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We develop a semi lassi al method for the determination of the nonlinear dynami s of dissipative quantum
opti al systems in the limit of large number of photons N ; it is based on the 1=N -expansion and the quantumlassi al orresponden e. The method is used to ta kle two problems: to study the dynami s of non lassi al
state generation in higher-order anharmoni dissipative os illators and to establish the dieren e between the
quantum and lassi al dynami s of the se ond-harmoni generation in a self-pulsing regime. In addressing the
rst problem, we obtain an expli it time dependen e of the squeezing and the Fano fa tor for an arbitrary degree
of anharmonism in the short-time approximation. For the se ond problem, we analyti ally nd a hara teristi
time s ale at whi h the quantum dynami s diers insigni antly from the lassi al one.
PACS: 05.45.-a, 03.65.Sq, 42.50.Dv
1. INTRODUCTION

The situation when nonlinear intera tions involve a
large number of photons, N , is quite typi al of many
problems in quantum and nonlinear opti s [13℄. Hiedmann et al. suggested [4℄ to use the 1=N -expansion
method [5℄ to des ribe the nonlinear dynami s of the
mean values and se ond-order umulants of a quantum system in the N  1 limit. Following the general
s heme of that method [5℄, an exa t or approximate
solution an be found in terms of the oherent state
representation in the lassi al limit as N ! 1 and an
then be adjusted by adding the quantum orre tions.
The method proves to be parti ularly onvenient when
the dynami s of non lassi al state generation must be
determined [4℄. We have re ently developed the method
further to study the enhan ed squeezing at the transition to quantum haos [68℄.
Papers [4, 6, 7℄ are on erned with the problems
* E-mail: knatnp.kras ien e.rssi.ru
** E-mail: perinaoptnw.upol. z

of nondissipative quantum systems only. In this paper, we extend the method to dissipative quantum systems. For quantum systems without dissipation, the
lowest order of the 1=N -expansion is equivalent to the
linearization in terms of the lassi al solution [6, 7℄,
whereas in dissipative systems, as is demonstrated in
what follows, the solution of the equations of motion
for variations near the lassi al traje tory annot provide omplete information on the dynami s of quantum
u tuations even in the lowest order of 1=N . We show
that the inuen e of the reservoir on the dynami s of
expe tation values and dispersions, whi h is dierent
from the energy dissipation, always exists; it has the
quantum nature and annot be negle ted even in the
semi lassi al limit. However, spe i manifestations of
the ee t depend on the type of the attra tor in the
underlying lassi al dynami system. For systems with
a simple attra tor in the lassi al limit, the quantum
diusion asso iated with the quantum u tuations of
the reservoir do not lead to any new physi al ee ts
in the dynami s of the main system, at least in the
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short-time limit. For a stable limit y le, on the other
hand, su h a diusion appears to be the main me hanism responsible for the dieren e between the lassi al
and quantum dynami s for N  1.
Along with the presentation of a general formalism, we onsider two typi al examples of quantum opti al systems with a simple attra tor and a stable limit
y le in the lassi al limit as N ! 1: the dissipative higher-order anharmoni os illator and the selfpulsing regime of intra avity se ond-harmoni generation (SHG). We show how the 1=N -expansion method
an be used to investigate the dynami s of the nonlassi al state generation and to determine the time
s ale for a orre t lassi al des ription of the dissipative quantum dynami s.
The quantum anharmoni os illator with a Kerr-type nonlinearity is one of the simplest and most popular
models used in the des ription of quantum statisti al
properties of light intera ting with a nonlinear medium
[1, 9℄. The Kerr os illator model with a third-order
nonlinearity yields an exa t solution in both the nondissipative [10℄ and dissipative limits [9℄. However, beause of the omplexity of the solution in the dissipative ase, numeri al methods or spe ial approximate
analyti al methods must be used to determine statisti al properties of the radiation in the most relevant
experimental ase involving a large number of photons.
Moreover, there are no exa t solutions available for the
model of the anharmoni os illator with a higher-order
nonlinearity.
In this paper, we analyti ally obtain a simple and
expli it time dependen e of the degree of squeezing and
the Fano fa tor in the anharmoni os illator model of
an arbitrary order for the most interesting experimental situation featuring higher intensities (N  1) and
short-time intera tions. As another example of appli ation of the 1=N -expansion, we onsider the self-pulsing
in SHG [11℄. Su h an os illatory regime orresponding
to the limit y le was observed experimentally in [12℄.
There are several papers dealing with the development
of approximate analyti al and numeri al methods with
the purpose of des ribing dierent dynami regimes in
SHG in terms of quantum me hani s [1317℄. In parti ular, Savage [14℄ al ulated the Gaussian approximation of the Q distribution fun tion about the lassi al
limit y le. He demonstrated numeri ally that in the
lassi al limit, the initial rapid ollapse of the Q distribution in the neighbourhood of the limit y le is followed by the diusion around the limit y le. However,
the author did not oer any analyti al solution of the
problem or an explanation of the physi s of the ee t
observed.

