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Inspired by the re ent experiments [1; 2℄ indi ating doubly magi nu lei that lie near the drip-line and en ouraged
by the su ess of our relativisti mean-eld (RMF) plus state-dependent BCS approa h to the des ription of the
ground-state properties of drip-line nu lei, we develop this approa h further, a ross the entire periodi table, to
explore magi nu lei, loosely bound stru tures, and halo formation in exoti nu lei. In our RMF+BCS approa h,
the single-parti le ontinuum orresponding to the RMF is repla ed by a set of dis rete positive-energy states
for the al ulations of pairing energy. Detailed analysis of the single-parti le spe trum, pairing energies, and
densities of the nu lei predi t the unusual proton shell losures at proton numbers Z = 6, 14, 16, 34, and
unusual neutron shell losures at neutron numbers N = 6, 14, 16, 34, 40, 70, 112. Further, in several nu lei,
like the neutron-ri h isotopes of Ca, Zr, Mo, et ., the gradual lling of low-lying single-parti le resonant state
together with weakly bound single-parti le states lying lose to the ontinuum threshold helps a ommodate
more neutrons but with an extremely small in rease in the binding energy. This gives rise to the o urren e
of loosely bound systems of neutron-ri h nu lei with a large neutron-to-proton ratio. In general, the halo-like
formation, irrespe tive of the existen e of any resonant state, is seen to be due to the large spatial extension of
the wave fun tions for the weakly bound single-parti le states with low orbital angular momentum having very
small or no entrifugal barriers.
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less. Interestingly, the possibility of the o

urren e of

su h stru tures was dis ussed by Migdal [9℄ already in

1. INTRODUCTION

the early 1970s. Obviously, for su h nu lei, due to the

Experimental and theoreti al studies of exoti
lei with extreme isospin values
most a tive

nu-

onstitute one of the

urrent areas of resear h in nu lear physi s.

Experiments [17℄ with radioa tive nu lear beams allow
studying very short-lived nu lei with large

jN

Z j val-

ues. Espe ially, the neutron-ri h nu lei with unusually
large isospin values are known to exhibit several interesting features.

For nu lei

lose to the neutron drip-

line, the neutron density distribution shows a mu h extended tail with a diused neutron skin while the Fermi
level lies
some

lose to the single-parti le

ontinuum [6℄. In

ases, this may even lead to the phenomenon of

a neutron halo, as observed in the

ase of light nu-

lei [5, 6, 8℄, made of several neutrons outside a

ore

with the separation energy of the order of 100 keV or

* E-mail:

gauravphygmail. om

weak binding and large spatial dimension of the outermost nu leons, the role of

ontinuum states and their

oupling to the bound states be ome ex eedingly important, espe ially for the pairing energy

ontribution

to the total binding energy of the system.

Further,

in re ent experiments with radioa tive nu lear beams,
disappearan e of traditional magi
pearan e of new magi
in nu lei with exoti

numbers and ap-

numbers have been observed

isospin ratios [6, 7℄.

Re ently,

it has been demonstrated in two independent experiments [3, 4℄ that

24 O,

the heaviest isotope of oxygen

with the neutron number
nu leus. More re ently,
doubly magi
of

22 C,

N

= 16, is a doubly magi

100 Sn

was also found to be a

nu leus [1℄ and the rea tion

ross se tion

the drip-line nu leus, turned out to be signif-

i antly larger than those of its neighboring isotopes,
suggesting that

652

22 C is a halo nu

leus [5℄.
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Theoreti al des riptions of drip-line nu lei in terms
of a few-body model or

lusters [8, 10℄, shell model

[11, 12℄, and mean-eld theories, both nonrelativisti
[13, 14℄ and relativisti
been well obtained.

halo formation.
do not

:::

For simpli ity and transparen y, we

onsider the deformation degree of freedom. In-

deed, by using su h an approa h, we intend to use the

mean eld (RMF) [1530℄ have

advantage oered by the analysis of results in terms of

The advantage of the RMF ap-

spheri al single-parti le wave fun tions. This is espe-

proa h is that it provides the spinorbit intera tion in
the entire mass region, whi h is
lear density [19℄.

losures, loosely bound stru tures

ially true for the understanding of shell

losures and

onsistent with the nu-

magi ity, and behavior of single-parti le states near the

This indeed has been found to be

Fermi surfa e, whi h in turn plays an important role in

very important for the study of unstable nu lei near

produ ing weakly bound systems and halo stru tures.

the drip-line [18℄.

Similarly, within su h a framework, the

It was re ently shown in [26, 27℄

that the RMF plus BCS approa h wherein the

ontributions of

ontin-

neutron and proton single-parti le states to the density

uum is repla ed by the dis rete single-parti le states for

proles, pairing gaps, total pairing energy et . whi h

the

are also equally important in the study of shell

al ulation of the pairing energy provides an alter-

native fast approa h to the relativisti

HartreeFo k

and halo stru tures,

losures

an be demonstrated with

lar-

Bogoliubov (HFB) des ription [21, 25℄ of the drip-line

ity.

nu lei.

make this approa h very useful espe ially for the study

In parti ular, it was demonstrated in [26, 27℄

that the resonant states that lie
in the

ontinuum and gradually

lose to zero energy
ome down to be ome

bound with an in reasing neutron number play the
bound nu lei due to

oupling of these resonant states

with the bound states near the Fermi level through
the pairing intera tion.

Evidently, the

of poorly understood exoti
eventually

ru-

ial role in produ ing extremely neutron-ri h loosely

nu lei.

Nevertheless, we

ompare our results with those of the RMF

al ulations taking deformation into a
parti ular, for the magi

nu lei, to

ount [30℄, in

he k if these nu lei

persist to be spheri al due to the proton and neutron
shell

on entration

of the major part of the wave fun tion of the reso-

These aspe ts of the spheri al framework indeed

losures.

This paper is organized as follows.

In Se . 2, a

brief des ription of the RMF model [18, 26℄ is given.

nant state within the potential well and its proximity

Se tion 3 is devoted to the dis ussion of our results

to the Fermi surfa e, while being

obtained with the thermome hani al analysis (TMA)

provide a favorable

lose to zero energy,

ondition for the existen e of ex-

tremely neutron-ri h nu lei.

This was amply demon-

for e parameterization.
of extensive

As a representative example

al ulations, we des ribe and analyze the

strated in [26, 27℄ for the neutron-ri h isotopes of Ca,

results of our

Ni, Zr, Sn and Pb nu lei.

This is followed by a brief des ription of the main re-

Moreover, it has been shown [26℄ that irrespe tive
of whether any resonant state exists, the o

upan y of

al ulations for the

hain of Si isotopes.

sults of similar analyses for other nu lei exhibiting unusual shell

losures and magi ity as well as those repre-

weakly bound neutron single-parti le states having low

senting loosely bound system with appre iable neutron

orbital angular momentum (

skin or even a halo formation. Finally, Se . 4 provides

l

= 0 or l = 1), with a

well-spread wave fun tion due to the absen e or a very
small strength of
o

entrifugal barrier, is

a summary of our results and

urren e of nu lei with a widely extended neutron

density.

