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We nd an approximate analyti forms for the solutions (r1 ; r2 ; r12 ) of the S hrödinger equation for a system
of two ele trons bound to a nu leus in the spatial regions r1 = r2 = 0 and r12 = 0 that are of great importan e for a number of physi al pro esses. The forms are based on the well-known behavior of (r1 ; r2 ; r12 )
near the singular triple oales en e point. The approximate fun tions are ompared to the lo ally pre ise ones
obtained earlier by the orrelation fun tion hyperspheri al harmoni (CFHH) method for the helium atom, light
helium-like ions, and the negative ion of hydrogen H . The fun tions are shown to determine a natural basis
for the expansion of CFHH fun tions in the onsidered spatial region. We demonstrate how these approximate
fun tions simplify al ulations of high-energy ionization pro esses.
PACS: 32.80.Fb, 31.15.Ja

1. INTRODUCTION

The ground states of systems omprising two ele trons bound by a nu leus are des ribed by radial wave
fun tions that depend on three variables. These an
be the distan es between the ele trons and the nu leus
r1 , r2 and the interele tron distan e r12 . Here, we nd
analyti expressions that approximate the solutions of
the S hrödinger equation (r1 ; r2 ; r12 ) in the spe ial
ases where r1 = r2 = 0 and r12 = 0:

F (R)  (0; R; R); (R)  (R; R; 0):

(1)

We onsider the ground states of the helium atom and
of the light helium-like ions, in luding the negative ion
of hydrogen H . In this paper, we treat the ground
states only. Therefore, the total spin of the two-ele tron
system is equal to zero.
* E-mail:

livertsphys.huji.a .il

We note that this problem is essentially dierent
from the traditional problem of approximating the total wave fun tion (r1 ; r2 ; r12 ) [1℄. There are numerous
wave fun tions of this kind, with the approximate fun tions usually given by ertain ombinations of exponentials and polynomials, while a set of tting parameters is found by minimization of the energy fun tional.
Thus, the quality of su h fun tions is determined by
the a ura y of reprodu ing the binding energy value.
Be ause the averaged value of the Hamiltonian is determined by the distan es of the order of the size of
the atom, su h fun tions provide very good approximations at these distan es. However, as was already
emphasized in [2℄, they are not ne essarily as pre ise in
the limit ases r1 = r2 = 0 and r12 = 0.
The motivation for our study is that in a number of
dynami al problems, one needs the bound state wave
fun tions in regions of these variables where one of
the distan es is mu h smaller than the others. This
is the ase with those pro esses involving bound ele 796
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trons that are kinemati ally forbidden for free ele trons. For example, the high-energy asymptoti form of
the photoionization ross se tion is expressed in terms
of the two-ele tron fun tion (0; R; R), where r1 or r2
is zero [1℄. The same is orre t for the nonrelativisti
high-energy asymptoti form of double photoionization
and for the energy distribution of Compton s attering
at su iently small energies of the outgoing ele trons.
Some of the hara teristi s of double photoionization
are expressed in terms of the two-ele tron fun tion with
zero interele tron distan e (R; R; 0) [3℄. The straightforward way to obtain the fun tions F (R) and (R) is
to al ulate them from (r1 ; r2 ; r12 ) that is derived numeri ally. This is a rather ompli ated pro edure.
Of ourse, one an use numerous a urate approximations of the fun tions (r1 ; r2 ; r12 ) by superpositions of analyti fun tions depending on a large number of variational parameters (see [1℄ and more re ent
papers [4℄ and [5℄). However, it would be useful to
also have simple (although less pre ise) wave fun tions
with a small number of parameters expli itly depending on the physi al hara teristi s of the system. This
is in reasingly true be ause, as dis ussed in [6℄ and [3℄,
there is no ommon view yet on the relative role of the
possible me hanisms of ionization pro esses. It would
therefore be reasonable to have tools not only for a urate omputations but also for rapid and expli it estimations.
Here, we build approximate wave fun tions FA (R)
and A (R) based on the known behavior of the exa t
wave fun tion only near the triple oales en e point
R = 0. The only free parameter in our approa h is the
value of the wave fun tion at the oordinate origin,

N = (0; 0; 0):

(2)