Quantum- lassi al

orresponden e

:::

In this paper, we show that the diusion around the
lassi al limit y le an be obtained as a solution of the
equations of motion for low-order umulants by using
the 1=N -expansion te hnique. This enables us to nd
the time s ale t  t with t ' 2N 1 (where is a
damping onstant) for a orre t lassi al des ription of
self-os illations in SHG. The resultant estimate is onsistent with that obtained for t numeri ally in [14℄.
Finally, we interpret the quantum diusion around the
limit y le as a diusion aused by the ee t of the
reservoir va uum on the SHG dynami s.
This paper is organized as follows. In Se . 2, we
des ribe a general formalism of the 1=N -expansion appli able to an arbitrary single-mode quantum dissipative system and present the solution of the equations
of motion for mean values and se ond-order umulants
obtained in the rst order of 1=N . In Se s. 3 and 4, we
deal with the non lassi al state generation dynami s
in higher-order anharmoni os illators and the quantum- lassi al orresponden e for the self-pulsing regime
in SHG, respe tively. The nal se tion ontains a summary and on luding remarks.
2.

1=N -EXPANSION

AND

QUANTUM-CLASSICAL
CORRESPONDENCE

We begin with generalizing the approa h of [7℄ to
systems with dissipation. As an illustrative example,
we onsider a quantum anharmoni os illator with the
Hamiltonian in the intera tion pi ture

l

l+1
by b
;

[b; by℄ = 1; (1)
l+1
where the operators b and by des ribe a single quantum eld mode and the onstant l is proportional to
a (2l + 1)-order nonlinear sus eptibility of a nonlinear
medium (l is an integer),  is the light frequen y deH = by b +

tuning from the hara teristi quantum transition frequen y, and ~  1. Everywhere in this paper, we use
the normal ordering of operators. The os illator intera ts with an innite linear reservoir at a nite temperature. The Hamiltonians of the reservoir and of the
os illator-reservoir intera tion are dened as

Hr =

X

Hint =

X

j
j

j

(dyj dj + 1=2);


j dj by + H. . ;

(2)

where the Bose operator dj ([dj ; dyk ℄ = Æjk ) des ribes
an innite reservoir with the hara teristi frequen ies
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j and j are the oupling onstants between reservoir
modes and the os illator. We introdu e new s aled operators a = b=N 1=2 and j = dj =N 1=2 and their Hermitian onjugates satisfying the ommutation relations

[a; ay℄ = 1=N; [ j ; yk ℄ = Æjk =N:

(3)

i
i

H = H0 + Hr + Hint

d
h(Æ
dt
i

an be rewritten as

d
h
dt

b ! a; by ! ay ; dj ! j ;
dyj ! yj ; l ! gl (N )  N l :

(4)

It an be shown that the photon-number dependent
onstant gl (N ) provides a orre t time s ale of os illations for nonlinear os illator (1) in the lassi al limit
(for the Kerr nonlinearity with l = 1, see, e.g., [18℄).
We note that H an have an expli it time dependen e
in the general ase [7℄. Within a standard Heisenberg
Langevin approa h, the equation of motion has the
form ([1℄, hap. 7)


(5)
2 a + V + L(t);
= 2j(!)j (!) is the damp-

i

2
where V =  H0 =ay ,
ing onstant, with (! ) being the density fun tion of
reservoir os illators whose spe trum is onsidered to be
at. The Langevin for e operator L(t) is in a standard
relation to the operators f j g of the reservoir [1℄. In our
notation (4), the properties of L(t) [1℄ an be rewritten
as

hL(t)iR = hLy (t)iR = 0;
hLy aiR + hay LiR = hnNd i ;
hLaiR + haLiR = 0:

d 
hÆ Æ
dt

(6)

where



!
hnd i = exp kT



h(Æ ) i;
2

(7)

i = hV  Æ i + hÆ  V i
hn i
i hÆ  Æ i + i d ;