Su h nu lei are found to have

2. RELATIVISTIC MEAN-FIELD MODEL

hara teristi-

ally very small two-neutron separation energy and a
large neutron rms radius akin to that observed in halo
systems. The role of pairing
is found to be
relativisti

orrelations des ribed here

onsistent with the

on lusions of non-

Our RMF
for the

HFB studies of neutron-ri h weakly bound

perimental developments, espe ially the measurements
region up to the

drip-lines to investigate the unusual proton and neunumbers and doubly magi

and

!

mesons along with the TMA parame-

 M℄ +
1
+ 2    21 m2 2 31 g23 14 g34 g 
1 H H  + 1 m2 ! ! + 1 (! !)2 g   !
!
4 
2 !  43 
1 Ga Ga + 1 m2 a a g   a a
4 
2 
1 F F  e   1 3 A ; (1)
4
2

in [15℄, we use it to study the stru ture of eveneven

tron magi



L = [i

ess of our RMF+BCS ap-

overing the whole periodi

arried out using the

terization des ribed in detail in Refs. [18, 26℄,

proa h [26℄ and the impetus provided by the re ent ex-

nu lei

al ulations are

model Lagrangian density with nonlinear terms both

nu lei dis ussed re ently in [13℄.
En ouraged by the su

on lusions.

ondu ive to the

nu leus and also

to identify the weakly bound nu lei with large skin or
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where the eld tensors

H , G, and F

for the ve tor elds

are dened by

H
Ga
F

is the radial integral. Here,

and

F

denote the re-

spe tive radial wave fun tions for the upper and lower

=  ! 
=  a
=  A 

omponents of the nu leon wave fun tion expressed as

 !  ;
 a 2g ab b  ;
 A ;


1
=

r

Z

al ulations are performed assuming no-

sea treatment [17℄, whi h amounts to negle ting the
ee ts of the Dira

i G Yj l m
F   r^ Yj l m

and satisfy the normalization

and other symbols have their usual meaning. As usual,
these RMF

G
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sea.

drfjG j2

In Eq. (5), the symbol



;

ondition

+ jF j2g = 1:

(6)

Yjlm is used for the standard

spinor spheri al harmoni s with the phase

Based on the single-parti le spe trum

(5)

il .

The

ou-

al ulated

pled eld equations obtained from the Lagrangian den-

by the RMF des ribed above, we perform a state-

sity in (1) are nally redu ed to a set of simple radial

dependent BCS

al ulations [31, 32℄.

equations [17℄, whi h are solved self- onsistently along

mentioned,

ontinuum is repla ed by a set of

the

As we already

positive-energy states generated by pla ing the nu leus
in a spheri al box.

Then the gap equations have the

with the equations for the state-dependent pairing gap

j and the total parti le number N for a given nu leus.

standard form for all the single-parti le states, i. e.,

X
j1 = 21 p2j1 + 1
1
j2

where

"j2

3. RESULTS AND DISCUSSION

(j12 ) 0+ jV j (j2 2) 0+
q
2
 + 2
"
j2



j2

p

22 48

(2)



the Fermi energy, whereas the parti le number

P

rst dis uss our RMF results for the entire hain of

Si isotopes; the predi ted lightest and heaviest

 2j2 + 1 j2 ;

are the single-parti le energies and

dition is given by

In what follows, as a representative example, we

2
j (2j + 1)vj = N .

In the

is

onal u-

lations, we use a delta for e for the pairing intera tion, i. e.,

V

=

V0 Æ (r)

with the same strength

V0

for

both protons and neutrons. The value of the intera tion strength

V0

= 350 MeV fm3

was determined in

Refs. [26, 27℄ by obtaining a best t to the binding energy of Ni isotopes. We use the same value of

V0

for

our present studies of isotopes of other nu lei. Apart
from its simpli ity, the appli ability and justi ation
of using su h a

Æ -fun

tion form of intera tion was re-

ently dis ussed in Refs. [13℄, where it has been shown
in the

ontext of HFB

al ulations that the use of a

delta for e in a nite spa e simulates the ee t of nite-range intera tion in a phenomenologi al manner (see
also Refs. [

33; 34℄ for more details). The pairing matrix

element for the

Æ -fun

tion for e is given by

(j1 2) 0+ jV j (j22) 0+ =
p
= 8V0 (2j1 + 1)(2j2 + 1) IR ;

bound isotopes amongst these are respe tively

48 Si.

Interestingly, the results for the proton pairing

gaps, their pairing energy, proton single-parti le spe tra, and the proton density proles show that the proton shell

losure o

Z

ever, the lightest isotope

1

dr 2 G?j1 Gj2
r

+ Fj?1 Fj2 2

on-

22 Si is found to be just bound.

Indeed, for this proton-ri h isotope, due to a large
Coulomb intera tion, the proton single-parti le potential be omes quite shallow and the proton Fermi level,
having the energy

F

= 0:58 MeV, lies just above the

ontinuum threshold, whereas the last bound proton
single-parti le state

1d5=2 is bound just by 0.71 MeV.

The pairing energy ontribution from protons for all the
isotopes indeed remains zero throughout. This unusual

= 14 is found to be due to a large gap
1d5=2 and the
other two single-parti le states 1d3=2 and the 2s1=2 in

magi ity at

Z

between the proton single-parti le state

sd shell.

This

on lusion is also supported by the

rapidly de reasing proton density for all the isotopes
within a short radial distan e.
(3)

In order to also demonstrate the probable neutron
shell

losures in these isotopes, and hen e identify the

doubly magi

nu lei, we show in Fig. 1 the variation in

the pairing energy

IR =

urs for all the isotopes of Si

= 14. The fully o upied proton singleparti le states are 1s1=2 , 1p3=2 , 1p1=2 , and 1d5=2 . How-

sistently at

the

where

Z

22 Si and

Ep

from neutrons (the proton

on-

tribution being zero for all the Si isotopes), the two(4)

neutron separation energy
parti le energy

654

Esp

S2n , and the neutron single-

for the entire

hain of Si isotopes

Esp , MeV S2n , MeV
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Ep , MeV
2
0
−2
−4 a
40

isotopes with

RMF(TMA)

2p3=2 and 2p1=2, whi h lie

the

0

c

−10

Fermi Energy
18

22

26

30

34

38
N

RMF+BCS results for the Si isotopes showing
the neutron number N dependen e of the (a) total pairing energy, (b) two-neutron separation energy and its
omparison with the available experimental data [35℄,
and ( ) relevant neutron single-parti le energy spe trum along with the position of the neutron Fermi energy depi ted by solid ir les and onne ted by solid
line

fa t

onsequently plays a

the neutron drip-line at

As

angular-momentum

2p1=2 with a small

N

ru ial role in determining

= 34, and we hen e have
whi h o

upy the low-

single-parti le states

2p3=2

entrifugal barrier, also have a

and
on-

siderable spread outside the potential region, albeit not
to the extent the neutron

3s1=2 state mentioned above.

