of the charge carriers. With regard to the character of the angular dependences of the observed oscillations, it was necessary to refer them to the electron Fermi
surface at the L point of the reduced Brillouin zone. In this
paper we observed no oscillations from the hole Fermi surface.
In the case of an ellipsoidal Fermi surface, in the general
case three independent frequencies should be observed from
the three isolated portions of the electron Fermi surface as
the magnetic field is rotated in the basal plane ( (HlC,). For
(HIIC2)(where C, is the twofold axis), in stronger magnetic
fields there is a dominant "high-frequency" oscillation from
the maximum cross section of the electron Fermi surface at
the L point ("heavy" electrons), while in weak magnetic
fields there are "low-frequency" oscillations from near the
minimum cross section, which also correspond in magnitude
to the cross sections of the two other isolated surfaces at the
L point ("light" electrons). These oscillations are well separated in magnetic field.
When the field direction deviates from the twofold direction C,, the oscillation frequencies deviate from the cross
section which is close to minimum, because the low-frequency oscillations are beat notes of two frequencies. As the angle
between H and C, increases, the high-frequency oscillations
shift toward the region of weak magnetic fields and creep up
on the low-frequency oscillations.
A detailed analysis of the high-frequency oscillations in
the Bi, - ,Sb, alloys withx > 0.261 shows that when the field
direction deviates from the twofold direction the decrease in
the Shubnikov oscillation frequency is anomalously rapid
(compared to the Bi, -,
Sb, alloys with x < 0.26). In this
case, the amplitude of the oscillations grows rapidly. These
peculiarities indicate that there is an unusual anisotropy in
the Fermi surface for alloys with ~(0.261.
As shown in Ref. 11, in n-type Bi, -,Sb, alloys with a
magnetic field H beyond the quantum limit oriented near the
twofold axis direction for small cross sections of the Fermi
surface at L, the frequency of oscillations from the neighborhood of the maximum cross section of the isoenergetic surface can deviate strongly from its "quasiclassical" value
A - ' = cS, /eh i.e., the Lifshits-Onsager formula; here S, is
the extremal cross section of the Fermi surface in p-space
and A is the period of oscillation in inverse magnetic field
( l/H). At the same time, in Bi and the semiconducting ptype Bi, - ,Sb, alloys the effect of frequency modulation of
the high-frequency oscillations near the twofold axis direction is not strongly apparent due to the stabilizing action of
the "heavy" holes at the Fermi surface near the T-extremum''
In the alloys investigated in this paper, the decrease of
the Fermi level in the ultra-quantum limit for small cross
373
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sections can lead to an increase in the oscillation frequencies
from the maximum cross section of the Fermi surface. In this
paper, because of the good quality of the samples, the influence of the field-induced motion of the Fermi level on the
Shubnikov oscillation frequency was successfully included.
Figure 1 shows the characteristic high-frequency oscillations from the electron Fermi surface in magnetic fields both
above and below the quantum-limit field for small cross sections. It is clear from the inset to Fig. 1 that the frequency
modulation of the high-frequency oscillations due to the motion of the Fermi level in the magnetic field leads to only a
weak distortion of the function n ( 1/H). The disagreement
between the observed frequency and the "quasiclassical"
frequency (as H-0) is less than 4% (at least over an interval of angles between H and C2 of 15"). This correction was
included in the calculations of the extremal cross sections of
the electron Fermi surface.
We have established that in Bi,-,Sb, alloys with
x < 0.26 the angular dependence of the extremal cross section is satisfactorily described by the ellipsoidal mode1.3,~,~6,z9
The ratio of the maximum cross section of the
electron surface to the minimum cross section satisfies
Sm,,/Sm,z 12 and varies little within the composition interval 0.22(x<0.26.
In alloys with x > 0.26 the character of the Shubnikov
oscillations near the twofold axis direction undergoes a
qualitative change. For the alloys with x>0.26, in a narrow
interval of angles O = + 5"between H and C, we observed a
discontinuous doubling of the frequency (Fig. 2 ) , which is
similar to the oscillations caused by spin damping (this very
interpretation was invoked in Ref. 16). In this paper we propose another explanation for the observed features, specifically that the doubling of the oscillation frequency near the
twofold axis direction (Fig. 2) is caused by intraband magnetic breakdown between two isolated portions of the elec-
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FIG. 1. Shubnikov oscillations in d p ( H ) / a H from the electronic Fermi
surface at L in Bi, _ ,Sb, alloys withx = 0.288 in magnetic fields up to and
beyond the quantum limit at T = 2.1 K and with the magnetic field rotated in the basal plane ( H l C , ) , where the angle between H and C, is 7.9".
The inset shows the dependence of the relative quantum number ( n ) on
the inverse magnetic field ( 1 / H ) .
Akhmedov et aL

