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A model of a strongly orrelated ele tron liquid based on the fermion ondensation (FC) is extended to hightemperature super ondu tors. Within our model, the appearan e of FC presents a boundary separating the
region of a strongly intera ting ele tron liquid from the region of a strongly orrelated ele tron liquid. We study
the super ondu tivity of a strongly orrelated liquid and show that under ertain onditions, the super ondu tivity vanishes at temperatures T > T  Tnode , with the super ondu ting gap being smoothly transformed
into a pseudogap. As the result, the pseudogap o upies only a part of the Fermi surfa e. The gapped area
shrinks with in reasing the temperature and vanishes at T = T  . The single-parti le ex itation width is also
studied. The quasiparti le dispersion in systems with FC an be represented by two straight lines hara terized

and ML , and interse ting near the binding energy that is of the order
by the respe tive ee tive masses MFC
of the super ondu ting gap. It is argued that this strong hange of the quasiparti le dispersion at the binding
an be enhan ed in underdoped samples be ause of strengthening the FC inuen e. The FC phase transition in
the presen e of the super ondu tivity is examined, and it is shown that this phase transition an be onsidered
as kineti energy driven.
PACS: 71.27.+a, 74.20.Fg, 74.25.Jb

1. INTRODUCTION

Unusual properties of the normal state of high-temperature super ondu tors have been attra ting attention for a long time. In des ribing these properties,
whi h are well beyond the standard Fermi liquid theory,
the notion of a strongly orrelated liquid has emerged
(see, e.g., [1, 2℄). Later on, angle-resolved photoemission studies revealed unusual properties observed in underdoped samples, with the leading edge gap dis overed
up to the temperature T  > T . This behavior is interpreted as oming from the pseudogap formation; it
was observed in a number of underdoped ompounds
su h as YBa2 Cu3 O6+x , Bi2 Sr2 CaCu2 O8+Æ , et . As T
in reases above T  , the pseudogap loses, leading to
a large Fermi surfa e and an extremely at dispersion
in ele troni spe tra, whi h is alled the extended Van
Hove singularity [37℄. A break in the quasiparti le
dispersion observed near 50 meV results in a drasti
* E-mail: vrshagthd.pnpi.spb.ru

hange of the quasiparti le velo ity [810℄. This behavior is denitely dierent from what one would expe t
from a normal Fermi liquid.
A orrelated liquid an be des ribed in onventional
terms, assuming that the orrelated regime is related
with the nonintera ting Fermi gas by adiabati ontinuity. This is done in the well-known Landau theory
of the normal Fermi liquid, but the question arising
at this point is whether this is possible. Most likely,
the answer is negative. To ta kle the above-mentioned
problems, we onsider a model where a strongly orrelated liquid is separated from the onventional Fermi
liquid by a phase transition related to the onset of the
FC [11, 12℄. The purpose of our paper is to show that
without any adjustable parameters, a number of fundamental problems of strongly orrelated systems are
naturally explained within the model. The paper is organized as follows. In Se . 2, we onsider the general
features of Fermi systems with the FC. In Se . 3, we
show that the pseudogap behavior an be understood
within the standard BCS super ondu tivity me hanism
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provided the appearan e of FC is taken into a ount.
In Se . 4, we analyze the ondensation energy that is
liberated when the system in question undergoes the
super ondu ting phase transition superimposing on the
FC phase transition. In Se . 5, we des ribe the quasiparti le dispersion and lineshape. Finally, in Se . 6, we
summarize our main results.
2. THE MAIN FEATURES OF LIQUIDS
WITH FC

We rst onsider the key points of the FC theory.
The FC is related to a new lass of solutions of the
Fermi liquid theory equation [13℄

Æ(F N )
Æn(p; T )

= "(p; T )

(T )
T ln

1

n(p; T )
n(p; T )

=0

(1)

for the quasiparti le distribution fun tion n(p; T ) depending on the momentum p and the temperature T .
Here F is the free energy,  is the hemi al potential,
and "(p; T ) = ÆE=Æn(p; T ) is the quasiparti le energy,
whi h is a fun tional of n(p; T ) just like the energy E
and the other thermodynami fun tions. Equation (1)
is usually represented as the FermiDira distribution

n(p; T ) =




1 + exp ("(p; TT)

)



1

:

1 =1
M p
L

d"(p; T = 0)
:
dp
p=pF

(3)

It is assumed to be positive and nite at the Fermi momentum pF . This implies the T -dependent orre tions
to ML , the quasiparti le energy "(p), and the other
quantities start with T 2 -terms.
But this solution of Eq. (1) is not the only one possible. There exist anomalous solutions of Eq. (1)
asso iated with the so- alled fermion ondensation [11,
14, 15℄. Being ontinuous and satisfying the inequality
0 < n(p) < 1 within some region in p, su h a solution
n(p) admits a nite limit for the logarithm in Eq. (1)
as T ! 0, yielding

"(p) =

ÆE [n(p)℄
Æn(p)

= ;

pi  p  p f :