Therefore, these neutrons are somewhat loosely bound.
Consequently, a sudden in rease in the neutron rms ra-

an be seen

ea h of the Si isotopes with neutron numbers

N

tions of the last neutrons,

in Fig. 1a, the neutron pairing energy also vanishes for
14, 20, 28, 34, indi ating the shell

This is be ause

48 Si as the heaviest bound isotope for the element Si.
44;46;48 Si isotopes, the wave fun However, for the

dius o

N.

= 34.

N

entrifugal barrier and its wave fun tion is

widely spread beyond the range of the potential. This

Fig. 1.

as a fun tion of the neutron number

ontinuum

ome down to be bound even if more

neutrons are added beyond
it has no

1d5/2

14

The last

lose to the Fermi level near

3s1=2 state, whi h remains in the

and does not

−20
10

value for the

ontinuum threshold. Just above these two states

lies the

3s1/2
2p1/2
2p3/2
1f7/2
2s1/2
1d3/2

0

S 2n

= 3034 is rather small.

neutrons in these nu lei ll the single-parti le states

EXP
RMF(TMA)

b

N

:::

an be seen from Fig. 1b

We next note that, as

depi ting the separation energy, the

20

6

losures, loosely bound stru tures

= 8,

losures for both

urs for these isotopes, as is shown expli itly

in Fig. 4 below. Also, be ause the last lled states for

44;46;48 Si isotopes lie near the ontinuum threshold,
these nu lei have small S2n values. Moreover, sin e
the single-parti le states 2p3=2 and 2p1=2 have mod-

the

the protons and neutrons. Thus, for the proton magi

erate single-parti le energy gaps with respe t to both

number at

the

= 14, apart from the traditional neutron
shell losures at N = 8, 20, 28, new shell losures ap22;28;34;42;48 Si isotopes
pear at N = 14, 34, making the
Z

doubly magi .
These single-parti le shell stru tures revealed by the

tailed study of the pairing intera tion energy and the
wave fun tion of the single-parti le states shows that
the neutron single-parti le state

hibited in the variation of two-neutron separation ener-

S2n , shown in Fig. 1b.

An abrupt de rease in the

S2n value for the isotopes with a neutron magi number
N = 34, S2n be omes negative and we therefore rea h the drip-line at N = 34 for
Z = 14. An extensive study of isotones also onrms
the proton shell losure at Z = 14. Indeed, from the

is evidently seen. Beyond

2f5=2, whi h lies in the

ontinuum at around 1.9 MeV, is a resonant state.

neutron dependen e of the pairing energy are also exgies,

1f7=2 and 3s1=2 single-parti le states, we have the
N = 34 as a magi number. A de-

neutron number

However, be ause it lies at a higher energy than the
last lled states near the Fermi level, its
the pairing

ontribution to

orrelation energy is rather negligible. Nev-

ertheless, it is worthwhile at this point to emphasize the

2f5=2 state and
3s1=2: in fa t, had this

role of the lo ation of su h a resonant
that of the single-parti le state

resonant state been at lower energy, its

oupling to the

2p1=2
2p3=2) due to pairing intera tion would be large.

neutron single-parti le stru ture seen in Fig. 1 , we nd

nearby bound single-parti le states (for example,

that the single-parti le energy gaps found for

and

are also maintained for the neutron number

Z = 14
N = 14.

Further, it is expe ted from the isospin symmetry
siderations [12℄ that the mirror nu lei with

Z

N

on-

= 14 and

= 8, 20, 28, 34 should also exhibit similar shell

lo-

This would result in a further addition of neutrons to
the resonant state and thus an extension in the position
of the neutron drip-line beyond
to this role of a

N

= 34. Moreover, due

ommodating more neutrons to keep

sures. Cal ulation results show that among these, the

the system bound, the resulting potential be omes

bound mirror nu lei

du ive to bringing down the

magi , whereas the

22 O

34 Ca are indeed doubly
42 Ni and 48 Se are unremaining
and

the Fermi level and the

3s1=2 state very

oupling to the bound states

bound due to an ex essively large Coulomb repulsion

to be ome partially or fully o

of protons in these neutron-de ient nu lei.

su h an

655

s

on-

lose to

upied.

The lling of

state lying at the threshold of the

ontin-
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S2n , MeV

Su h a

ombined with

40

TZ = −1
−2

state has been shown pre-

viously [26℄ to give rise to a large halo formation in the

30

extremely neutron-ri h Ca isotopes.

20

The results des ribed above are further supported
by the

0

al ulated proton and neutron density distri-

10

butions, wherein it is seen that the densities fall o
rapidly for the

losed shell

22;28;34;42;48 Si isotopes

om-

0

pared with other isotopes with neutron density tails
extending beyond the potential region. Also, the

al-

3 4 5

1 2

0

10

6

7 8 910 11

12

20

30

40

50
N

ulated radii are found to be in agreement with the
available measurements [3638℄. Hen e, the important
predi tion of these
the isotopes

48 Si

Cal ulated results obtained in the RMF+BCS
approa h showing the variation of two-neutron separation energy S2n with an in reasing neutron number
N . The lines onne t the nu lei with the same isospin
value TZ = (N Z )=2 = 2, 1, 0, 1, 2; : : : ; 10, 11,
12. At the magi numbers, a sudden de rease in the
separation energy is evidently seen
Fig. 2.

al ulations is that in addition to

28;34;42 Si being doubly magi

isotopes are also doubly magi . The

lies on the neutron drip-line, whereas

22 Si and
48 Si
isotope

, the

22 Si

falls on the

proton drip-line. These two isotopes respe tively

on-

stitute examples of neutron- and proton-ri h doubly
magi

drip-line nu lei. So far, the heaviest isotope of Si

observed experimentally is

43 Si, and it would be inter-

esting to nd an experimental

onrmation of heavier

isotopes, espe ially the doubly magi

48 Si

at the neu-

tron drip-line.
To

he k the possible dependen e and sensitivity

of the results on the for e parameterization, we have
also

arried out these

al ulations using other popular

in luding deformation in Ref. [30℄, whose results are
tabulated in Table, whi h shows that the

22;48 Si nu

lei

have the spheri al shape. Experimental measurement
for the

22;48 Si isotope would be extremely interesting in

order to test the drip-line and these new unusual shell
losures.

RMF parameterizations, the NL3 and NLSH, given in
omparison of the re-

The above en ouraging des ription of the entire

sults for the Si isotopes shows that these for es (the

hain of Si isotopes in the spheri al framework gave us

detail in Refs. [21℄ and [22℄. A

TMA, NL3, and NLSH parameterizations) essentially

strong motivation to extend these investigations to the

yield similar results. Indeed, the results for the sepa-

entire hart of the nu lei up to the drip-lines, espe ially,

ration energy, proton and neutron radii, density pro-

to study the o

les and drip lines, and so on are almost identi al for

of weakly bound nu lei, and the possibility of halo for-

all the Si isotopes.

mation in detail.

The same is found to be true for

urren e of shell

losures, the existen e

As has been demonstrated above,

the proton and neutron single-parti le spe tra ex ept

these features of nu lei are primarily governed by the

for a small deviation in the NL3 results for the proton

single-parti le stru tures, the lo ation of possible res-

22 Si and that for the neusingle-parti le spe trum of
42 Si ompared with the
tron single-parti le spe trum of
TMA and NLSH results.

