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This work analyzes the equilibrium between a liquid and a gas over this liquid separated by an interface. Various
gas forms exist inside the liquid: dissolved gas molecules attached to solvent molecules, free gas molecules, and
gaseous bubbles. Thermodynamic equilibrium is maintained between two phases; the ﬁrst phase is the liquid
containing dissolved and free molecules, and the second phase is the gas over the liquid and bubbles inside it.
Kinetics of gas transition between the internal and external gas proceeds through bubbles and includes the processes of bubbles ﬂoating up and bubble growth as a result of association due to the Smoluchowski mechanism.
Evolution of a gas in the liquid is considered using the example of oxygen in water, and numerical parameters
of this system are given. In the regime under consideration for an oxygen–water system, where transport of
oxygen into the surrounding air proceeds through micron-size bubbles with lifetimes of hours. This regime is
realized if the total number of oxygen molecules in water is small compared with the numbers of solvated and
free molecules in the liquid.
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1. INTRODUCTION

4

A disperse system, i. e., a liquid with micron-size gas
bubbles, is a well-known physical object of interest for
both fundamental physics and applications. Such bubbles are used in various industrial processes, such as ore
ﬂotation [1], water remediation, and waste water treatment [2, 3]. Basic applications of liquids with gaseous
bubbles appear in medicine, in particular, for drug delivery to internal parts of a body [4], for anesthesia [5],
for delivery of a contrast agent in ultrasonography [6,7],
for breast biopsies [8], and others. These applications
are all based on the long lifetimes of bubbles in liquids
and are an impetus for a deep understanding of the
fundamental aspects of this problem.
In this paper, we consider the character of evolution of a gas that passes into an open reservoir ﬁlled
by a liquid under conditions in which this gas forms
bubbles in the liquid. A general scheme of this system
is represented in Fig. 1. In a particular example, oxygen molecules form under the action of solar rays near
the bottom of a reservoir as a result of photosynthesis
*

1

5
Fig. 1. Geometry of a liquid with a gas: 1 — vessel, in which
a liquid (2 ) is located; 3 — boundary between liquid and gas,
4 — bubbles in the liquid, 5 — ﬂux of gaseous molecules

processes in plants near the reservoir bottom. These
molecules move toward the air–water boundary 3, and
in the course of this motion they form bubbles, which
ﬂoat to the phase boundary. At low ﬂow rates, the gas
forms bubbles in the host liquid and subsequently the
bubbles ﬂoat to the upper liquid surface and disappear
into air. These bubbles may form in natural processes,
as in the case of methane produced by putrefaction
processes in marsh. Photosynthesis processes in water
generate oxygen, which may take the form of bubbles
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and inﬂuence living organisms in the water. Along with
natural processes, one may deliberately saturate a liquid with a gas, e. g., by loading an aquarium with oxygen. One property of disperse matter consisting of a
liquid containing gaseous bubbles is a low electric ﬁeld
strength required for electric breakdown of this system compared to that of a pure liquid. This property
may be used for puriﬁcation of a water ﬂow. Because
the gasiﬁcation process in liquids is slow, the energetics
of this process are low and such processes occur fairly
readily in real systems.
Formation of gas bubbles in a liquid can occur in
any liquid system. For example, ageing of some liquids
results from chemical reactions that are accelerated due
to bubble formation. In particular, oil degradation in
a power transformer occurs by oil decomposition with
formation of gaseous bubbles. Consequently, bubbles
are the matter through which electric breakdown is realized in power units. Another example of bubble formation proceeds in the course of solidiﬁcation. If an alloy is formed in cooling a liquid, gaseous bubbles may
remain within the material and determine the subsequent strength of this material. Thus, we ﬁnd many
situations in which gaseous bubbles form and develop
in a liquid. The bubble growth may result both from
attachment of individual molecules to bubbles and by
coalescence of bubbles. We here consider the kinetics
of bubble growth in a liquid if a gas is dissolved or is
injected into the liquid.
In considering the kinetics of evolution of gases in
liquids through bubble formation and their eventual
ﬂoating-up, we are guided by air bubbles in water, since
information about this system is available and allows
us to ﬁnd real parameters of this process. We therefore,
consider a general situation of air dissolving in water of
a stagnant basin or in ﬂowing water of a reservoir. The
air molecules ﬁrst accumulate in the water in the form
of separated molecules. The same occurs when oxygen
is formed in water by photosynthesis. Such processes
of oxygen accumulation typically proceed continuously
for long times. When the amount of a dissolved gas exceeds the limit of its water solubility, the gas molecules
aggregate into bubbles in the water. These bubbles
grow via both coagulation and coalescence; simultaneously, they ﬂoat up. In the end, we obtain a stationary
picture in which new portions of molecules are injected
in water as others leave the liquid as they ﬂoat up to
its surface.