373

600t

d p ( ~ ) /aH, rel. units

FIG. 2. Shubnikov "high-frequency" oscillations in d p ( H ) / a H from the
neighborhood of the maximum cross section of the electronic Fermi surface in Bi, _ ,Sb, alloys with x = 0.26 at T = 4.2 K as a function of inverse
magnetic field. The magnetic field was rotated in the basal plane (HIC,),
wheretheanglebetweenHandC,was8= 3.9 (i), 1.1 (2),0.5 ( 3 ) , - 0.4
(4), - 1.6 (5), and - 2.9 (6).

tron Fermi surface which are located in the immediate vicinity of the L-point.
Upon further increasing the composition x, we observed in those Bi, -,Sb, alloys with x > 0.26 a sharp but
monotonic frequency variation in place of the discontinuous
doubling of the frequency near HI(C2.In moving off the twofold-axis direction, the frequency of the oscillations dropped

FIG. 3. Angular dependence of the reduced electron Fermi surface at L as
the magnetic field is rotated in the basal plane (HlC,) for Bi, _,Sb,
alloys before ( a ) and after (b) the electronic-topological transition;
is
x=0.219,Oisx=0.255,Aisx=0.286,andOisx=0.288,(~=0"for
HlIC2).

+
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8

FIG. 4. Angular dependence of the reduced electron Fermi surface at L as
the magnetic field is rotated in the bisector-trigonal plane (HlC,) for
Bi,-,Sb, alloys: is x=0.218, + isx=0.254, 0 isx=0.255, X is
x = 0.286, and V is x = 0.33, ( 8 = 0" for Hllz).

off anomalously fast (compared to Bi, -,Sb,

alloys with

x < 0.26), which indicates an unusually large anisotropy of

the Fermi surface (Fig. 3). The latter can be a result of the
confluence of two isolated parts of the Fermi surface into a
single dumbbell-shaped surface. The ratio of the maximum
cross sectionS,,, (HIIC,) of the newly created surface to the
cross section of the "bell" of the dumbbell S, in Bi, - ,Sb,
alloys with ~ 2 0 . 2 6reaches a value S,,,,,/S, ~ 2 (Fig.
4
3b)
and with further growth in the composition it varies only
weakly .30
In a qualitatively analogous fashion, the angular dependence of the frequency of the Shubnikov oscillations is restructured as the magnetic field is rotated into the bisectortrigonal plane (HlC,) (Fig. 4). The results presented in
Figs. 3 and 4 indicate a qualitative restructuring of the topology of the electron Fermi surface in Bi, - ,Sb, alloys with x
in the composition region 0.255 < x < 0.26, which can be a
consequence of the appearance of a saddle point in the energy spectrum.
Thus, we are dealing with an electronic-topological or
Lifshits tran~ition,'~
which takes place in the semimetallic
Bi, -,Sb, alloys as the composition varies in the region
0.2555 < x < 0.26. This transition can be classified as: 6 ellipsoidal surfaces -+ 3 ellipsoidal surfaces.
In Bi, - ,Sb, alloys with x = 0.288 we have determined
the angular dependence of the quasiclassical frequency of
the Shubnikov oscillations associated with the neighborhood of the maximum cross section and the angular dependence of the cyclotron mass corresponding to this cross section. In order to calculate the cyclotron mass, we used the
temperature dependence of the amplitude of the Shubnikov
magnetoresistance oscillations p ( H ) and its derivative
dp(H)/dH. A calculation of the cyclotron mass correspondAkhmedov et aL
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which consists of the confluence of two isolated portions of
the electron Fermi surface into a single isoenergetic surface
of dumbbell shape, is possible only in the case where a camelback (double hump) is present in the spectrum. Thus, the
results presented in this paper indicate that a saddle point is
present in these Bi, , S b , alloys.
In principle, the McClure dispersion relationz0 ( 1) allows for this possibility. When the inverse mass corrections
a,,, and a,,, are positive in the elongation direction (theydirection), the saddle point arises in the region where the
spectrum is inverted (EgL< 0) at a certain critical value of
the gap parameter E:L, and the function E ( k ) acquires a
camel-back form for IEgLI > I E I. The reason for this can
be understood starting from the following considerations.
According to data from band-structure calculation^,^^^^^'
the terms in the energy spectrum of Bi which determine the
valence band and the conduction band at the L point interact
strongly among themselves. There is also a weak additional
interaction with four distant bands which must be included
in the elongated direction of the isoenergetic surfaces. In the
case of a direct (EgL> 0 ) spectrum, the contributions to the
curvature of the valence band and conduction band from
their interaction and from interaction with the distant bands
have the same sign.
A characteristic of an inverted (EgL< 0) spectrum is
the fact that the inverse masses determined by the interaction of bands located close to one another differ in sign from
those due to their interactions with distant bands, both in the
conduction and in the valence bands. Under certain conditions,the resulting effective mass at the bottom of the band
reduces to zero, and the mass itself goes to infinity. In this
case, the function E ( k ) in the neighborhood of the extremal
point disappears, which corresponds to the point at which
the saddle point appears in the spectrum.
According to our new
the restructuring of the
energy spectrum at the L point in Bi, - ,Sb, alloys is a result
of the inversion of the bands at L: as x increases a transition
occurs from a direct spectrum (Bi, EgL> 0) to an inverted
spectrum (i.e., the alloys with x > 0.04, EgL> 0). The dependence of the gap parameter E, on x is described by the
expression (see Ref. 29)