To elaborate, whereas the

TMA and NLSH results show shell
protons and neutrons in

losures for both

22 Si and 42 Si, the NL3 results

22 Si has shell losure only for neutrons,
42 Si exhibits shell losure only for prosimilarly

onant states, the

oupling due to the pairing intera -

tion between bound and unbound states, espe ially the
resonant states near the Fermi level, and

turn govern the shape of proton and neutron poten-

indi ate that

tials. Again, as in the

and

have also been

tons.

However, it follows from the detailed study of

the pairing energy, single-parti le pairing gaps, and o upan ies of the single-parti le levels that the deviation
from the shell

losures in these two nu lei for the NL3

for e is in fa t rather small.
Our ndings of unusual magi
the neutron drip-line and

Z

numbers

N

= 34 at

= 14 at the proton drip-line

are in agreement with the systemati

RMF

al ulations

hanges in

the total number of protons and neutrons, whi h in
ase of Si isotopes, these studies

arried out in terms of pairing energy,

S2n

two-neutron and two-proton separation energies (
and

S2p ),

single-parti le proton and neutron spe tra,

and rms radii and density distribution proles for the
protons and neutrons to obtain the magi

numbers and

to identify the halo formations.
As an illustration, Fig. 2 shows the two-neutron separation energy

N.

656

S2n

The various

with an in reasing neutron number

urves in the gure

onne t the nu lei
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Shell

losures, loosely bound stru tures

Doubly magi nu lei with their quadrupole deformation parameter for matter distribution

Doubly magi

Doubly magi

2m

nu leus

42 He2
82 He6
12
6 C6
14
6 C8
22
6 C16
14
8 O6
16 O8
8

nu leus

22
8 O14
24
8 O16
28
8 O20
22
14 Si8
28
14 Si14
34
14 Si20
42 Si28
14

0.00
0.00
0.00
0.00
0.00
0.00
0.00

Doubly magi

2m

48
14 Si34
34
20 Ca14
40
20 Ca20
48
20 Ca28
60
20 Ca40
48
28 Ni20
56 Ni28
28

0.00
0.00
0.00
0.00
0.34
0.00
0.37

omponent TZ = (N Z )=2 rang2 to 12. In this gure, the results for nu lei

[30℄

Doubly magi

2m

nu leus

2m

2m

nu leus

78
28 Ni50
98
28 Ni70
116
34 Se84
100
50 Sn50
132
50 Sn82
176
50 Sn126
208 Pb126
82

0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00

with the same isospin

stability line and the drip-lines exhibit shell

ing from

at other

with neutron numbers
Plots of

S2n

N

only up to 54 are displayed.

overing nu lei with higher

N,

with in reasing

Z

values exhibit similar

and are not displayed here in order to save spa e. In
Fig. 2 and in similar plots for heavier nu lei, a sudden
de rease in the two-neutron separation energies
learly seen at the major shell losures
the traditional neutron magi

S2n

is

orresponding to

numbers

N

hanging

S2p

hara teristi s

= 8, 20, 28,

or/and

Z

losures

values due to the variations in

the neutron and proton single-parti le stru tures with

and anal-

ogous plots for the two-proton separation energy

N

:::

N

or/and

Z

values.

Indeed, besides the traditional magi
lightest nu lei show magi ity at

Z

numbers, the

= 6 for the neutron

N = 4 to N = 16, and analogously at
= 6 for the proton number from Z = 2 to Z = 8 is

number from

N

found in our
at

Z

and

al ulations. It appears that the magi ity

= 6 and N = 6, and similarly for several other Z

N

values up to 34, holds in a symmetri

manner

50, 82, 126. Analogously, a de rease is observed in the

for the neutron-ri h and proton-ri h nu lei, although

two-proton separation energies

due to the Coulomb repulsion, highly proton-ri h nu-

at the traditional proton magi

S2p

(not shown here)

numbers

Z

= 8, 20,

lei are found to be unbound in

28, 50, 82. These major neutron and proton shells are

ri h

generally seen to persist well into regions belonging to

lighter nu lei, the o

proton-ri h and neutron-ri h nu lei while approa hing
the drip-lines. For these magi

numbers, the

hains of

bound isotopes and isotones are relatively large. Su h
magi

numbers may be termed strong magi

numbers.

1p1=2
14 O

nd

states.

Z

these, the

emergen e of a new magi

number. For example, the

N

8 and 20, as

N

= 40 be omes a new magi

number. This is due to

Moreover, taking
we nd that

proton-ri h isotopes

to

N

urves for

TZ

orresponding

values ranging from 7 to 12.

= 40 is found to be a magi

56 S, 58 Ar, 60 Ca, 62 Ti, 64 Cr,

Thus,

number for the nu lei

and

66 Fe

with

Z

values

between 16 and 26.

4

ÆÝÒÔ, âûï. 4

Z

N

22 O, 28 Si,

= 16 is a proton magi

values between

and

N

is also seen in Fig. 2.

34 Ca.

Next,

number for the

2628 S. Similarly, our

ber for the neutron ri h nu lei

24 O

Z

= 14 with Z = 8, 14, 20 pro-

nu lei

predi t the appearan e of

and

= 14 is found to be

al ulations

= 16 as a magi

num-

22 C, 24 O, and 26 Ne,

as

Moreover, out of these three,

are observed to be doubly magi

nu lei,

whi h is in agreement with re ent experiments [35℄.

In a similar manner, we nd that nu lei in dierent regions of the periodi

vides doubly magi

22 C

ontext

an be seen in Fig. 2.

shells. Indeed, as seen in Fig. 2, the neutron number

= 40 shows magi ity for other nu lei

N

number for nu lei with even

1f5=2 and 1g9=2 states
as the 1g9=2 state is shifted upward loser to the 3s2d
N

isotopes are predi ted to be

of Si isotopes above. Similarly,

isotopes, the magi ity for

an appre iable gap between the

number for all the isotopes

doubly magi , as is des ribed in detail in the
a magi

= 50 disappears, while

1p3=2 and
8 He, 12 C and

values ranging between 8 and 34. Among

22;28;34;42;48 Si

present approa h yields that for the neutron-ri h Ca

N

Among these, the nu lei

= 14 to be a magi

ri h

number disappears with the

numbers is

et ., appear to be doubly magi . Moving up, we

with even

and the asso iated magi

urren e of these magi

aused by the in reased spa ing between the

However, there are instan es, espe ially in the neutronases, where a major shell stru ture is weakened

omparison to neutron-

ases. The single-parti le stru ture shows that in

The magi ity at

table lying between the beta

N

or

Z

= 16 results due to the in2s1=2

reased spa ing of the single-parti le energy levels
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1d5=2 from the single-parti le state 1d3=2. Further
al ulations show the magi ity at Z = 34 for the

and
up,

neutron-ri h isotopes

116 Se
N

114;116 Se.