Our approa h was initiated and motivated by the important role played by the proper treatment of the
two-parti le oales en e point in earlier al ulations.
For example, the binding energies an usually be reprodu ed with a good a ura y by approximate wave
fun tions that are ertain ombinations of exponential
and polynomial fa tors [1℄. Approximate wave fun tions based on exponential and polynomial fa tors are
adequate representations at distan es of the order of
typi al atomi dimensions. However, it was understood
long ago that the analyti dependen e on R is more
omplex and that the dependen e is logarithmi in the
vi inity of the origin [7℄. Later, it was found that as r1 ,
r2 or r12 tend to zero, the solution of the S hrödinger
equation satises spe i Kato onditions [8℄. In lusion of the logarithmi terms [9℄ or a ounting for the
Kato onditions [10℄ (or both [11℄) does not inuen e

:::

the energy value mu h, but strongly improves the onvergen e of the (r1 ; r2 ; r12 ) al ulations. This en ouraged us to try a rather simple approa h.
As is shown in this paper, the approximate fun tions for (1) are given by

FA (R) = N exp





Z

A (R) = N exp( 2ZR):





1 R ;
2

(3)

They have to be ompared with pre ise or highly a urate lo ally orre t fun tions FLC (R) and LC (R).
For the latter, we use the fun tions obtained by the
orrelation fun tion hyperspheri al harmoni (CFHH)
method [12℄. These nonvariational wave fun tions of
the two-ele tron system in the s-state bound to a light
nu leus have been obtained by dire t solution of the
three-body S hrödinger equation [13℄, without additional approximations. They require ompli ated omputer odes for solution.
The way we onstru t the approximate wave fun tions insures that they reprodu e the CFHH fun tions
FLC (R) and LC (R) with good a ura y at su iently
small values of R. The question is how long an this
last as R in reases? In other words, we must al ulate the hara teristi s of the pro esses determined by
F (R) and (R) at R being of the order of the size of
the atom, and ompare the results obtained with (3)
and with the CFHH fun tions.
The answer is that the relative dis repan y between
fun tions (3) and the CFHH fun tions does not ex eed
several per ent at hara teristi distan es 1=(Z 1=2)
and 1=2Z . The same is the a ura y of experimental
dete tion of the photoionization hara teristi s.
Of ourse, this a ura y would not have been suf ient for the al ulation of stati atomi hara teristi s, e.g., of energy levels. However, there was qualitative ontroversy in theoreti al results on the double
photoionization energy distribution until re ently [6℄,
with quantitative results diering by orders of magnitude. Thus, it would be unjustied to aim for too high
a ura y in any ase. On the other hand, good a ura y of fun tions (2) prompts a basis for expansion of
the CFHH fun tions. Be ause fun tions (3) have the
radial dependen e of the 1s-fun tions in the Coulomb
elds with the respe tive harges (Z 1=2) and 2Z ,
we an represent the numeri al CFHH fun tions as linear ombinations of the fun tions of this eld with the
dominant ontribution oming from the 1s-terms.
We build our approximate wave fun tions and disuss their relation to other approa hes in Se . 2. We
analyze the expansion of the CFHH fun tions at two797
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parti le oales en e points in series of the single-parti le eigenfun tions of Coulomb elds in Se . 3. We
onsider the appli ations in Se . 4, and summarize in
Se . 5. The atomi system of units is used throughout
this paper.

(r1 ; r2 ; r12 ) =





= N 1 Z (r1 + r2 ) + 21 r12 + O(r2 ; r2 ln r) ; (4)
p

with r = r12 + r22 . The expli it form of the quadrati
terms was found in [14℄. Equation (4) is onsistent with
the more general Kato onditions [8℄

 (r1 ; r2 ; r12 )
= Z (0; r2; r2 );
r1
r1 =0
 (r1 ; r2 ; r12 )
= Z (r1; 0; r1 );
r2
r2 =0
 (r1 ; r2 ; r12 )
= 21 (r1 ; r1 ; 0);
r12
r12 =0

(5)

whi h are satised for the CFHH fun tions. Using
Eq. (4), we nd that at r1 ; r2  Z 1 ,








1 R +::: ;
F (R) = N 1
Z
2
(R) = N (1 2ZR + : : : ) ;

(6)

with the dots denoting higher-order terms. Therefore,

(R) = Z + 1
lim 1 dFdR
2

(7)

R)
lim 1 d(
= 2Z:
dR

(8)

R!0 F (R)

and
R!0 (R)