1

i

1

W

= (1=N )V=ay;

z  hai;
z 2; hÆ  Æ i = hay ai

h(Æ ) i = ha i
2

2

jz j ;
2

and the averaging is performed over both the reservoir
variables and the oherent state

j i = exp(N ay N  a)j0i
orresponding to the mean photon number ' N . In
deriving Eq. (7), we negle t the insigni ant additional
detuning introdu ed to  by the intera tion with the
reservoir [1℄. In the absen e of damping, = 0, our
equations for the mean values and the se ond-order umulants (7) are redu ed to the orresponding equations
in [4, 7℄.
The set of equations (7) is not losed and is basially equivalent to the innite dynami al hierar hy system for the umulants of a dierent order. To trun ate
the system to the se ond-order umulants, we make the
substitution a ! z + Æ , where, at least initially, the
mean value is z ' 1 and the quantum orre tion are

jÆ (t = 0)j ' N

1=2

 1:

Using the Taylor expansion of the fun tions V and W
and after some algebra analogous to that used in [7℄, we
obtain from (7) in the rst order of 1=N the following
self- onsistent system of equations for the mean value
and the se ond-order umulants (for details see [19℄):

Here the averaging is performed over the reservoir variables and hnd i is a single-mode mean number of the
reservoir quanta (phonons) related to temperature T as
h

i

2

N

where H is as in (1) and (2) but with the repla ements



i = hV i i 2 h i;

) i = 2hV Æ i + hW i

H = N H;
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where k is the Boltzmann onstant and ! is the hara teristi phonon frequen y. From the Heisenberg
Langevin equations for a, a2 and the Hermitian onjugated equations, using Eqs. (5) and (6), we obtain

In the lassi al limit as N ! 1, we obtain ommuting lassi al -numbers instead of operators. The full
Hamiltonian

a_ = i

òîì

iz_ = i z + hV iz +

2

iC_ = 2

;
684



V



z

1 Q(z; z; C; C  ; B);

N

C +2



V
 


z

B i C;

(8)

(9)
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z

C+



V
 

Quantum- lassi al


z

C i





B B (0) :
(10)

The orresponding equation for C  (t) an be obtained
from Eq. (9) by omplex onjugation. The quantum
orre tion to the lassi al motion Q in Eq. (8) has the
form




1
V
V
1

Q=
2   zC + 2   z C +
1 :
B
+  V
2
2

2

2

2

2

z

(11)

In Eqs. (8)(11), the subs ript z means that the values of V and its derivatives are al ulated for the mean
value z ; we have introdu ed

B = N hÆ  Æ

i + 1=2; C = N h(Æ ) i:
2

(12)

The initial onditions for system (8)(10) are of the
form

B (0) = 1=2; C (0) = 0;

(13)

and an arbitrary z (0)  z0 whi h is of the order of
unity. The equilibrium value of the umulant B in
Eq. (10) is determined by the mean number of the reservoir quanta and its zero-point energy as

B (0) = hnd i + 1=2:

(14)

We note that the zero-point energy of the reservoir appears in the equations of motion for the umulants,
though it is not present in the Heisenberg equations of
motion and an even be dropped from the Hamiltonian
by redening a zero of energy. Su h a reappearan e
of a zero-point eld energy is quite ommon in other
quantum theory problems where the va uum is responsible for physi al ee ts [20℄.
The equations of motion for the se ond-order umulants B and C [Eqs. (9), (10)℄ are linear inhomogeneous
equations. Their solution onsists of two parts: a general solution of the homogeneous set of equations (i.e.,
(0)
without the term
in Eq. (10)) that we denote
 +i B
as B (t); C (t) , and the parti ular solution of the inhomogeneous equations

(B(t); C (t)) = B(t); C (t) +






B (0) t; 0 :