tL

FIG. 5. Angular dependence of the reduced electron Fermi surface at L
( A , A ) and the cyclotron mass ( 0 )near the twofold-axis direction
(HllCzase = 0') for Bi, ,Sb, alloys withx = 0.288. Thesolid lines were
plotted from the theory of Ref. 20.
ing to the maximum and close to maximum cross sections
was carried out in the temperature interval 4.2 to 2.1 K as the
magnetic field was rotated in the basal plane (i.e., HlC,).
When the field direction deviates from the twofold-axis
direction,the quasiclassical frequency drops by almost a factor of two within a narrow angular interval O = f4"
between H and C,, while the change in the cyclotron mass is
almost insignificant (Fig. 5) .31 This fact can serve as an experimental proof of the strong dumbbell shape of the electron Fermi surface [the solid curve in Fig. 5 was plotted
using the theory of M c C l ~ r e , ~corresponding
'
to the dispersion relation ( 1) 1.
Another experimental fact which confirms the strong
dumbbell shape of the electron Fermi surface in Bi, - ,Sb,
alloys with x > 0.26 is the presence of well-defined heterodyne frequencies from cross sections close to those of the
"bells" and the "neck" of the dumbbell in magnetic fields
below the quantum limit for small cross-sections with HI[C2.
For the case of an ellipsoidal Fermi surface at the L point, for
HI1 C2 we should observe monochromatic oscillations from
the two small cross sections which agree in
As the
magnetic field is rotated in the basal plane (HlC,) in the
region of angles where oscillations are observed from the
small cross-sections,the character of the heterodyning is
quite reproducible. A Fourier analysis allows us to separate
the frequencies which corresponds to the extremal central
("neck") and noncentral ("bell") cross-sections of the
dumbbell-shaped Fermi surface. We observed analogous heterodyne behavior for all the remaining Bi, -,Sb, alloys
with x > 0.26.

Equation (2) is used in this paper to calculate the value of
EgLin the alloys under study.
Note that we have not set ourselves the task of determining the value of the gap parameter EgLfrom the intrinsic
experimental data, since a large number p a p e r ~ ~ ~ ~ Oexist
,'*.'~
where the absolute value of the gap parameter is determined
quite reliably (see Fig. 6).
As we have already noted earlier, the appearance of the
saddle point in the electronic energy spectrum in Bi, ,Sb,
alloys, and also all the existing experimental data collected
up to now on these alloys, can be described consistently
within the framework of the simple McClure dispersion relation ( 1).20In this case, the best agreement between theory
and experiment is attained by making a number of the parameters entering into Eq. ( l ) x-dependent:

DISCUSSIONOF RESULTS

The electronic-topological Lifshits transition observed
in this paper for narrow-gap semimetallic Bi, ,Sb, alloys,
375
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FIG. 7. Process of energy spectrum reconstruction for Bi, - .Sb, alloys
(O(x(0.4) at L. The calculations were carried out within the framework
of the dispersion relation from Ref. 20, assuming the validity of the model
in Ref. 24.
FIG. 6. Concentration dependence of the gap parameter in L for
Bi, ,Sb, alloys; is from Ref. 5 , 0 is from Ref. 10, is from Ref. 12, A is
from Ref. 13, and A is from Ref. 22.