We require Eqs. (7) and (8) to be satised by our
approximate fun tions FA (R) and A (R) for all R.
This leads to Eq. (3).
The fun tions in (3) orrespond to a very simple
physi al pi ture. We note that Eqs. (3) look like the
1s-fun tions in the Coulomb elds with the harges
Z 1=2 and 2Z , whi h serve in fa t as a sort of adjustable parameters. The R-dependen e is the one of

130, âûï. 5 (11), 2006

the 1s-ele tron, while the small probability of the threeparti le oales en e is ontained in the fa tor N determined by Eq. (2). We al ulate it using the CFHH
fun tions.
To hara terize the quality of our approximate fun tions, we introdu e

FA (R) FCF HH (R)
;
FCF HH (R)
 (R) CF HH (R) ;
y2 (R) = lg A
CF HH (R)
y1 (R) = lg

2. WAVE FUNCTIONS

It is known that at small distan es r1;2  Z 1 ,
the solution of the S hrödinger equation an be written as [14, 15℄

òîì

(9)

were the subs ript CFHH denotes the wave fun tions
obtained in [13℄.
The a ura y of fun tions (3) in reases rapidly with
in reasing the nu lear harge Z . However, even for
the negative ion H (Z = 1), the a ura y is rather
high. At hara teristi values R  (Z 1=2) 1 and
R  (2Z ) 1 , the error of the fun tion A for H is
about 6 %, but only about 1% for the fun tion FA .
The errors in rease at larger values of R. They exeed 10 % at the distan es at whi h the wave fun tions
are already very small. The fun tions yi (R) dened by
Eqs. (9), whi h des ribe the R-dependen e of the errors, are presented in Fig. 1. We show the results for
helium (Z = 2) be ause most of the studies of twoele tron systems are arried out for this ase. We also
give results for Z = 4 to illustrate the Z -dependen e.
The urve for H (Z = 1) is also presented, be ause
this ase is most di ult for investigations. The dip
in the graph in Fig. 1a is a result of the logarithmi
s ale, be ause the logarithm of the absolute value of
the dieren e of the two fun tions tends to 1 at the
points where the dieren e hanges sign. The overall
a ura y of the solution an therefore be inferred only
at the values of R not too lose to the dip.
One an see that as R approa hes the order of the
size of the atom, the dis repan y with the CFHH fun tions be omes mu h greater than that at smaller R.
However, the pre ision is still good enough for obtaining results with the a ura y of several per ent.
The values of N dened by Eq. (2) are presented in
Table 1. At large Z , the single-parti le hydrogen-like
model is expe ted to be ome in reasingly true, be ause
the intera tion between the ele trons is Z times weaker
than their intera tion with the nu leus. Hen e, in the
limit Z  1,

N =N =

Z3
:


(10)

The results in Table 1 illustrate this tenden y. As expe ted, deviations from the limit law (10) are of the
798
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The fun tions

y1 (R)

and

Of ourse, there are numerous simple approximate
wave fun tions of the type

0:25
R

y2 (R) dened by Eq. (9), for the negative ion
(Z = 2) (b), and for the ion Be++ (Z = 4) ( )

order of Z 1 . The a tual results are smaller than predi ted by (10) be ause Eq. (10) does not in lude the
ele tron repulsion, whi h diminishes this value.

0:20

A (r1 ; r2 ; r12 ) =

H

(Z = 1)

(a), for atomi helium

(exp( ar1 br2 )+ exp( ar2 br1 )) ;

whi h are built in order to al ulate the ground-state
energy values [1℄ and approximate the solutions of the
S hrödinger equation at r1 and r2 of the order of Z 1
(in the ase of H , they must also reprodu e the very
799
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The value F (0) = (0) = N for several
values of Z . The ratio r~ = N=N with N dened
by Eq. (10) illustrates the onvergen e to the high-Z
limit

Table 1.

Z
N
r~ =

N
N

1

2

3

4

5

ÆÝÒÔ,
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0.61 0.67 0.74 0.79 0.83
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urate in this R-region, whi h is not essential be ause
the R-domain within the atomi radius is of primary
importan e.
3. EXPANSION OF THE CFHH FUNCTIONS
IN SERIES IN THE COULOMB FIELD

0.071 1.37 5.77 15.2 31.6 56.8
0.22

òîì

EIGENFUNCTIONS

The R-dependen e of the approximate wave fun tions FA (R) and A (R) in (3) is the same as that of
1s-fun tions in the Coulomb elds of the nu lei with the
respe tive harges Z1 = Z 1=2 and Z2 = 2Z . The high
pre ision of these fun tions suggests that the eigenfun tions of the S hrödinger equations in these elds form
onvenient series for expansion of the CFHH fun tions
F (R) and (R).
With the ommon notation X (R) for the fun tions
F (R) and (R), we introdu e the normalized fun tions

1

XN (R) = 1=2 X (R);
CX

0.5

where
0

0.05

0.10

0.15

0.20

CX =

0.25
R,

a.u.