:::

and (10) an be obtained from the lassi al equation
(i.e., from (8) with Q=N ! 0) by linearization around
z (whi h goes by substituting z ! z + Æz , jÆz j  jz j), if
one writes the dynami equations for the variables (Æz )2
and jÆz j2 . The only dieren e between the linearization
of the lassi al equations of motion and equations for
quantum umulants (9), (10) lies in the impossibility to
obtain the initial onditions (13) for C and B from only
the initial onditions for the linearized lassi al equations of motion (see also the dis ussion of this problem
in [7℄). Hen e, we rst need to know the lassi al solution z l (t), nd the dierentials dz l and dz l , and then
use the substitution

B (t); C (t)





! jdz j ; (dz ) :
2

2

Thus, it has be ome apparent that assuming the
a tual eld deviations from the oherent state to be
small and treating the small deviation as a rst-order
orre tion is not equivalent to the dire t linearization
around the lassi al traje tory. Even in the limit as
N ! 1, we always deal with the ee t of reservoir on
the dynami s of the quantum system via the se ondorder umulant B , whi h has the form of the quantum
diusion

B (t) = B (t) + (hnd i + 1=2) t;

(16)

where B is obtained by linearizing around a large mean
eld. In parti ular, as follows from Eq. (16), the quantum diusion also exists for a quiet reservoir hnd i = 0.
We now dis uss the validity range of the 1=N expansion and the role of the quantum diusion in different lassi al dynami al regimes. The validity riterion of the 1=N -expansion an be represented in two
forms. First, the 1=N -expansion works well, provided
the dieren e between the lassi al and quantum solutions is small,

z (t) z l (t)
z l(t)

' N1

Rt

Q(t0 )dt0
jz (t)j

 1;

(17)

where z l (t) is the solution of Eq. (8) for N ! 1.
To write the se ond form of the validity riterion of
the 1=N -expansion, we follow [6, 7℄ in introdu ing the
 onvergen e radius


R = [Re(Æ

(15)

To nd B (t); C (t) , we use the perturbation theory
for N  1 and as a rst step, negle t the quantum
orre tion Q=N in Eq. (8). It is easy to see that the
homogeneous equations of motion for umulants (9)

orresponden e

)℄ + [Im(Æ )℄
2

2

1=2

:

The expansion is then orre t over a time interval when

R(t)
jz (t)j
685
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As a rule, both onditions (17) and (18) determine the
same time interval for the validity of the 1=N -expansion [6, 7℄. (For a physi ally interesting ex eption, the
problem of SHG, see Se . 4.)
For dissipative systems with a simple attra tor, the
lassi al eld intensity jz l (t)j2 as well as the umulants B (t), C (t) and the quantum orre tion Q(t) are
proportional to the fa tor exp( t); therefore, as follows from Eqs. (17) and (18), with Eq. (16) taken into
a ount, the 1=N -expansion is well-dened only in the
time interval of the order of several relaxation times:

t '

F

j ! 0; C (t) ' (Æ ) ! 0:

However, jz l (t)j ' 1 for the limit y le and, as a result,
the time interval of the validity of the 1=N -expansion
is rather large,

:

It is important that the diusion is a major physi al
me hanism responsible for the dieren e between the
lassi al and quantum dynami s for a stable limit y le.
In the following two se tions, we onsider two typi al
examples of dissipative opti al systems with a simple
attra tor and a limit y le.
3. NON-CLASSICAL STATES GENERATION IN
HIGHER-ORDER ANHARMONIC

and

where  is the lo al os illator phase. A state is alled
squeezed if there exists a value of  for whi h the varian e of X is smaller than the varian e for the oherent
state or the va uum [1, 9℄. Minimizing the varian e of
X over , we obtain the ondition of the so- alled prinipal squeezing [1, 9, 10℄ in the form
2

2

F

= 2B +

(19)

The determination of the prin ipal squeezing S is very
useful be ause it gives the maximum squeezing measurable by the homodyne dete tion [1, 9℄.