14

Z

ri h nu lei with

1f5=2 state.

magi

nu leus

With

48 Si.

Z

12

bers at

2p3=2 and 2p1=2 states from
= 14, this yields the doubly

Thus, interesting results of the

N

tron

Z

numbers. In

6

ontrast to the neu-

These predi tions of doubly magi
found to be

onsistent with the results in Ref. [30℄,
an be seen

in Table, where we tabulated the quadrupole deformation parameter for matter distribution
proa h.
been

28;42 Si

C
TZ = 2

2m

1
0
1
2
3
4
5

0

8

16

24

32

40

N

for all

nu lei by our RMF+BCS ap-

The quadrupole deformation parameter has

al ulated by assuming deformed nu lei of axi-

ally symmetri

22

Variation in the radial distan es r(n ) for different nu lei at whi h the neutron density distribution n as a fun tion of the in reasing neutron number N diminishes to an arbitrarily hosen small value
6
10
fm 3 . The lines onne ting dierent nu lei with
the isospin value TZ = (N Z )=2 ranging from 2 to
5 are been drawn to guide the eyes

nu lei are also

showing no deformation for these nu lei, as

predi ted doubly magi

fm

Fig. 3.

numbers are predi ted at

= 40, 70, 112.

C

),

C 20 C

8

= 6, 14, 16, 34, and neutron magi num= 6, 14, 16, 34, 40, 70, 112 in addition to

ase, no proton magi

18

al-

Z

the traditional magi

16

He

3

fm

10

ulations are the predi tion of unusual proton magi
numbers at

He 8

6

143, âûï. 4, 2013

number for neutron-

ranging from 12 to 16 due to the

large spa ing of neutron

= 10

6

Out of these two, the

isotope is found to be doubly magi . Similarly,

= 34 is found to be a magi

the

r(n

òîì

shapes [30℄.

Interestingly, ex ept the

nu lei, all predi ted doubly magi

nu lei are of

at whi h the neutron density value de reases to an arbitrarily

hosen small value, for example,

10

6

fm

3.

This gure shows the results only for nu lei with the
isospin

omponent

TZ

ranging from

2 to 5.

In Fig. 4, for some sele ted nu lei, we also display

spheri al shape, was the reason to analyze and dis uss
the results for these nu lei with negligible deformation

the radii for the proton and neutron distributions,

in the framework of the spheri al RMF+BCS des rip-

and

rn

rp

(along with the available experimental data),

In su h a spheri al framework,

in order to show that for neutron-ri h weakly bound

ontributions of neutron and proton single-parti le

systems and halo nu lei, there is a sudden jump in the

states to the density proles, pairing gaps, total pair-

growth of neutron radii in passing from one isotope to

ing energy, et ., whi h are also equally important in the

another. Indeed, it is found that the neutron density

study of exoti

for the lightest neutron-ri h nu lei

tion for
the

onvenien e.

phenomena,

an be demonstrated with

larity.
The density proles of the investigated nu lei show

16 22 C,

at a mu h larger radial distan e

and proton density

p

distributions

12 fm, indi-

an be seen for some of these nu lei in Fig. 3. In what

lose to drip-lines, exhibit rapid de rease in the radial

n

r(n ) >

ating its wide spatial extension with a slow fall o, as

that the well-bound nu lei, whi h do not in lude nu lei
neutron density

et ., diminishes to the

n

6 10 He, 14 Be, and
6 fm 3 only
value 10

follows, we only briey dis uss the results of our

al u-

as the radial distan e in reases beyond the range of

lations for the neutron-ri h He, Be, and C isotopes for

the nu lear potential. By

the purpose of illustration.

ontrast, the loosely bound

neutron-ri h nu lei due to spread in the single-parti le
wave fun tions of the loosely bound neutrons exhibit

It

r(n )

ur also

6 He. This in4
di ates a 2n-halo formation with He as the ore. The
4
6
al ulated binding energies of He and He show only a
4
6
minor gain of 1.31 MeV from He to He, in agreement

for the proton-ri h loosely bound systems. But this is

with the experimental data for binding energy [35℄. Be-

extended tails in their radial density distributions

n ,

giving rise to a large skin thi kness and even to a halo
formation in some

ases.

A similar situation in prin iple should o
generally not the

4 He

an be seen from Fig. 3 that the radial distan e
of about 7 fm for the neutron density fall o for

suddenly jumps to about 13 fm for

ause of the weakly bound stru ture, there is a sudden

ase be ause ex essively proton-ri h

nu lei do not remain bound due to the Coulomb repul-

jump in the neutron distribution radius

sion. In Fig. 3, to demonstrate that the density has a

to

rn

from

4 He

large spatial extension for loosely bound and espe ially

6 He, as an be seen in Fig. 4. The halo nature of
6
the He isotope is further supported by the following

for halo nu lei, we display the radial distan es

features. The neutron single-parti le energy spe trum

r(n )
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2

3
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6

n

r
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p
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0
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5

2
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4

n

r

losures, loosely bound stru tures

2

4

6
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50
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n

r

Mo

p

r

4
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N

N

Variation in the rms radii of neutron rn and proton rp distributions obtained in our RMF+BCS al ulations for He,
Be, C, Si, Ca, and Mo isotopes as a fun tion of the in reasing neutron number N . A sudden large in rease in the neutron
radii is observed for some isotopes. Available experimental data [6; 7; 3640; 43℄ for the rms radii rn and rp are respe tively
shown with lled ir les and squares for the purpose of omparison. In the plots for Si, Ca, and Mo isotopes, the solid line
depi ts a rough estimate for the neutron radius given by rn = r0 N 1=3 , where the radius onstant r0 is hosen to provide
Fig. 4.

the best t to the theoreti al results

shows that the single-parti le state
the last two neutrons is lo ated

1p3=2 o

upied by

lose to the zero en-

6 He tends to provide
8
just a little more binding and stability for the He nu-

that addition of two neutrons to

ergy, whereas the Fermi level also lies just below the
ontinuum threshold.
Further addition of two neutrons to

6 He

does not

result in extra growth of the spatial extension of the
neutron distribution.

8
Consequently, for He, the radial

distan e of the neutron density fall o
almost similar to that for
The

al ulated radii

rn

6 He,

r(n )

as is seen in Fig. 3.

for the neutron distributions

6 He and 8 He are respe tively 3.19 fm and 3.21 fm.
8
6
This suggests that He is not formed of He as a ore
In a re ent measurement

7 Li(p; 2p)6 He rea tion, the rn value 2.85 fm
6
was dedu ed for He in [39℄. Previous measurements [6℄
6
8
yielded rn = 2:61 fm for He and rn = 2:64 fm for He.

using the

Our

al ulated

rn

values

6 He and 8 He.

ompare with these measure-

The

al ulated values of rms

with halo

bly magi

system.

ompare very well

rh

= 1:93 fm for

an interesting system in the sense that it is a weakly

is found that for the isotope

= 6 is a magi

8 He

6
and r h = 2:07 fm for He [40℄. A slight de rease
6
8
in the rms harge radius from He to He is indi ative
4
of a dieren e in the orrelations of the 2n+ He system
4
ompared to the 2n + 2n+ He system. An interpreta8
tion of He as a weakly bound halo-like system [40, 41℄
4
of (2n + 2n) plus He as a ore appears to be onsis8
tent with our al ulations. Thus, He appears to be
8 He

bound doubly magi

N

harge radius of

harge radii

with the re ently measured values

ments reasonably well, as is shown in Fig. 4. Also, it

8 He, the neutron number
8
number. This makes He a dou-

harge radii of the isotopes

al ulated rms

is found to be r h = 1:98 fm, to be ompared with
r h = 2:05 fm for 6 He. It is interesting to note that our

remains

for

and two valen e neutrons.

leus without in reasing its spatial dimension. This is
also ree ted in the rms

super-neutron-ri h isotope of He

hara teristi s lo ated at the neutron drip-

line.