(4)
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Equation (4) is used in sear hing the minimum value
of E as a fun tional of n(p) under the assumption that
a strong rearrangement of the single-parti le spe trum
an o ur. We see from Eq. (4) that the o upation
numbers n(p) be ome variational parameters: the solution n(p) exists if the energy E is de reased by alteration of the o upation numbers. Thus, within the
region pi < p < pf , the solution n(p) deviates from
the Fermi step fun tion nF (p) su h that the energy
"(p) stays onstant, while n(p) oin ides with nF (p)
outside this region. As a result, the standard Kohn
Sham s heme for the single-parti le equations is no
longer valid beyond the FC phase transition point [16℄.
This behavior of systems with the FC is learly dierent from what one expe ts from the well known lo al
density al ulations; therefore, these al ulations are
not appli able to systems with the FC. On the other
hand, the quasiparti le formalism is appli able to this
problem, be ause as we see in what follows, the damping of single-parti le ex itations is not large ompared
to their energy [15℄. It is also seen from Eq. (4) that a
system with the FC has a well-dened Fermi surfa e.
It follows from Eq. (1) that at low T , new solutions
within the interval o upied by the fermion ondensate
have the spe trum "(p; T ) that is linear in T [15, 17℄,

"(p; T ) (T ) 

(p

(2)

In a homogeneous matter and at T = 0, one
obtains from Eq. (2) the standard solution
nF (p; T = 0) = (pF p), with "(p  pF )  =
= pF (p pF )=ML , where pF is the Fermi momentum
and ML is the ommonly used ee tive mass [13℄,

òîì

pF )pF

MF C
 T [1

2n(p)℄  Tf :

(5)

Here Tf is the quasi-FC phase transition temperature
above whi h FC ee ts be ome insigni ant [15℄,

Tf
"F

p2

p2

 2fM" i 
F

FC
F

;

(6)

where M is the bare ele tron mass, F C is the ondensate volume, "F is the Fermi energy, and F is the
volume of the Fermi sphere. One an imagine that
the dispersionless plateau "(p) =  given by Eq. (4) is
slightly tilted ounter- lo kwise about  and rounded
o at the end points. If T  Tf , it follows from Eqs. (1)
and (5) that the ee tive mass MF C related to the FC
is temperature dependent,

MF C
M

Tf
 NN (0)
(0)  T ;
0

(7)

where N0 (0) is the density of states of the nonintera ting ele tron gas, and N (0) is the density of states
at the Fermi level. We note that outside the FC region, the single-parti le spe trum is not distin tly affe ted by temperature, being determined by the ee tive mass ML given by Eq. (3), whi h is now evaluated
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at p  pi . Thus, we are led to the on lusion that systems with a FC must be hara terized by two ee tive
masses: MF C related to the single-parti le spe trum of
a low-energy s ale and ML related to the spe trum of
a higher energy s ale. The existen e of these two effe tive masses an be observed as a break in the quasiparti le dispersion. This break is observed at temperatures T  Tf , and also when the super ondu ting
state is superimposed on the FC state. In the former
ase, the o upation numbers over the area o upied
by the fermion ondensate are slightly disturbed by the
pairing orrelations su h that the ee tive mass MF C
be omes large but nite. We remark that at omparatively low temperatures, the FC and super ondu tivity
go together be ause of the remarkable pe uliarities of
the FC phase transition. This transition is related to a
spontaneous gauge symmetry breaking: the super ondu tivity order parameter
p

Quasiparti les in a strongly orrelated liquid

:::

It is assumed that both Tf and ondensate volume F C
build up with de reasing doping. The FC then serves as
a stimulating sour e of new phase transitions lifting the
degenera y of the spe trum. The FC an produ e, for
instan e, the spin density wave (SDW) phase transition
or the antiferromagneti one, thereby promoting a variety of the system properties. We note that the SDW
phase transition, the antiferromagneti transition, and
the harge density one also depend on rs and o ur at
a su iently large value of rs even if the FC is absent.
The super ondu ting phase transition is also aided by
the FC. We analyze the situation where the super ondu tivity wins the ompetition with the other phase
transitions up to a temperature T . Above the temperature T   Tf , the system under onsideration is in its
anomalous normal state, Eq. (7) is valid, and one an
observe smooth non-dispersive segments of the spe tra
at the Fermi surfa e [6℄.