The exa t and approximate helium wave fun tions at the ele tronele tron oales en e line. Exa t urve (solid line), N exp( 4R) (dashed line),
( 3 =) exp( 2 R), = 27=16 (dotted line)

Fig. 2.

existen e of the bound state). Te hni ally, they turn
to the single-exponential forms at r1 = r2 = R and are
independent of r12 . These fun tions an be ompared
with our fun tions (R) dened by Eq. (3). But they
do not approximate the lo ally orre t CFHH fun tions A (R), and, as argued in [2℄, are not supposed
to. In Fig. 2, we illustrate this statement by presenting the CFHH fun tion (R), our fun tion (3), and the
s reened Coulomb wave fun tion

Thus,

0

0

R2 X 2(R) dR:

R2 XN2 (R) dR = 1:

In the expansions over the omplete sets of some
eigenfun tions, XN (R) an be represented as

FN (R) =

X

i

ai fi (R); N (R) =

X

i

bi 'i (R); (11)

P

where i denotes summation over the dis rete-spe trum states and integration over the ontinuum, and

ai =

3
s (R) =  e 2 R
with = 27=16 for helium [1℄.
In Ref. [16℄, the fun tion F (R) for H , He, and Li+
was approximated by a hydrogen-like fun tion with the
ee tive harge Zeff treated as a variational parameter. The respe tive values of Zeff for Z = 1; 2; 3 have
been found to be 0.58, 1.53 and 2.52. In Ref. [17℄, the
fun tion F (R) for the ion H was analyzed at large
distan es. We do not laim our fun tions to be a -

1

Z

1

Z

bi =

1

Z

0
1

Z

0

R2 FN (R)fi (R) dR;

R2 N (R)'i (R) dR:

(12)

For fi (R) and 'i (R) normalized to unity, we have
X

i

a2i =

X

i

b2i = 1:

(13)

Choosing the solutions of the S hrödinger equations in
the Coulomb elds with the harges Z1 = Z 1=2 and
Z2 = 2Z as the respe tive fun tions fi (R) and 'i (R),
800
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Table 2.
The oe ients of the two lowest terms
in expansions (11) of the CFHH fun tions in terms
of the Coulomb fun tions. The oe ients of the
next terms are limited by the onditions jai j < a
~,
jbi j < ~b, while the values of a~ = (1 a21s a22s )1=2
and ~b = (1 b21s b22s )1=2 are presented in the two
bottom lines

Z
a1s
b1s
a2s
b2s
a~
~b

1

2

3

4

0.98482
0.99067

0.99970
0.99807

0.99991
0.99918

0.99996
0.99955

0.097
0.082

0.015
0.041

0.008
0.028

0.005
0.021

0:144
0:108

0:020
0:046

0:010
0:030

0:007
0:022

we nd the values a1s and b1s given in Table 2. For
atomi helium, a1s = 0:9997 and b1s = 0:998. High
a ura y of fun tions (3) orresponds to domination of
the terms a21s and b21s in sums (13).
The pre ision of al ulations an be improved by
adding the ontributions of the higher states in a ordan e with Eq. (12). Of ourse, only the s-states are
involved in our ase. For example, a2s = 0:02 and
b2s = 0:05 in the ase of atomi helium. The results
for other values of Z are given in Table 2. This pro edure allows a hieving any desired a ura y, ontrolled
by Eq. (13).
4. EXAMPLES OF APPLICATION

As mentioned above, one of the possible appli ations of fun tions (3) is given by high-energy photoionization pro esses. We start with single photoionization.
The high-energy nonrelativisti asymptoti form of the
K -shell ionization ross se tion an be written as [1℄

211=2 e2 Z 2 C 2 ;
=
3m !7=2

C=

1

Z

0

R2 F (R) K (R) dR;

ÆÝÒÔ, âûï. 5 (11)