Our detailed results indeed show

If two more neutrons are added to
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that the resulting isotope

10 He

be omes just unbound

via the two-neutron emission. This is be ause the neutron single-parti le state

1p1=2, whi h lies in the

ontin-

4 8 He isotopes,
uum just above the zero energy for all
It moves down only to be ome weakly

0:29 MeV, whereas the neutron
0:06 MeV. The o upan y of the loosely bound single-parti le state 2s1=2

Fermi energy is found to be

and the lo ation of the Fermi level very
ditions for the halo formation in

F = 0:14 MeV. The next single-parti le
1p1=2 is the 2s1=2 state lying lose to the

ontinuum threshold at 0.17 MeV. The total binding
energy of

10 He

is found to be 29.68 MeV, to be

om-

pared with the binding energy of 30.75 MeV for

10 He is unstable with respe

Therefore,
by

S2n = 1:08 MeV.
Our results are

t to

8 He.

2n-emission

The isotope

10 He

is

found to have an ex essively large extension of the neutron density distribution, resulting in the large value

r(n )

= 16 fm for density fall o,

and is not shown in Fig. 3 be ause it lies outside the
s ale of the plot.
tron radius

10 He,

as

rn

Again, a sudden jump in the neu-

is also obtained in passing from

an be seen in Fig. 4.

Moreover, the neu-

tron single-parti le spe trum shows that for
neutron number
sequently,

N

8 He to

= 8 remains a magi

10 He is also a doubly magi

10 He,

the

number. Con-

isotope like

These features hara terize a spatially extended

8 He.

ong-

A larger value of the

tron radius in
Indeed, the

al ulated binding energy value is found

to be smaller by about 1.8 MeV than the experimental

Our

al ulations for the isotopes

the proton number
for the entire

8 Be,

the proton

to the traditional magi

numbers 2 and 8. Moreover,

8 C is unbound to
22 C lies at the two2-proton emission, and the isotope
al ulations show that the isotope

neutron drip-line. These ndings along with the

are found to be in agreement with the available measurements [35℄.
A
and

omparison of the shell gaps for the isotopes

14 C suggests that the neutron number N

In the

ase of

N

= 6 to be a magi

12 Be, an appre

tween the single-parti le state

binding energy per nu leon, and a relatively negligible

data depi ted in Fig. 4 shows a reasonably good agree-

1p1=2 and the next higher

is found to exhibit an ex-

r(n )

is quite large, and is not

shown expli itly in Fig. 3 be ause it lies outside the

ment with measurements [7, 37, 43℄. However, data on
the neutron radius

rn

shows a sudden jump from

12 Be

found to o

14 Be,

as

for the isotopes

12;18 C have large

error bars. It is gratifying to note that for the isotopes
HartreeBogoliubov (RHB) ap-

proa h, whi h provides a unied des ription of meaneld and pairing orrelations, yields results [44℄ that are
very

lose to those obtained in the present RMF+BCS

al ulations.
A detailed analysis of the

al ulated results for the

hara terize the

10 22 C isotopes shows that the neutron-ri h 16 22 C iso-

The last two neutrons are

topes are examples of a somewhat loosely bound sys-

an be seen in Fig. 4. These features

2n-halo formation in 14Be.

to

rn

10 22 C, the relativisti

s ale of the plot. The radius for the neutron distribution

an be

al ulated rms pro-

ton and neutron radii with the available experimental

tended neutron density distribution. The value for the
density fall-o radius

omparison of the

10 C to

number.

2s1=2 helps retain the usual magi ity for the neutron number N = 8.
14 Be

12 C to 14 C, as
omparison to that from

iable gap of 4.3 MeV be-

single-parti le state

The next isotope

12 C has the largest

growth in the neutron distribution radius from
seen in Fig. 4. A

the neutron number

= 6 pro-

= 8, a feature also found to be true for the He and Be

mean-eld potential be omes deep enough to provide

10 Be show

12 C

vides a mu h stronger magi ity than the magi ity for

stability to

The results for the isotope

al u-

lated two-neutron separation energy for the C isotopes

12 C in

8 Be.

number

gap between the proton single-parti le states 1p3=2 and
1p1=2. Similarly, the neutron numbers N = 6 and
N = 16 are also found to be magi numbers in addition

isotopes. Consequently, the isotope

to

show that

= 6 remains a magi

Z

unbound via the emission of two protons in agreement
With the addition of

8 22 C

hain of isotopes due to a large energy

N

6 Be

an be seen

al ulated rms neu-

14 Be is slightly underbound.

10 He unbound via 2n-emission.
6 14 Be and C isoCal ulations for the Be isotopes
8
22
topes
C yield results with features similar to those
6
of the He isotopes. The isotope Be is found to be

two neutrons, in passing from

is some-

omparison with the experimental data

indi ates that the isotope

uration for

with the measurements in [35℄.

rn

ross se tion measurements [6, 7, 43℄, as
in Fig. 4.

value 69.98 MeV.

10 He.

on-

However, the

al ulated rms neutron distribution radius

onsistent with the experiments

[35, 42℄ on spe tros opy of

of radial distan e

14 Be.

what larger than that extra ted from the intera tion

ontinuum at
state above

lose to the

ontinuum together provide extremely favorable

bound with an single-parti le energy of 0.57 MeV while
the neutron Fermi level moves up and now lies in the
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tinuum threshold at

remains almost unae ted by in reasing the number
of neutrons.

òîì

upy the single-parti le state

2s1=2.

neutron single-parti le state lies just below the

This
on-

tem due to simultaneous and gradual lling in of the
neutron single-parti le
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Shell
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Esp ;

MeV

6
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tended neutron density distribution.

2

tained for

N

6

10

a) Variation of the neutron single-parti le energies obtained with the TMA for e for the arbon isotopes 10 22 C as the neutron number in reases. The
neutron Fermi energy is shown by lled ir les onne ted by solid line to guide the eye. b) Variation of
the position (Æ) and o upan y (4) (the number of
neutrons o upying the levels) of the neutron 1d5=2
and 2s1=2 single-parti le states in the 10 22 C isotopes
as the neutron number in reases

16 C.

As

an be

2s1=2 state tends to be ome more

bound with the in reasing number of neutrons beyond

16 C, and hen

e it be omes unlikely to have halo forma-

18 22 C isotopes. With
16 C, the density falla further addition of neutrons to

tion in the heavier neutron-ri h
o radius

r(n ) remains almost un

hanged for the iso-

18 22 C, as an be seen in Fig. 3. For the drip-line
22 C, the Fermi level moves just above the onleus

topes
nu

tinuum threshold at
Fig. 5a.