(p) = n(p)[1 n(p)℄
has a nonzero value over the region o upied by the
fermion ondensate, while the gap  an vanish [15,
16℄.
It is seen from Eq. (4) that at the FC phase transition point, pf ! pi ! pF , while the ee tive mass
and the density of states tend to the innity as follows from Eqs. (4) and (7). One an on lude that
the beginning of the FC phase transition is related to
the absolute growth of MF C . The onset of the harge-density wave instability in an ele tron system, whi h
o urs as soon as the ee tive ele tronele tron intera tion onstant rs rea hes its riti al value r dw , must
be pre eded by the unbounded growth of the ee tive
mass [18℄. For a simple ele tron liquid, the ee tive
onstant is proportional to the dimensionless average
distan e rs  r0 =aB between parti les of the system in
question, with r0 being the average distan e and aB the
Bohr radius. The physi al reason for this growth is the
ontribution of the virtual harge density u tuations
to the ee tive mass. The ex itation energy of these
u tuations be omes very small if rs  r dw . Thus, a
FC an o ur when rs  r dw . The standard Fermi liquid behavior an therefore be broken by strong harge
u tuations when the insulator regime is approa hed in
a ontinuous fashion. We re all that the harge-density
wave instability o urs in three-dimensional [19℄ and
two-dimensional (2D) ele tron liquids [20℄ at a suiently high rs . As soon as rs rea hes its riti al value
rF C < r dw , the FC phase transition o urs. Thereafter, the ondensate volume is proportional to rs rF C
and also Tf ="F  rs rF C [15, 18℄. In fa t, the ee tive
oupling onstant rs in reases with de reasing doping.

3. SUPERCONDUCTIVITY IN THE
PRESENCE OF FC

We fo us our attention on investigating the pseudogap that is formed above T in underdoped (UD)
high-temperature super ondu tors [48℄. As we see in
what follows, the existen e of the pseudogap is losely
allied with the presen e of the FC hara terized by
a su iently high temperature Tf given by Eq. (6).
Thus, the pseudogap is pe uliar to UD samples, while
optimally doped (OP) and overdoped (OD) samples
may not exhibit this feature. We onsider a 2D liquid
on a simple square latti e that has a super ondu ting
state with the d-wave symmetry of the order parameter
. We assume that the long-range omponent Vlr (q) of
the parti leparti le intera tion Vpp (q) is repulsive and
has the radius qlr in the momentum spa e su h that
pF =qlr  1. The short-range omponent Vsr (q) is relatively large and attra tive, with its radius pF =qsr  1.
In agreement with the d-symmetry requirements the
low temperature gap  is then given by the expression [2123℄

() = 2()E ()  1 os(2) = 1(x2 y2);
p
where E () = "2 () + 2 () and 1 is the maximal

gap. At nite temperatures, the equation for the gap
an be written as

(p; ) =
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where p is the absolute value of the momentum and 
is the angle. It is also assumed that the FC arises
near the Van Hove singularities, leading to a large
density of states at these points in a ordan e with
Eq. (7). We note that the dierent FC areas overlap
only slightly [17℄. () obeys the following equation
that is determined by the hosen intera tion Vpp ,

=T 

(9)
 4 + =  4  :
It vanishes at =4 and an therefore be expanded in
the Taylor series around =4, with p  pF :
(p; ) = a 3 b + : : : ;
(10)
where  =  =4. Hereafter, we onsider solutions
of Eq. (8) on the interval 0 <  < =4. We trans-

2











() = Isr + Ilr =

Z2Z

0

Vsr (; p1 ; 1 )(p1 ; 1 ) 

 th E (p21T; 1 ) p1 dp412d1 + A + 3 B:

(11)

In Eq. (11), the variable p was omitted sin e p  pF .
It is seen from this equation that the FC produ es the
free term A + 3 B . In what follows, we show that at
T  Tnode, the solution of Eq. (11) has the se ond node
at  (T ) in the vi inity of the rst node at =4. We
also demonstrate that the temperature Tnode has the
meaning of the temperature T at whi h the super ondu tivity vanishes. To show this, we simplify Eq. (11)
to an algebrai equation. We have Isr  (V0 =T ) beause th(E=2T )  E=2T for E  T and T  Tnode ,
as is the ase in the vi inity of the gap node at  = 0.
The integration in Eq. (11) runs over a small area loated at the gap node be ause of the small radius of
Vsr . Dividing both parts of Eq. (11) by (), we obtain

E () =



V0
T



A1 2 B1 jj;

(12)
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1
2
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1
0

1



form Eq. (8) by setting p  pF and separating the
ontribution Ilr oming from Vlr , with the ontribution related to Vsr denoted by Isr . At small angles,
Ilr an be approximated in a ordan e with (10) by
Ilr = A + 3 B , with the parameters A and B independent of T if T  T   Tf , be ause they are
dened by the integral over the regions o upied by
the FC. This theoreti al observation is onsistent with
the experimental results showing that 1 is essentially
T -independent at the temperatures T < T  [6℄. The
oe ients of the expansion of Isr in powers of  depend on T . It is therefore more onvenient to use the
integral representation for Isr following from (8). We,
thus, have

òîì

0

1

2

3

4

5

6



The gap  as a fu ntion of  al ulated
at three dierent temperatures expressed in terms of
Tnode  T , while  is presented in terms of T  . Curve
1, solid line, shows the gap al ulated at temperature
0:9Tnode . In urve 2, dashed line, the gap is given at
Tnode . Note the important dieren e in urve 2 ompared with urve 1 due to a attening of the urve 2
over the region n . Cal ulated () at 1:2Tnode is
shown by urve 3, dotted line. The arrows indi ate the
two nodes restri ting area n and emerged at Tnode
Fig. 1.