The Fermi energy of electrons in the semimetallic
Bi, - ,Sb, alloys for x > 0.22, as measured from the center of
the gap at L, is given by the relation

which is valid at least in the composition interval
0 . 2 2 <~0.6.
~
Results of calculations of the function E ( k ) in the
neighborhood of the L point in the direction of elongation
(the y-direction) calculated on the basis of the dispersion
relation ( 1), within the framework of the new
with
the parameters (2)-(8), are shown in Fig. 7. It follows from
these calculations that the saddle point in the conduction
band appears at x = 0.15, and the one in the valence band at
x = 0.18. For semiconducting Bi, - ,Sb, alloys in the composition range 0.22(x(0.26 the Fermi level drops into the
conduction band, which leads to the filling of six "pockets"
shifted in k-space relative to the three equivalent L points by
a distance which depends on the composition x.
The volume of the six electronic Fermi surfaces located
in the neighborhood of the L-points increases monotonically
with increasing x. The evolution of the electronic isoenergetic contours near the bottom of the conduction band
(E = EF ) is illustrated in Fig. 8 for Bi, _,
Sb, alloys with
various values of x. For ~ ~ 0 . 2 when
6 , the Fermi level
reaches the saddle point in the conduction band, the six isolated electronic surfaces merge in pairs into three dumbbellshaped Fermi surfaces centered relative to the L points.
Note that the McClure dispersion relation2' is approximate, and obviously cannot be used to describe the electron
energy spectrum in antimony, where the volume of the
isoenergetic surface exceeds by two orders of magnitude the
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corresponding volume in bismuth ( N = P = 5 . 10'9cm - in
Sb at T = 4.2 K). Nevertheless, in the composition interval
O(x(0.6, we can use the dispersion relation ( 1) to calculate
with reasonable accuracy the basic charge carrier parameters at the L-point for Bi, - ,Sb, alloys.
The anisotropy of the isoenergetic surface as a function
of x is shown in Fig. 9, where the light points denote the
values of the ratio S,,, /S,,, calculated using our model for
the dumbbell-shaped Fermi surface in the Bi, - ,Sb, alloys
with x>0.26, while the dark points denote values of the ratio
S,,,/S,,,
in the semimetallic alloys with 0.22(x(0.26 at
the Fermi level and in the semiconducting Bi, - ,Sb, alloys
(0.07<x(0.22) at the bottom of the band22323(at the bottom of the band, the anisotropy of the extremal cross section
of the Fermi surface coincides quite accurately with the cyclotron mass). Let us recall that after the appearance of the
saddle point at the L-point the bottom of the band is a pair of

FIG. 8. Isoenergetic contours of the electron Fermi surface for Bi, _ ,Sb,
alloys as the composition varies for various energies: a-29 meV,
x = 0.23; b--30 meV, x = 0.255; c--41 meV, x = 0.3. The calculations
were carried out in terms of the simplified McClure dispersion relation
from Ref. 20, assuming the validity of the model in Ref. 24.
Akhmedov eta/.
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FIG. 9. Theoretical (solid trace) and experimental (symbols) concentration dependences of the ratio S,,, /Smi,( 1) and S,,, /S,,, (2), which
characterizes the anisotropy of the electronic Fermi surface for Bi, _ ,Sb,
alloys; is from Refs. 6, 11; A is Ref. 22, 23; 0 is from this paper.

local minima shifted with respect to the L-point in opposite
directions (Fig. 7). The solid traces in Fig. 9 are derived
from theory. The sharp growth in the anisotropy near
x = 0.15 is explained by the simplification of the function
E ( k ) at the bottom of the band when it acquires the characteristic camel-back spectrum. The experimental results of

FIG. 10. Composition dependence of the oscillation frequency A;Jx on
the maximum cross section of the electronic Fermi surface at L for
Bi, Sb, alloys with HI(C,;0 is from Ref. 12, A is from Ref. 16, and is
from this paper.

-.
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FIG. 11. Composition dependence of the cyclotron mass m,,,, on the
maximum cross section of the electronic Fermi surface at L for Bi, ,Sb,
alloys (in the semiconducting phase, the masses are given for the bottom
of the conduction band); 0 is from Ref. 11; is from Ref. 22, and A is
from Ref. 16 and this paper.