In Fig. 5a, to elu idate this point,

we display the variation in the neutron single-parti le
in reases. The -

gure also shows the position of the Fermi level.

for the neutron distribution

ross se tion measurements [6, 45, 46℄ also supports an

Fig. 5.

N

rn

extended neutron tail in the isotope
seen from Fig. 5, the

spe trum as the neutron number

is ob-

14 C to 16 C, as is evident
16 C extra ted from
The matter density of

from Fig. 4.

20

N

in these isotopes.

r(n )

14 C, as is evi-

is also found in passing from

1d5=2
2s1=2

14

omparison to that for

ment in the rms radius

2s1=2

RMF(TMA)

16 C in

dently seen from Fig. 3. Correspondingly, an enhan e-

1d5=2

0

Consequently, a

large value of the density fall-o radius

20

b

4
4

16 22 C.
The neutron 2s1=2 state, whi h begins to be o u16 C, essentially gives rise to an expied in the isotope

ri h isotopes

1p3=2

20

:::

sequently, we have somewhat loosely bound neutron-

1d3=2
3s1=2
2p3=2
2p1=2
1d5=2
2s1=2
1p1=2

a

losures, loosely bound stru tures

Fi-

F

= 0:43 MeV, as

an be seen in

The neutron single-parti le spe trum of the

22 C isotope shows that the single-parti le state next to
the fully o upied 1d5=2 state is higher in energy by
about 3.2 MeV in the

ontinuum. Due to su h a large

gap in the single-parti le energy, the neutron number

N

= 16 shows magi ity. Thus, 22C represents another

example of a spheri al drip-line nu leus for whi h the

gure 5b expli itly shows the variation in the position

neutrons are somewhat loosely bound. It is gratifying

of neutron

to note that this result for

2s1=2 and 1d5=2 single-parti le states along

with their o

upan y in terms of the number of neu-

22 C is in agreement with the

1d5=2 single-parti le

re ent experiment in [5℄.

trons. It is found that the neutron
state, whi h lies just above the

ontinuum threshold

ground-state properties of the eveneven

10 12 C, is a resonant state having a large pairing
in
gap (1d5=2 ). As the number of neutrons in reases,
it moves down and be omes bound, as

an be seen in

Fig. 5b.

It is evident from the above dis ussion that the

16 22 C

iso-

topes are to an extent inuen ed by the gradual and
simultaneous lling of the

lose-lying neutron

1d5=2 single-parti le states.

2s1=2 and

These isotopes are some-

what weakly bound due to the wide spatial spread in

Chara teristi ally, the wave fun tion of the resonant

1d5=2 state is always

onned within the potential re-

the wave fun tion of the

2s1=2 state. The single-parti le

spe trum in Fig. 5 also suggests that the odd-neutron

15 21 C

= 9,

isotopes

other lower bound states. This results in an in reased

13, 15 should be even more weakly bound than even-

pairing gap and an enhan ed

neutron (nonmagi ) isotopes be ause the binding en-

ontribution to the pair-

ing energy. Therefore, the neutron
always lies above the
tially o

2s1=2

upied already in

1d5=2 state, whi h

even before the

2s1=2

state is totally lled.

This simultaneous lling of the

two states

2s1=2 and 1d5=2 are totally o

ontinues until the drip-line isotope

rea hed when both the

22 C

ontribution from the pairing energy of the last two
neutrons besides the single-parti le energy

15 C

is

sin e the neutron single-parti le spe trum in Fig. 5 ev-

u-

idently provides support to a halo-like formation for
this isotope be ause the odd neutron lls the

helps in a

while it lies

ommodating more neutrons with a

ontribu-

tions. This is espe ially interesting for the isotope

pied. The simultaneous lling of single-parti le states
ompar-

atively small in rease in the total binding energy;

11,

ergy of even-neutron isotopes has a sizable additional

state, begins to be par-

16 C,

with neutron numbers

N

gion and therefore has an appre iable overlap with the

on-

level.
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lose to the zero energy as well as the Fermi

G. Saxena, D. Singh

To

ÆÝÒÔ,
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ing energy is found to be due to pairing

orrelations

results for He, Be, and C isotopes, we repeated these

[26℄. Also, due to the widely extended single-parti le

RMF+BCS

wave fun tion of the

al ulations using the NL3 and NLSH pa-

rameters [21, 22℄.

The

al ulated results, apart from

minor details, remained essentially

lose to those ob-

tained using the TMA for e parameters. However,

al-

3p1=2 and 3p3=2 states, a sudden

in rease in the neutron rms radius o
tope

126 Mo

= 84, as

N

at

the Mo isotopes in Fig. 4. The gradual lling of these

ulations in [47, 48℄, similar to those in Ref. [30℄ in-

states is

luding the deformation degree of freedom, show that

the drip-line isotope

ompleted at

N

= 112, whi h

the single-parti

Nevertheless, our main

throughout without being o

For oxygen isotopes, the

the experimental data [35℄, though
results of other mean-eld

upied. This prohibits ex-

essive growth in the rms neutron radius. The details

al ulations show that

14;16;22;24 O are doubly magi nu lei. The isotopes
26;28 O are found to be bound, whi h is at varian e with

orresponds to

154 Mo. However, in Mo isotopes,
le state 4s1=2 remains in the ontinuum

some of the Be and C isotopes are highly deformed.
on lusions remain un hanged.

urs for the iso-

an be seen in the plot for

of these results will be published elsewhere.

onsistent with the

al ulations in luding those

4. SUMMARY

arried out with the deformation degree of freedom [30℄.
Inspired by the re ent experiments [15℄ indi ating

This dis repan y with respe t to measurements needs

doubly magi

separate investigations.
The weakly bound stru tures and halos in the
neutron-ri h isotopes of He, Be, and C demonstrated
omponent value

(see Fig. 3).

44 48 Si
the o

TZ

ess of our relativisti

mean-

eld (RMF) plus state-dependent BCS approa h to the

hains of nu lei with

des ription of the ground-state properties of drip-line

lying between 1 and 5

nu lei [26, 28℄, we have further developed this approa h,

in Fig. 4 are the lightest in the
the isospin

nu lei and halo nu lei near the drip-line

and en ouraged by the su

Besides these, the neutron-ri h isotopes

des ribed earlier provide a similar example of

urren e of loosely bound systems with large neu-

a ross the entire periodi

table, to explore the unusual

shell losures, doubly magi nu lei, loosely bound stru tures, and halo formation in exoti

nu lei.