2 2





z
C+ . . :
z

(20)

We see that in order to determine the time dependen e
of the prin ipal squeezing S in (19) and the Fano fa tor (20) for nonlinear os illators, we must nd the time
dependen e of z , C , and B in Eqs. (8)(10) for Hamiltonian (1). Following the general pro edure des ribed
in previous se tion, we rst negle t the quantum orre tion Q=N in Eq. (8). In this ase, equation (8) has
the exa t solution

z (t) = z0 exp [( i =2)t℄ 


(21)
 exp igl jz0 j2l l (t) ;
l (t)  [1 exp( lt)℄ = l:
We nd the dierentials dz and dz  of lassi al solution (21), and using the substitutions jdz j2 + B~ ! B
and (dz )2 ! C , we obtain
C (t) = lz02jz0 j2(l

X = a exp( i) + ay exp(i);

j i jh(Æ ) ij) = 2(B jC j)<1:

2

and after the Talor expansions to the rst order of 1=N ,
we obtain

gl l (t) ljz0j2l gl l (t)+i


 exp ( i2)t i2jz0j2l gl l (t) ;


B (t) = exp( t) 1=2 + l2jz0 j4l gl2 2l (t) +
+ (hndi + 1=2) t;

We start by dening the squeezing and the Fano
fa tor. We dene the general eld quadrature as

2

2

hni = N hay ai

OSCILLATORS

S  1+2N (hjÆ

2

that determines the deviation of the probability distribution from the Poisson distribution [1, 9℄. After the
substitution a ! z + Æ in the expressions

2

2

1

= (hn i hni )=hni

hn i = N hay aay ai = N hay a i + hni;

2

t ' N

117, âûï. 4, 2000

Another important hara teristi of non- lassi al
properties of light is the Fano fa tor

1

(see [19℄). Moreover, during this time interval, the effe t of quantum diusion on the system dynami s is
small.
A quite dierent behavior is hara teristi of the
stable limit y le. Here, a variation near the lassi al
traje tory ollapses to zero (Æ ! 0), hen e,

B (t) ' jÆ

òîì

1)




(22)

where we took the initial onditions for B and C ,
Eq. (13), into a ount. Inserting (22) in Eq. (19), we
obtain in the limits   gl (N )t  1 and t  1 a very
simple time dependen e of S ,

S (t) = 1



lx20l

(



=gl )hnd i 2 < 1;

(23)

where for the sake of simpli ity we assume that the initial value z0 is real, x0 = Re z0 , and only the terms
that are linear in  and t are taken into a ount. The
short-time approximation   1 and the limit of a
large photon number N  1 are quite realisti for a
686
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nonlinear medium modelled by the anharmoni os illators (for numeri al estimates, see [1, hap. 10℄ and [10℄).
It should be noted that our formula (23) oin ides with
the orresponding formula for S (t) in [10℄ for the Kerr
nonlinearity (l = 1) with zero loss ( = 0). In the ase
where = 0, our formula (23) shows that the rate of
squeezing is determined by the fa tor

2lx ll N l  2lP l :
Sin e l is proportional to the (2l + 1)-order nonlinear
2
0

(2 +1)

sus eptibility, the fa tor P (2l+1) has a physi al meaning of nonlinear polarization. Therefore, the stronger
is the nonlinear polarization indu ed by light in the
medium, the more ee tive squeezing of light is possible. For a nite dissipation 6= 0, the squeezing is
determined by an interplay between the polarization
of nonlinear medium modelled by the anharmoni osillator and the thermal u tuations of the reservoir.
As follows from (23), there exists a riti al number of
phonons

hnd i

(

r)

= (l= )P

(2l+1)

su h that the squeezing is no longer possible for
hnd i  hnd i( r).
In the same approximation, we obtain from (20) the
following time dependen e of the Fano fa tor

F (t) = 1 + 2hnd i t:

(24)

Thus, the statisti s is super-Poissonian for any 6= 0
and is independent of the degree of nonlinearity l. This
is in a good agreement with the earliest result of [9℄ for
a dissipative Kerr os illator (l = 1), where the impossibility of sub-Poissonian statisti s and antibun hing
were found from the exa t solution.
We now dis uss the validity ranges of our approa h.
It is easy to see that in terms of our approa h, the time
dependen e of the number of quanta for l = 1 is

hni(t) + 1=2 = N jz j + B 
 N jz j (1 t) + hnd i t;
t  1; gl t  1;
2

0

2

(25)

where we have used Eqs. (22) for umulants B and C .
It is instru tive to ompare Eq. (25) with the exa t
solution for hni(t) for the Kerr nonlinearity [9℄,

hni(t) = hn i exp( t) + [1 exp( t)℄hnd i:
0

(26)