where A1 and B1 are new onstants and V0  Vsr (0)
is a onstant. Imposing the ondition that Eq. (8) has
the only solution   0 when Vsr = 0, we see that
A1 is negative and B1 is positive. The fa tor in the
bra kets on the right-hand side of Eq. (12) hanges its
sign at some temperature Tnode  V0 =A1 ; on the other
hand, the ex itation energy must be E () > 0. Therefore, we have two possibilities [24, 25℄. The rst follows
from the assumption that ()  0 if  belongs to the
interval n [0 <  <  ℄. In this ase, for T > Tnode we
must solve Eq. (8) with the ondition

()  0; 0 <  <  ;

Tnode < T:

This resembles Eq. (4) with the parameter  being
equal to zero. The similarity is not oin idental, beause we are sear hing for new solutions in both ases.
Su h solutions do exist be ause the points  = 0 and
 =  represent the bran hing points of the solutions.
The se ond possibility an o ur if the above solution
does not lead to a minimum value of the free energy.
Be ause the ex itation energy must be positive for a
stable state, the sign of  must be reversed at the point
 =  . Then the gap () has the same sign within the
interval n and hanges its sign on e more at the point
 = 0, with ( ) = (0) = 0. Thus, we on lude that
the gap  possesses new nodes at T > Tnode [25℄, see
Fig. 1. It an be seen from Eq. (12) that the angle 
is related to T > Tnode by
334
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T

 A +V0B 2 :
1
1

Quasiparti les in a strongly orrelated liquid

(13)

It follows from the above onsideration and Eq. (12)
that even below Tnode , the order parameter  annot
be approximated by a simple d-wave form; a more sophisti ated expression must be used to t the attening
of the gap  around the node. The following expression
an be used for this purpose,

() = 1 [B os(2) + (1 B) os(6)℄ : (14)
Here 0 < B < 1 in a ordan e with the experimental
results [7℄ and the term involving os(6) is the next

ompatible with the d-symmetry of the gap. It also follows from Eq. (12) that the parameter B is a de reasing fun tion of the temperature. At the temperatures
T > Tnode , the value of 1 B is su iently large to
produ e new nodes of  given by Eq. (14).
As an example of the solutions of Eqs. (8) and (11),
we show, in Fig. 1 the gap () al ulated at three
dierent temperatures 0:9 Tnode , Tnode , and 1:2 Tnode .
An important dieren e between urves 2 and 1 is the
attening of urve 2 at the nodes lo alized within the
region n ontaining the interval      : As
seen from Fig. 1, the attening o urs as the result of
the new nodes restri ting the area n . It is also seen
from Fig. 1 that the gap  is extremely small over the
range n . It was re ently shown in a number of papers (see, e.g., [26, 27℄) that there exists an interplay
between the magnetism and the super ondu tivity order parameters, leading to the damping of the magnetism order parameter below T . Conversely, one an
anti ipate the damping of the super ondu tivity order
parameter by magnetism. Thus, we on lude that the
gap in the range n an be destroyed by strong antiferromagneti orrelations (or by spin density waves)
existing in underdoped super ondu tors [28, 29℄. It is
believed that impurities an easily destroy  in the onsidered area. As a result, one is led to the on lusion
that T  Tnode , with the exa t value of T dened by
the ompetition between the antiferromagneti orrelations (or spin density waves) and the super ondu ting
orrelations over the range n .
We now onsider the possibility for two quite dierent properties, the super ondu tivity and stati spin
density wave (SDW), to oexist. We start by briey
outlining the main features of the SDW [30℄. A simple
example is given by the linear SDW, with the net spin
polarization P(r)

P(r) = P0 e os(Qx);

(15)

:::

where Qx is the angle between the ve tors Q and x.
For onvenien e, the dire tion of the SDW is taken
along the x axis, and e is the unit polarization ve tor,
whi h in general an have any orientation with respe t
to Q. In ontrast to the super ondu tivity, SDW an
o upy only a part of the Fermi sphere with the volume ÆS  pF ÆÆk , where Æ is the Fermi surfa e angle
and Æk is the penetration depth of the SDW into the
Fermi sphere. At T = 0, the energy gain ÆW due to
the onset of SDW is given by

ÆW

 g2 N (0)Æ;

(16)

where g is the SDW gap determined by the formula [30℄

g

pF Æk
exp
N (0)