we are guided by properties of oxygen in water that
allow us to represent and parameterize the character
of this behavior. We ﬁrst consider oxygen solubility
in water under conditions in which oxygen is at atmospheric pressure over the gas–liquid interface separating
the two phases (see Fig. 1). Molecules of the oxygen solute appear in a bound state with knots — local structures oﬀering potential minima — of the liquid, such
that if the liquid transforms into the solid state, the
dissolved molecules are located in knots of the crystal
lattice. Therefore, in considering equilibrium of a liquid
and a soluble gas, we assume the existence of a certain
number of potential wells within the liquid, i. e., local
minima, where gas molecules may be in locally bound
states.
Under these conditions, we can consider solution of
a gas in a liquid based on the classical model (see, e. g.,
[9]) in which a certain number of identical particles
(balls) are distributed over a certain number of boxes.
Potential wells inside the liquid, where bound molecules
are located, fulﬁll the role of these boxes. Because only
one molecule can be bonded within a given well, the
dissolved molecules form a Fermi–Dirac distribution,
which passes into the Boltzmann distribution in the
limit of high temperatures. In this limit, the equilibrium under consideration is described by the equation
M + U ↔ M U,

(2.1)

where M is the gas molecule, U is the potential well,
and M U is the bound state of the gas molecule in a
local potential miminum of the liquid. The relation
between the number density of free molecules [M], the
number density of bound molecules [MU], and the number density of potential wells [U] in the liquid is described by the Saha relation [10, 11]


[M ][U ]
Δε
= C exp −
,
(2.2)
[M U ]
T
where the temperature T is expressed in energy units,
the constant C is independent of the densities of the
components, and Δε is the binding energy of a molecule
located in a state bound in the potential well. The
number density of bound molecules decreases with increasing temperature in accordance with usual equilibrium between bound and free states of molecules in
matter. It is convenient to represent this formula in
the form [14]

cs = c0 p exp

2. OXYGEN IN WATER

Δε
T


,

(2.3)

where cs is the concentration of dissolved molecules in
the liquid, c0 is the characteristic total concentration

In considering the behavior of a gas in a liquid, including formation of gaseous bubbles within the liquid,
152

Interaction between phases. . .

ЖЭТФ, том 150, вып. 1 (7), 2016

cs(O2), ppm
10

The number density N of molecules inside a bubble
and the number of bubble molecules n are given by

r0 
4πN0 r2 (r + r0 )
, n=
,
(2.6)
N = N0 1 +
r
3

p = 1 atm

8

with the parameters

6

N0 = 2.46 · 1019 cm−3 ,
4

Figures 3b and c show the dependences N (r) and n(r).
In particular, for the bubble radius r = 1 μm, we have
N = 6.0 · 1019 cm−3 and n = 1.5 · 108 . The bubble
surface energy εsur per molecule is

2

0

r0 = 0.83 Å.
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Fig. 2. Temperature dependence of the oxygen solubility in water at atmospheric pressure; the maximum concentration cs of
dissolved oxygen at a given temperature T . Stars correspond
to measurements [12], and open circles are from calculations
using the formula cs = 0.013 exp(1760/T ), where T is given
in K

(2.7)

where

3α
= 610 K,
(2.8)
N0 r0
and at the bubble radius r = 1 μm, formula (2.7) gives
εsur = 360 K. Figure 3d gives the dependence of the
surface energy εsur on the bubble radius r.
εmax =

of molecules, and p is the gas partial pressure over the
liquid. We express this pressure in atm. Figure 2 shows
the temperature dependence of the oxygen concentration dissolved in water. We see that formula (2.3) describes the experimental data well, and that cs ≈ 5 ppm
at room temperature.
We now consider an equilibrium of a gas bubble in
a liquid, with the bubble separated from the liquid by
a spherical ﬁlm. The relation between an external gas
pressure p and the pressure ps inside the liquid is given
by the Laplace equation [13]