orresponden e

:::

hn0 i ' N  1. A more a urate analysis of the validity ondition of the 1=N -expansion should in lude a
omparison of the solution of quantum motion equation (8), whi h takes into a ount the quantum orre tion Q=N given by (11), with the solution of lassi al
motion equation (21). It may be shown after some algebra, that if t  1 and   1, the ee t of the
quantum orre tion Q=N on the dynami s of the mean
value z is of the order of 1=N and, therefore, our umulant expansion is well-dened for N  1. The same
on lusion ould be obtained from another riterion of
validity (18).
4. QUANTUM-CLASSICAL
CORRESPONDENCE IN SELF-PULSING
REGIME OF SECOND-HARMONIC
GENERATION

We now onsider another example of a quantum
opti al system, namely intra avity SHG. The Hamiltonian des ribing two intera ting quantum modes in the
intera tion pi ture has the form [11, 14℄

H=

2
X

j =1

j byj bj + iEN = (by
1 2

+ i2 (by b

2
1 2

b1 ) +

1

b21by2 );

(27)

where the boson operators bj (j = 1; 2) des ribe the
fundamental and se ond-harmoni modes, respe tively,
j is the avity detuning of mode j , EN 1=2 is the lassial eld driving rst mode (E is of the order of unity),
 is a se ond-order nonlinear sus eptibility. The linear reservoir and its intera tion with a se ond-order
nonlinear medium are des ribed by Hamiltonians (2).
Now we an rewrite full Hamiltonian of the problem as
H = N H, where H has the same form as (27) and (2)
with repla ements analogous to (4) taking into a ount
and with the new oupling onstant dened by

p

g =  N;

(28)

whi h is of the order of unity. Formally, the 1=N -expansion pro edure developed in Se . 2 annot be applied to
the problem of SHG, however its straightforward generalization to two intera ting modes gives in the rst
order of 1=N the following self- onsistent set of equations

z_1 =

Equations (25) and (26) both des ribe the evolution
of an initially oherent state to a nal haoti state
that is hara teristi of the reservoir. It is evident
that Eqs. (26) and (25) oin ide when t  1 and

2

z_2 =
687

1

z1 + E + gz1z2 +
2

2

z2

g

2

z12

1 gB

N

1 gC ;
N2
1

12

;

(29)
(30)
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 z1 +
B (0) ) + gB12
+ gB12z1+C1z2+C1 z2;
1

(B

(B

1

(32)

C1 + 2g(C12 z1 + B1 z2 );

(33)

C_ 2 =

2

2gC

C2

C_ 12 =

0:5( + )C +gB

B_ 12 =

0:5( + )B +gC

1

2

1

(31)

 z1 gB12 z  ;
B (0) ) gB12
1

2

C_ 1 =

1

2

12

12

z;

(34)

12 1

z C1 z1 +C2 z1 ; (35)

12 2

z +gz1(B2 B1 ); (36)

12 2

where

zj  haj i = N 1=2 hbj i; Bj = N hÆ j Æ

j

Cj = N h(Æ j )2 i (j = 1; 2);
B12 = N hÆ 1 Æ 2 i; C12 = N hÆ 1 Æ

i + 0:5;
2

i;

and B (0) is dened in Eq. (14). The initial onditions
for system (29)(36) are

Bj (0) = 1=2; Cj (0) = C12 (0) = B12 (0) = 0;
z2(0) = 0; z1(0) = z0 ;

where z0 is of the order of unity. In this work, we limit
ourselves by the values of the eld strength z0 orresponding to self-os illations [11℄ and 1 = 2 = 0.
It is easy to see that in the limit as N ! 1 and
for g = onst ' 1, we obtain from Eqs. (29) and (30)
the orre t lassi al equations of motion for the s aled
eld amplitudes. The solution of equations of motion
(31)(36) for the se ond-order umulants has the form




X(t) = X(t) + B t; B t; 0; 0; 0; 0 ;
(37)
X(t) [B (t); B (t); C (t); C (t); B (t); C (t)℄ ;
where the ve tor X des ribes the part of X that an
1

2

(0)

1

(0)

2

12

be obtained by linearization around the
je tory. Variations near a stable limit
approa h zero and, therefore, X(t) !
sult, we have only a diusive growth of
(j = 1; 2) as