4 ;
N (0) 0 Æ

(17)

where 0 is the oupling onstant. As seen from Eq. (8),
the variation of the gap within some area produ es
a variation of the gap over the entire o upied area
with the same order of magnitude. Therefore, elimination of  over a segment Æ requires the energy
ÆE1  N (0)2 (). We on lude that at T < Tnode , the
destru tion of the gap on the interval Æ eliminates 
over the entire region, be ause ÆE1 is omparable with
the gain ÆE due to the super ondu ting state. A different situation o urs at the temperatures T > Tnode ,
when  is extremely small in n and the orresponding destru tion energy satises inequality ÆE1  ÆE .
Equations (16) and (17) are very similar to the orresponding BCS equations and this similarity also remains at nite temperatures [30℄. Thus, the gain ÆW
and the gap g vary with the temperature similarly to
the super ondu ting gain ÆE and the gap . We also
assume that the SDW transition temperature Tn is suf iently high, namely, Tn  T . We then ome to the
on lusion that ÆE1 < ÆW , and the region n is therefore o upied by the SDW at temperatures T  Tnode ,
resulting in the destru tion of the super ondu tivity
[24, 25℄. We note that the Fermi surfa e angle Æ must
be su iently large, be ause the gap g depends exponentially on Æ in a ordan e with Eq. (17). On the
other hand, be ause we are dealing with SDW, we have
Æ=  10 2 [30℄. We thus on lude that a strong variation of the super ondu tivity hara teristi s may be
observed in the vi inity of Tnode .
It follows from the above onsiderations that ()
an be destroyed only lo ally within the region n beause of the dierent reasons. It also follows that Tnode
is the temperature at whi h the super ondu tivity vanishes, that is, T  Tnode . As to the gap at T > T ,
or more pre isely, the pseudogap, it persists outside the
335

S. A. Artamonov, V. R. Shaginyan

ÆÝÒÔ,

òîì

119, âûï. 2, 2001

planation of this peak given in [33℄ was based on the
ideas of the BCS theory. From the above dis ussion, it
appears that the same explanation holds for the broad
maximum in underdoped samples above T be ause the
physi s of the pro ess is essentially the same.


0.6

0.4

0.2

4. CONDENSATION ENERGY

0

Fig. 2.

0.05

0.10

0.15

(T

0.20

0.25

T )=T

Cal ulated angle  , pulling apart the two
nodes, as a fun tion of (T T )=T

n region. In a ordan e with [4, 7℄, we see that the super ondu ting gap () smoothly transforms into the
pseudogap at T > T . We an therefore expe t a dramati redu tion in the dieren e between the free energy of the normal and the super ondu ting state at
T = T (the so- alled ondensation energy, whi h we
onsider in some detail in the next se tion). It an then
be on luded that the temperature T  has the physi al
meaning of the BCS transition temperature between
the state with the order parameter  6= 0 and the normal state. Be
p ause T  V0 =A1 , we nd from Eq. (13)
that  / (T T )=T . This result is in harmony
with our al ulations of the fun tion  ([T T ℄=T )
plotted in Fig. 2. Thus, we on lude that the pseudogap dies out in UD samples as the temperature T  is
approa hed. Quite naturally, one has to re ognize that
1 must s ale with T .
A few remarks are in order at this point. On the
basis of the previous onsideration, we on lude that
the BCS approa h is fruitful in onsidering OD, OP,
and UD samples in the weak oupling regime. With
more underdoping, the antiferromagneti orrelations
be ome stronger, breaking down the gap over the range
n at lower temperatures. Thus, one observes the derease of T with the de rease of doping. On the other
hand, the ondensate volume F C be omes larger with
the de rease of doping, leading to in rease of the gap
1 whi h is proportional to the volume and intera tion
Vpp [11℄. Consequently, the temperature T  be omes
higher with de reasing doping. All these results are
in agreement with the experimental ndings [4, 7℄. A
peak was observed at 41 meV  21 in inelasti neutron s attering from single rystals of the OD, OP, and
UD samples YBa2 Cu3 O6+x and Bi2 Sr2 CaCu2 O8+Æ at
temperatures below T , while a broad maximum above
T exists in underdoped samples only [31, 32℄. The ex-

We now onsider the energy gain or ondensation
energy E ond liberated when the system in question undergoes the super ondu ting phase transition involved
in the FC phase transition. We set T = 0 for simpli ity.
The energy E ond an be s hemati ally broken into two
parts related to the kineti and the potential energy.
The ondensation energy was onsidered in [34℄, where
it was argued that the main ontribution to the ondensation energy omes from the kineti energy, i.e., the
super ondu ting phase transition of high-temperature
super ondu tors is kineti energy driven. Here, we give
a possible interpretation of the situation. It is known
[35℄ that in the super ondu ting phase transition, the
positive ontribution omes from the potential energy,
while the gain in the kineti energy is negative. In the
other words, the super ondu ting phase transition is
driven by the gain in the potential energy. This result
is rather obvious be ause the ground state energy Egs
is given by

Egs [(p)℄ = E [n(p)℄ + Es [(p)℄ ;

(18)

with thep o upation numbers n(p) determined by
(p) = n(p)[1 n(p)℄. The se ond term Es [(p)℄
on the right-hand side of Eq. (18) is dened by the super ondu ting ontribution, whi h in the simplest ase
is of the form

Es [(p)℄ =

= g2

Z

dp dp
Vpp (p1 ; p2 )(p1 )(p2 ) 1 4 2 : (19)
(2)