Refs. 22 and 23 obtained for the compositions 0.07gxg0.22
are in excellent agreement with the theoretical curve in Fig.
9.
It must be specially emphasized that neither the jump in
the anisotropy observed in this paper at ~ ~ 0 . nor
2 6 the
maximum in the anisotropy of the Fermi surface for the bottom of the conduction band for x -0.15 (Fig. 9), can be
explained in the framework of the older model of Ref. 10.
Comparison of the experimental values of the extremal
cross sections of the Fermi surface and the cyclotron masses
of the charge carriers in the Bi, _ ,Sb, alloys over a wide
interval of compositions (including the region of the direct
spectrum E,, > 0 for x < 0.04) with theoretical calculations
obtained within the framework of dispersion relation ( 1) of
Ref. 20, assuming the validity of the new model of the reconallows us to clarify the followstructed energy ~pectrum,'~
ing features of this reconstruction (Figs. 10-13).
As x increases within the initial interval Ogxg0.07, the
values of the maximum extremal cross section decrease rapidly to zero as we pass to the semiconducting phase (Fig.
10). For alloys withx > 0.22 the maximal cross section of the
electron Fermi surface grows with increasing x; at x-0.26
the cross section discontinuously doubles as a result of the
electronic-topological transition. The experimental values
in the semimetallic
of the quasiclassical frequency A!:;
Bi, -,Sb, alloys (Fig. 10) for the composition region
0.22gxg0.26 pertain to the maximum cross section of pairs
of "quasiellipsoids" shifted with respect to the L-point in
opposite directions, while for x>0.26 they pertain to the
maximum central cross section of the dumbbell-shaped Fermi surface.
The concentration dependence of the maximum cyclotron mass Mc.,,, (x) is shown in Fig. 11. The decrease in the
Akhmedov et aL
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FIG. 12. Composition dependence of the Shubnikov oscillation frequency
on the minimum central cross-section Amar,N., ( 1) and the noncentral
cross section Amax,, , of the electronic Fermi surface at the point L for
Bi, -,Sb, alloys;
is from Refs. 2, 12, 14, 32, and 33; 0 is Refs. 16, 31,
and this paper.

+

value of Mc,,,, (x) within the initial composition interval
during the transition to the semiconducting phase is connected with the decrease in the Fermi energy. In the concentration region xzO.15 a sharp growth is observed in the

maximum cyclotron mass at the bottom of the band,which is
connected with the appearance of the saddle point in the
spectra of the Bi, - ,Sb, alloys (the bottom of the conducI tion band flattens out at the extremum point). In the "pure"
semiconducting alloys, after the appearance of the camelback spectrum (for x z 0 . IS), the two equivalent absolute
minima in the conduction band descend in energy below the
value E = EgL/2, the charge carriers overflow into the bottom of the newly formed "pockets," and the cyclotron mass
rapidly decreases with increasing x. A second sharp growth
of the maximal cyclotron mass occurs as the Fermi level
approaches the saddle point in the energy spectrum of the
Bi,-,Sb, alloys at xz0.26. At that point, when the two
isolated portions of the electronic Fermi surface coalesce, in
k-space the L point becomes conical, which sends the cyclotron mass to infinity. In the real situation, magnetic breakdown most likely excludes the possibility of reaching the
point with k = 0, and experimentally a second sharp maximum is not observed.
Figures 12 and 13 show the x-dependences of the oscillation frequencies of the minimum cross section of the electron Fermi surface,!,a;
and the minimum cyclotron mass
m,,, , respectively. Also noteworthy is the presence in the
semimetallic Bi, -,
Sb, alloys withx > 0.26 (for Hlly) of two
branches corresponding to extremal central and non-central
cross sections of the dumbbell-shaped electronic Fermi surface, which form as a result of the electronic-topological
transition. The experimental values of the minimum frequency and minimum cyclotron mass lie on the branches
corresponding to the "bells" (Amin,,_ , in Fig. 12 and
McSminsB
in Fig. 13).
Let us recall that the solid traces in Figs. 5-13 were
obtained based on the simplified dispersion relation ( 1) of
Ref. 20, assuming the validity of the new model of the band
~ ~ under the condition that a
structure r e c o n s t r ~ c t i o nand
number of the parameters of the model of Ref. 20 [see ( 2 )(8) ] depend on the composition of the alloy x.
In conclusion, we note that the dumbbell shape of the
electron Fermi surface of the Bi, -,
Sb, alloys with x 2 0.15
at the corresponding concentrations of charge carriers must
be included in the analysis of the classical galvanomagnetic
effects (i.e., the magnetoresistance and Hall effect in weak
magnetic fields). In particular, the value of the Hall factor
can turn out to differ considerably from unity even at liquidhelium temperatures.
We use this opportunity to express our sincere gratitude
to N. B. Brandt and L. A. Fal'kovskii for useful discussions.
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