Bj (t) = 0:5 j t;

12

lassi al tray le rapidly
0. As a reumulants Bj
(38)
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dieren e between the lassi al and quantum dynami s in the semi lassi al limit. A time s ale t for a
orre t des ription of the quantized SHG dynami s in
terms of lassi al ele trodynami s an be found using
riterion (18). Taking into a ount that jz (t)j ' 1, we
obtain t ' 2N 1 .
We note that the quantum orre tions to the lassial equations of motion (29) and (30) do not in lude the
umulants B1;2 . Therefore, in the rst order of 1=N ,
there is no dieren e between the evolution of quantum
mean values and the lassi al limit y le dynami s. In
other words, the quantum orre tion Q ! 0, and therefore, riterion (17) of the 1=N -expansion validity does
not work. In this respe t, the quantized SHG is a somewhat singular problem. In other quantum opti al systems, for instan e, for a nonlinear os illator with l  1,
both validity riteria (18) and (17) typi ally give the
same result.
Over a de ade ago, Savage addressed the same
quantum- lassi al orresponden e problem for self-osillations in SHG numeri ally [14℄. He al ulated the
Q distribution fun tion in the Gaussian approximation
entered at a deterministi traje tory orresponding to
a limit y le. He worked in a large eld and small
nonlinearity limits, = 1;2 ! 0, whi h orrespond to
the lassi al limit [14℄. It is easy to see that the ondition = 1;2 ! 0 is onsistent with our ondition
N  1, if one additionally onsiders the natural ondition of a not very strong dissipation in Eqs. (29)(36),
1;2 =g < 1 together with g ' 1 (Eq. (28)). In other
words, Savage's small parameter = orresponds to
our large parameter N as = ! N 1=2 . To establish the dieren e between the lassi al and quantum
dynami s, the equations of motion for low-order umulants were obtained in [14℄ and solved numeri ally for
parti ular values of the parameters [21℄. Based on the
results of numeri al simulations, Savage on luded that
it is a quantum diusion that is mostly responsible for
the dieren e between the lassi al and quantum dynami s in the semi lassi al limit. Moreover, his numerial estimate for a hara teristi time for the lassi al des ription s ales as ( =)2 , whi h is in a good agreement
with our analyti al result t = 2 1 N . In summary,
our analyti al results for the quantum- lassi al orresponden e at self-pulsing in SHG are onsistent with
the previous numeri al investigation of same problem
in [14℄.

where we onsidered the ase of a quiet reservoir hnd i.
This result indi ates that the ee t of reservoir zero-point energy on the dynami s of the nonlinear system is prin ipal physi al me hanism responsible for the
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Quantum- lassi al

5. CONCLUSION

We developed the 1=N -expansion method to onsider the nonlinear dynami s and non lassi al properties of light in dissipative opti al systems in the limit
of a large number of photons. The method was applied
to the investigation of squeezing in higher-order dissipative nonlinear os illators. We would like to note that
our method an also be dire tly applied to an important ase of the generation of non lassi al states in a
medium involving ompeting nonlinearities [22℄.
We found a time s ale of validity of the 1=N -expansion for a lassi al des ription of the dynami s of
nonlinear opti al systems with a simple attra tor and
with a limit y le. For systems with a simple attra tor,
this time s ale is of the order of unity, and for the
limit y le, is proportional to large N . Qualitatively,
this result an be understood as follows. For time
of the order of unity, the traje tory spirals around a
stable stationary point with a small amplitude, and
therefore, by virtue of the un ertainty prin iple, the
ontribution of quantum orre tions to the lassi al
equations of motion be omes very important. Unlike
the previous ase, the os illations orresponding to the
limit y le are often lose to harmoni and, thus, their
quantum and lassi al des riptions an oin ide for a
su iently long period of time. The basi dieren e
between the lassi al and quantum dynami s in the
latter ase originates from the inuen e of reservoir
zero-point u tuations, whi h in our notations are of
the order of 1=N . This result is in a good agreement
with the result of earlier numeri al simulations of
self-os illations in the quantized se ond-harmoni
generation [14℄. Finally, it should be noted that our
ndings are of a rather general nature and an be
applied to the investigations of self-os illations in other
opti al systems, for example, in those involing opti al
bistability [2325℄.
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