The rst term E [n(p)℄ an be taken as

E [n(p)℄ =

Z

+ g21

p2
dp
n(p) 2
2M 4
Z

+

V (p1 ; p2 )n(p1 )n(p2 )

dp1 dp2
(2)4 ; (20)

with the se ond integral playing the role of the
ex hange- orrelation ontribution to the ground state
energy. If the ee tive mass ML given by Eq. (3) is
positive and nite, E [n(p)℄ rea hes its minimum at
n(p) = nF (p) and in reases with the deviation of n(p)
from the Fermi distribution, as it o urs in the presen e
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of super ondu ting orrelations. Thus, the standard
situation is that the super ondu ting phase transition
is driven by a de rease of the potential energy [35℄. The
situation an be dierent if the system undergoes the
FC phase transition. To see this we temporarily assume
that g2 ! 0 and rewrite Eq. (20) as

E [n(p)℄ =

Z

g1

dp
"(p)n(p) 2
4

Z

V (p1 ; p2 )n(p1 )n(p2 )

2

dp1 dp2
(2)4 ; (21)

with the single parti le energy

"(p) =

ÆE [n(p)℄
:
Æn(p)

(22)

The energy E [n(p)℄ an be lowered by alteration of
n(p) if Eq. (4) has solutions. As the result, we an
write the inequality [11℄

E ond = EN

EF C 

Z
 ["(p) ℄ Æn(p) 4dp2  0;

(23)

with EN being the energy of system in its normal state,
EF C the energy with FC, and the integral taken over
the region o upied by FC. The hemi al potential 
preserves the onservation of the parti le number under the variation Æn(p). We assume that the kineti
energy is given by the rst term on the right-hand
side of Eq. (21). It then follows from Eq. (23) that
the kineti energy an be lowered, and this lowering
is driven by the FC phase transition. It is instru tive to illustrate this by a simple example. We take
V (p1 ; p2 ) = g1 Æ(p1 p2 ), then E ond given by Eq. (23)
be omes

E ond =

Z

dp
+
4
2
Z
+ g21 n2(p) n2F (p) 4dp2 ;

["0(p)nF (p)

"(p)n(p)℄

(24)

with "0 (p) being the single parti le energy of the normal ground state. It is easily veried that the se ond
term on the right-hand side of Eq. (24), whi h is related
to the potential energy gain, is negative. This term an
be written as

g1

2

8

Z



n2 (p) n2F (p)
g1

Z



= 2 [n(p)

ÆÝÒÔ, âûï. 2

dp
42

=

dp
nF (p)℄ [n(p) + nF (p)℄ 2 :
4

Observing that

Z

[n(p)

nF (p)℄

dp
42

:::

=0

be ause of the parti le number onservation and taking
into a ount that

[n(p) + nF (p)℄ppF > [n(p) + nF (p)℄pF p ;

we arrive at the on lusion. The rst term is positive
be ause of inequality (23). Thus, we are led to the onlusion that the FC phase transition an be onsidered
as driven by the kineti energy. We now let the oupling onstant g2 be small, then the gap  is proportional to g2 [11℄. The optimum values of the o upation
numbers given by Eq. (4) are disturbed, leading to an
in rease of the energy E [n(p)℄. The positive gain in the
potential energy given by Eq. (19) is driving the formation of the super ondu ting ground state. Be ause the
oupling onstant g2 is su iently small, the stru ture
of the system ground state is dened by the FC, and
the super ondu ting state is a shadow of the FC under these onditions [15℄. Then, the main ontribution
to E ond omes from the FC phase transition, and the
omplex transition (FC plus super ondu tivity) is kineti energy driven [36℄. On the other hand, in the ase
where FC is weak ompared to the super ondu tivity
(or is absent), we are dealing with a pure super ondu ting phase transition, whi h is obviously potential
energy driven.
5. QUASIPARTICLE DISPERSION AND
LINESHAPE

We now dis uss the origin of two ee tive masses

ML and MF C o urring in the super ondu ting state

and leading to a nontrivial quasiparti le dispersion and
a hange of the quasiparti le velo ity. As we see in what
follows, our results are in a reasonably good agreement
with the experimentally dedu ed data [810℄. For simpli ity, we set T = 0. Varying Egs given by Eq. (18)
with respe t to p , we nd

Egs [ p ℄
= ["(p) ℄ th(2 p) + (p) = 0; (25)
Æ p
with n(p) = os2 p , (p) = sin p os p , and "(p) dened by Eq. (22). As g2 ! 0, we have that (p) ! 0,
and Eq. (25) be omes

["(p)

℄ th(2

p

) = 0:

(26)

Equation (26) requires that

"(p)  = 0; if
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p

whi h leads to the FC solutions dened by Eq. (4) [16,
25℄. As soon as the oupling onstant g2 be omes
nite but small, su h that g2 =g1  1, the plateau
"(p)  = 0 is slightly tilted and rounded o at the
end points. This implies that

"(p)   1 ;

 Tf :