We used the Lagrangian density with nonlinear

tron skin, as is shown in Fig. 4. The possibility of halo



!

formation is found to be lower in heavier nu lei. How-

terms for the

ever, for several neutron-ri h nu lei, for example, the

for e parameters [18℄.

heavier isotopes of Ca, Zr, Mo, et ., in the vi inity of

tions with a delta-fun tion intera tion with the same

the neutron drip-line, it is found that further addition

intera tion strength have been performed for the pair-

of neutrons

ing

auses a rapid in rease in the neutron rms

and

mesons along with the TMA
State-dependent BCS

orrelation energy. The

al ulated results

al ula-

ompris-

radius with a very small in rease in the binding energy

ing the systemati s for the pairing energy, pairing gaps,

(

ating the o -

two-neutron and two-proton separation energies, neu-

urren e of very weakly bound stru tures, as is shown

tron and proton radii, and the neutron and proton den-

S2n  20 keV to 1.5 MeV), thereby indi

sity distribution proles have been analyzed to predi t

in Fig. 4 for the Ca and Mo nu lei.
In the
sentially

ase of neutron-ri h Ca isotopes, this is esaused by the gradual lling of the loosely

bound single-parti le neutron state
onant

1g9=2

state [26℄.

3s1=2 and the res-

ine the o

of Zr isotopes, are found to o

ase

ur due to the gradual

2f7=2, 2f5=2, and 1h9=2 states to-

numbers and to explore and exam-

urren e of weakly bound nu lei in luding the

formation of halos.
In parti ular, the results for the entire

Similarly, weakly bound iso-

topes of neutron-ri h Mo isotopes, as also in the
lling of the resonant

the possible magi

isotopes show that the proton number
sents a shell

Z

hain of Si

= 14 repre-

losure throughout up to the neutron drip-

line, whi h is found to be at

N

= 34.

More interest-

22;28;34;42;48 Si

gether with the loosely bound single-parti le neutron

ingly, it has been found that the isotopes

states

are doubly magi , indi ating persisten e of the neutron

3p1=2 and 3p3=2. The gradual o upan y om126 Mo. As menmen es at N = 84 in the isotope

tioned above, preferen e for the o
states stems from the fa t that in

upan y of resonant
ontrast to loosely

bound single-parti le states, the resonant states have
their wave fun tions entirely

shell

losure at

N

= 8,

14, 20, 28, 34.

These nd-

ings, espe ially the fa t that the heaviest and highly
neutron-ri h
imental

onned inside the po-

Our

48 Si nu

leus is doubly magi , need exper-

onrmation.
al ulations, espe ially in the

ase of neutron-

tential well, similarly to a bound state. This interest-

ri h nu lei, show that the interplay of (i) variation of

ing phenomenon of a

energy of the proton and neutron single-parti le states

ommodating several additional

neutrons with an almost negligible in rease in bind-

due to

662

hange in the number of protons and neutrons,
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Shell

(ii) the position of resonant states, and (iii) the posi-

I. Tanihata, J. Phys. G 22, 157 (1996); I. Tanihata et
al., Comp. Ren. Phys. 437 (2003); Phys. Lett. B 512,
261 (2001).

the shell

7.

A. Ozawa, T. Kobayashi, T. Suzuki, K. Yoshida,
and I. Tanihata, Phys. Rev. Lett. 84, 5493 (2000);
A. Ozawa et al., Nu l. Phys. A 709, 60 (2002).

8.

A. Jensen, K. Riisager, D. V. Fadarov, and E. Garrido,
Rev. Mod. Phys. 76, 215 (2004) and referen e therein;
A. S. Jensen and K. Riisager, Phys. Lett. B 480, 39
(2000); P. G. Hansen and A. S. Jensen, Ann. Rev. Nu l.
Part. S i. 45, 591 (1995).

9.

A. B. Migdal, J. Nu l. Phys. 16, 238 (1973).

ontinuum threshold greatly inuen es

losures and hen e the magi ity in nu lei. The

lling of single-parti le

s- or p-states lying

lose to the

ontinuum threshold gives rise to a sudden in rease in
the rms radius, leading to a loosely bound system or
even a halo formation. Similarly, the low-lying resonant
states, espe ially those with high angular momenta,
help in a

ommodating an ex essively large number

of neutrons, extending the neutron drip line to extremely neutron-ri h isotopes. Indeed, among the light-

6 8 He

est nu lei, the isotopes
like

and

14 Be

exhibit halo-

hara teristi s with wide spatial extensions in neu-

tron densities. Also, the neutron-ri h

16 22 C

arbon isotopes

10.

S. Dasgupta, I. Mazumdar, and V. S. Bhasin, Phys.
Rev. C 50, 551(R) (1994).

11.

G. Berts h, H. Esbensen, and A. Susti h, Phys. Rev.
C 42, 758 (1990); G. Berts h and J. Fooxwell, Phys.
Rev. C 41, 1300 (1990).

12.

T. Otsuka et al., Phys. Rev. Lett. 87, 082502 (2001).

13.

J. Doba zewski et al., Phys. Rev. C 53, 2809 (1996);
K. Benna eur, J. Doba zewski, and M. Ploszaj zak,
Phys. Lett. B 496, 154 (2000).

14.

M. Grasso et al., Phys. Rev. C 64, 064321 (2001).

15.

B. D. Serot and J. D. Wale ka, Adv. Nu l. Phys. 16, 1
(1986).

16.

P. G. Reinhard, Rep. Progr. Phys. 52, 439 (1989) and
referen es therein.

17.

P. G. Reinhard, M. Rufa, J. Marhun, W. Greiner, and
J. Friedri h, Z. Phys. A 323, 13 (1986); S. Mizutori,
J. Doba zewski, G. A. Lalazissis, W. Nazarewi z, and
P. G. Reinhard, Phys. Rev. C 61, 044326 (2000).

18.

Y. Sugahara and H. Toki, Nu l. Phys. A 579, 557
(1994); Y. Sugahara, Ph. D. Thesis, Tokyo Metropolitan University (1995).

19.

R. Bro kman and H. Toki, Phys. Rev. Lett.
(1992).

20.

P. Ring, Nu l. Part. Phys. 24, 1467 (1998); D. Veretenar, N. Paar, T. Niksi , and P. Ring, Phys. Rev. Lett.
91, 262502 (2003).

21.

G. A. Lalazissis, D. Vretenar, and P. Ring, Phys. Rev.
C 57, 2294 (1998).

22.

M. M. Sharma, M. A. Nagarajan, and P. Ring, Phys.
Lett. B 312, 377 (1993).

23.

M. Del Estal, M. Contelles, X. Vinas, and S. K. Patra,
Phys. Rev. C 63, 044321 (2001).

are found to represent a weakly bound system

due to the interplay of the
states lying

lose to the

neutron-ri h Si isotopes

2s1=2 and resonant 1d5=2

ontinuum threshold.

44;46;48 Si

The

provide another ex-

ample of loosely bound isotopes near the drip-line due
to the lling of the low-angular-momentum single-parti les states

2p3=2

and

2p1=2.

Several medium-heavy

nu lei are found to exhibit loosely bound neutron-ri h
isotopes due to the interplay of the resonant and weakly
bound single-parti le states, as was des ribed briey in
the

ase of Ca and Mo isotopes.
Our

al ulations predi t the unusual proton magi

numbers at
magi

Z

= 6,

numbers at

N

14, 16, 34 and unusual neutron

= 6, 14, 16, 34, 40, 70, 112. These

results are found to be

onsistent with the experimen-

tal systemati s [35℄ of two-proton

S2n

S2p

and two-neutron

separation energies.
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