C=

3=2

p(22NZ
;
Z 1=2)3

(16)

yielding C = 0:102 for atomi helium. Numeri al alulations with the CFHH fun tions give C = 0:103 in
this ase. Hen e, using approximate fun tion (3) leads
to an error of 1 %. Earlier, the authors of [18℄ found
that the value of C obtained by using the Hylleraas-type variational fun tion is well approximated by using a
hydrogen-like fun tion with Zeff = Z 0:53.
We now turn to the ase of double photoionization.
The shape of the spe trum urve of double photoionization hanges as the photon energy in reases. The me hanisms that ause these hanges are explained in [3℄.
While the photon energy ! is smaller than a ertain
value !1 , the energy distribution approa hes its minimum at the entral point, with the equal energies of
the outgoing ele trons, i.e., "1 = "2 . There is a peak at
the entral point for ! > !1 , whi h splits into two for
! > !2 . Thus, there is a lo al minimum at "1 = "2 for
! > !2 .
The values of !1 and !2 were obtained in [19℄ using
the CFHH fun tions. We do not repeat the derivation of the orresponding equations here. Instead, we
explain their origin and formulate them in order to illustrate how fun tions (3) allow obtaining approximate
solutions.
The values of !1 and !2 an be given as solutions
of the following equation, whi h involves the fun tions
F (R) and (R) [19℄:

 = !9=2 A(!);

(17)

where  is a numeri al oe ient,

=

1

Z

0

drjF (r)j2 ;

(18)

and the fun tion A depends on ! in a more ompli ated
way,

+1
A(!) = dt t2 (1 2t2 )D(!2 t2 );
1
Z

(15)

where F (R) is determined by Eq. (1) and K (R) is the
single-parti le fun tion of the K -ele tron in the residual ion. In our ase, K (R) is just the 1s-fun tion of
the Coulomb eld with the harge Z .
39

In the single-parti le approximation, C is simply
the value of the single-parti le wave fun tion at the oordinate origin. To illustrate the quality of fun tions
(3), we ompare the results for the fa tor C al ulated
using the CFHH fun tions and fun tions (3). In the
latter ase, we nd the analyti expression

(14)

where m is the ele tron mass and is the speed of light.
The properties of the ionized states are ontained in the
fa tor

:::

with

D(q2 ) =
801

1

Z

0

(19)

2

sin(qr) (r)r2 dr :
qr

(20)
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Table 3.
The values of !1 and !2 (Se . 4) in keV
for the ground states of the lightest helium-like systems, al ulated using the CFHH fun tions [13℄ and
fun tions (3)

Z

1

2

3

4

!1 , this work
!1 , [13℄
!2 , this work
!2 , [13℄

0.67
0.55
4.86
3.97

2.11
1.93
9.71
8.89

3.92
3.70
14.5
13.7

6.14
5.89
19.3
18.5

Using the exa t CFHH fun tions requires tedious
omputations. However, approximate wave fun tions (3) allow obtaining analyti expressions for both
left-hand side and right-hand side of Eq. (17). Setting
F (r) = FA (r) and (r) = A (r), we obtain

=

1

2Z 1

and

1

A(!) = 6 
!


1 (21)
6
a6 + 13a4 + 2a2 + 3 1 2a2
+
ar
tg

6a2 (a2 + 1)3
2a3
a
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We have shown that the solutions of the single-parti le S hrödinger equations in Coulomb elds with
harges Z1 = Z 1=2 and Z2 = 2Z provide natural bases for the expansion of the fun tions F (R) and
(R) with dominant 1s-terms. The tenden y for their
domination in reases with Z . The approa h is more
pre ise for F (R) than for (R).
Examples presented in Se . 4 show that even for the
lightest helium-like systems, su h as H and He, wave
fun tions (3) an be used for estimations of the physi al
parameters at least.
The high pre ision of su h a simple approximation
that properly treats singularities in the wave fun tion
is in agreement with the onventional belief that
singularities determine important physi al hara teristi s su h as high-energy photoionization ross se tions.
M. Ya. A. is grateful to the Binational S ien e Foundation (grant  2002064) and to the Israeli S ien e
Foundation (grant  174/03) for nan ial support of
this resear h. E. G. D. is grateful for the hospitality
extended to him during his visit to the Hebrew University. The resear h of V. B. M. was supported by the
Israeli S ien e Foundation (grant  131/00).
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