Outside the ondensate area, the quasiparti le dispersion is determined by the ee tive mass ML given
by Eq. (3). We note that al ulations in the ontext of a simple model support the above onsideration [15℄. In that ase, putting V (p1 ; p2 ) = Æ (p1 ; p2 )
and Vpp (p1 ; p2 ) = Æ (p1 ; p2 ) in Eqs. (19) and (20) and
arrying out dire t al ulations, we obtain at T = 0

E0 = "(pf ) "(pi ) 

(pf

pi )pF

M
FC

 21 :

(30)

On the other hand, at T  T , taking into a ount that
n(pi )  1 and n(pf )  0, we obtain from Eq. (5) with
the same a ura y,

E0 

(pf

pi )pF

M
FC

 2T:

(31)

Equations (30) and (31) allow us to estimate the ee tive mass MF C related to the region o upied by the
FC at temperatures T  Tf . Outside the region, the
ee tive mass is ML . When Eqs. (28) and (29) are
ompared with Eqs. (5) and (7), it is apparent that the
gap 1 plays the role of the ee tive temperature that
denes the slope of the plateau. On the other hand,
at T = T in OD or OP samples, the gap vanishes
and Eqs. (5) and (31) dene the quasiparti le dispersion and the ee tive mass. Taking into a ount that
1  T , we are led to the on lusion that Eqs. (28)
and (29) derived at T = 0 mat h Eqs. (5) and (7) at
T . Thus, Eqs. (28) and (29) are approximately valid
over the range 0  T  T . It follows from Eq. (30)
that at T  T , the quasiparti le dispersion an be
presented with two straight lines hara terized by the
respe tive ee tive masses MF C and ML and interse ting near the binding energy E0  21 . Equation (31)
implies above T , the lines interse t near the binding
energy  2T . The break separating the faster dispersing high-energy part related to ML from the slower
dispersing low-energy part dened by MF C is likely
to be enhan ed in UD samples at least be ause of the
rise of the temperature Tf , whi h grows with the derease of doping. We re all that in a ordan e with

p

p q
k+q

k

k

a

b

Fig. 3.
Diagram a depi ts a pro ess ontributing to
the imaginary part. Diagram b shows a real pro ess
ontributing to the imaginary part, observe that quasiparti les p q, k + q, and k are on the mass shell

(29)

1

p
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k+q

(28)

whi h allows us to estimate the ee tive mass as

MF C
M

p q

òîì

our assumption, the ondensate volume F C and Tf
are growing with underdoping, see Eq. (6) and Se . 3.
It was also suggested that the FC arises near the Van
Hove singularities, while the FC dierent areas overlap
only slightly. Therefore, as one moves from (0; 0) towards (; 0) the ratio MF C =ML grows in magnitude,
developing into the distin t break. In fa t, assuming
that the temperature Tf depends on the angle  along
the Fermi surfa e and taking Eq. (29) into a ount,
one an arrive at the same on lusion. The dispersions above T exhibit the same stru ture ex ept that
the ee tive mass MF C is governed by Eq. (31) rather
than (30) and both the dispersion and the break are
partly  overed by the quasiparti le width. Thus,
one on ludes that there also exists a new energy s ale
at T  Tf dened by E0 and intimately related to
Tf [36℄. We turn topthe quasiparti le ex itations with
the energy E () = "2 () + 2 (): At temperatures
T < T , they are typi al ex itations of the super ondu ting state. We now qualitatively analyze the proesses ontributing to the width . Within the limits
of the analysis, we an take   0, whi h orresponds
to onsidering ex itations at the node. Our treatment
is then valid for both T  T and T  T . For deniteness, we onsider the de ay of a parti le with the
momentum p > pF . Then (p; ! ) is given by the imaginary part of the diagram shown in Fig. 3a, where the
wiggly lines stand for the ee tive intera tion. Be ause
of the unitarity, diagram 3b whi h represents the real
events an be used to al ulate the width [37℄ as

(p; !) = 2

Z

V (q) 2

(q; !pq )

dqdk
 n(k) [1 n(k + q)℄ Æ(!pq + !kq ) (2
;
 )4

(32)

with (q; !pq ) being the omplex diele tri onstant
and V (q )= the ee tive intera tion. Here, q and
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= "(k + q) "(k) are the transferred momentum
and energy, respe tively, and !pq = ! "(p q) is the
de rease in the quasiparti le energy as the result of the
res attering pro esses: the quasiparti le with the energy ! de ays into a quasihole "(k) and two quasiparti les "(p q) and "(k + q). The transferred momentum
q must satisfy the ondition

!kq

p > jp

qj > pF :

(33)

Equation (32) gives the width as a fun tion of p and
!; the width of a quasiparti le with the energy "(p)
is given by (p; ! = "(p)). Estimating the width in
Eq. (32) with the onstraint (33) and !pq  T , we nd
that

(p; ! = "(p))  (ML )3T 2;

(34)

for normal Fermi liquids. In the ase of the FC one
ould estimate  1=T upon using Eqs. (9) and (34).
This estimate were orre t if the diele tri onstant is
small, but   MF C . As the result, for the FC we have

(p; ! = "(p))  (M(MF C ) )T2  T "TFf ;
 3 2
FC

(35)

where "F is the Fermi energy [38℄. Cal ulating (p; ! )
as a fun tion of p at onstant ! , we obtain the same
result for the width given by Eq. (35) when ! = "(p).
The al ulated fun tion an be tted with a simple
Lorentzian form, be ause quasiparti les and quasiholes
involved in the pro ess are also lo ated in the vi inity of the Fermi level provided ! "F  T . It then
follows from Eq. (35) that the well-dened ex itations
exist at the Fermi surfa e even in the normal state [38℄.
This result is in line with the experimental ndings determined from the s ans at a onstant binding energy
(momentum distribution urves or MDCs) [8, 39℄. On
the other hand, onsidering (p; ! ) as a fun tion of
! at onstant p, we an he k that the quasiparti les
and quasiholes ontributing to the fun tion an have
the energy of the same order of the magnitude. For
! "F  T , the fun tion is of the same Lorentzian
form, otherwise the shape of the fun tion is disturbed
at high ! by high-energy ex itations. In that ase the
spe ial form of the quasiparti le dispersion hara terized by the two ee tive masses must be taken into
a ount. As the result, the lineshape of the quasipartile peak as a fun tion of the binding energy possesses a
omplex peakdiphump stru ture [9, 10, 40℄ dire tly
dened by the existen e of the ee tive masses MF C
and ML . Our onsideration shows that it is the spe tral peak obtained from MDCs that provides important
information on the existen e of well-dened ex itations

:::

at the Fermi level and their width [36℄. The detailed
numeri al results will be presented elsewhere.
At T > T , the gap is absent in OD or OP samples,
and the width of ex itations lose to the Fermi surfa e is given by Eq. (35). For UD samples, ()  0
in the range n and we have normal quasiparti le exitations with the width . Outside the range n ,
the Fermi level is o upied by the BCS-type ex itations with nite ex itation energy given by the gap
(). Both types of ex itations have widths of the
same order of magnitude. We now estimate . For
the entire Fermi level o upied by the normal state,
the width is equal to  N 3 (0)T 2 = 2 , with the density of states N (0)  1=T and the diele tri onstant
 N (0). Thus,  T [15℄. In our ase, however, only a part of the Fermi level within n belongs
to the normal ex itations. Therefore, the number of
states allowed for quasiparti les and for quasiholes is
proportional to  , the fa tor T 2 is therefore repla ed
by T 2 2 . Taking these fa tors into a ount, we obtain  2 T  T (T T )=T  T T , be ause only
small angles are onsidered. Here, we have omitted the
small ontribution oming from the BCS-type ex itations. That is why the width vanishes at T = T .
Thus, the foregoing analysis shows that in UD samples at T > T , the super ondu ting gap smoothly
transforms into the pseudogap. The ex itations of the
gapped area of the Fermi surfa e have the same width
 T T and the region o upied by the pseudogap
is shrinking with in reasing temperature. These results
are in good qualitative agreement with the experimental fa ts [47℄.

6. CONCLUDING REMARKS

We have dis ussed the model of a strongly orrelated ele tron liquid based on the FC phase transition
and extended it to high-temperature super ondu tors.
The FC transition plays the role of a boundary
separating the region of a strongly intera ting ele tron
liquid from the region of a strongly orrelated ele tron
liquid. On the basis of the BCS theory ideas we have
also onsidered the super ondu tivity with the d-wave
symmetry of the order parameter in the presen e of
the FC. We an on lude that the BCS-type approa h
is fruitful for OD, OP, and UD samples. We have
shown that in UD samples, the gap be omes atter
near the nodes at temperatures T < T , and the
super ondu ting gap smoothly transforms into a
pseudogap above T . The pseudogap o upies only a
part of the Fermi surfa e, whi h eventually shrinks
339
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with in reasing temperature, vanishing at T = T  , and
the maximum gap 1 s ales with the temperature T  .
We have also shown that the general dependen e of T ,
T , and 1 on the underdoping level ts naturally into
the onsidered model. At temperatures T  > T > T ,
the single-parti le ex itations of the gapped area of
the Fermi surfa e have the width  T T . The
quasiparti le dispersion in systems with FC an be
represented by two straight lines hara terized by the
respe tive ee tive masses MF C and ML . At T < T ,
these lines interse t near the point E0  21 , while
above T , we have E0  2T . It is argued that this
strong hange of the quasiparti le dispersion at E0 an
be enhan ed in UD samples be ause of strengthening
the FC inuen e. The single-parti le ex itations and
their width are also studied. We have shown that
well-dened ex itations with  T exist at the Fermi
level even in the normal state. This result is in line
with the experimental ndings determined from the
s ans at a onstant binding energy, or MDCs. We have
also treated the FC phase transition in the presen e
of the super ondu tivity and shown that this phase
transition an be onsidered as kineti energy driven.
Thus, without any adjustable parameters, a number
of the fundamental problems of strongly orrelated
systems are naturally explained within the proposed
model.
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