3. EQUILIBRIUM IN A DISPERSE SYSTEM

We can see that for micron-size bubbles, the surface
energy per bubble molecule is small compared to the
binding energy of dissolved oxygen molecules in water.
This allows us to separate components of a disperse system into two phases. The ﬁrst spatially uniform phase
includes the liquid and dissolved and free molecules inside it. The second phase involves the gas located over
the liquid and inside bubbles. Under these conditions,
the thermodynamic equilibrium between these phases
results from transitions of gas molecules between the
diﬀerent phases via the free state of gas molecules in the
liquid. Returning to the example of a disperse system
consisting of water and oxygen, we consider a regime
where equilibrium is reached via attachment of oxygen
molecules to oxygen bubbles and the subsequent evaporation of oxygen bubbles from water. We now give
the criterion that the equilibrium in a disperse system
be established through bubbles. The rate of molecule
attachment to a bubble of a radius r is given by the
Smoluchowski formula [16]

2α
,
(2.4)
r
where α is the surface tension and r is the bubble radius. Here, we assume water to have many internal
potential wells in which air molecules, oxygen or nitrogen, can be captured. We next assume the water
temperature T = 298 K, close to room temperature.
The surface tension for water at this temperature is
α = 72 dyn/cm [15], and hence compression of oxygen
bubbles by water creates an additional pressure inside
a micron-size bubble. This additional pressure pef =
= 2α/r for a bubble of a radius r located in water at
room temperatures is
p = ps + pef ,

εmax
4πr2 α
=
,
n
1 + r/r0

pef =

νat = 4πDrNb ,

(3.1)

where D is the diﬀusion coeﬃcient for molecules in a
liquid and Nb is the number density of gas molecules
in bubbles. In particular, the diﬀusion coeﬃcient of
oxygen molecules in water at room temperature is

C
, C = 1.44 atm · μm.
(2.5)
r
Figure 3a represents the dependence of the pressure inside a bubble in water, with the bubble radius r and
atmospheric pressure outside the water.
pef =

D(O2 ) = 2.4 · 10−5 cm2 /s,
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Fig. 3. Some parameters of an oxygen bubble in water as a function of the bubble radius: a — air pressure p inside the bubble,
b — the number density of air molecules in the bubble, c — the number of air molecules in the bubble, d — the surface energy
εsur per molecule. T = 298 K, p = 1 atm

(see [15]). A typical time τD for a gas molecule to reach
the liquid–gas interface is estimated as
τD ≈ 2L2 /D,

The loss of gas bubbles in a liquid under the regime
we consider results from bubbles ﬂoating up. A typical
time τf l for this process is given by

(3.2)

L
τf l =

where L is the vertical size of the liquid reservoir. Evidently, the regime we consider here, under which free
gas molecules ﬁrst attach to a bubble and then leave the
liquid in this bubble, requires the criterion νat τD  1
or
τD
X = νat τD =
= 2πL2 rNb  1.
(3.3)
τat
In particular, for a typical bubble size r = 1 μm and
for the number density of bubbles Nb = Ns /n, where
Ns = 1.6 · 1017 cm−3 is the number density of dissolved
water molecules in water at room temperature, this criterion gives L  20 μm. Thus, in reality, bubbles partake in establishment of equilibrium under laboratory
conditions (L ∼ 1 cm) at a low number density of bubble molecules.

0

dz
,
vf l

(3.4)

where z is the vertical coordinate and L is the distance
from the interface to a point of bubble formation. The
velocity of the bubble ﬂoating up, vf l , follows from the
equality of the gravitation force on a bubble in a liquid
to the resistance force. In determining the resistance
force via the Stokes formula [17,18], we ﬁnd the velocity
of a small bubble of radius r
vf l =

2ρgr2
,
9η

(3.5)

where g = 980 cm2 /s is the free fall acceleration, ρ is
the density diﬀerence of a liquid containing gas bubbles
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and the pure liquid density, and η is the liquid viscosity coeﬃcient. A more careful analysis shows that the
Stokes formula [17,18] corresponds to motion of a solid
particle in gaseous or liquid matter, but if a gaseous or
liquid particle is moving in a liquid with higher density,
the Stokes force must be multiplied by the factor 2/3
[19]. This gives the ﬂoating-up velocity of a gaseous
particle in a liquid as
vf l =

4ρgr2
.
27η

In the case of oxygen in liquid water, the left-hand
side of this criterion has the form Y ≈ Lr2 , where L
is expressed in cm, and the bubble radius r is given in
μm. Being guided by L > 1 cm and r > 1 μm, we ﬁnd
that criterion (3.9) is fulﬁlled.
4. KINETICS OF BUBBLE GROWTH IN
LIQUID

(3.6)

We now consider the kinetics of bubble growth and
bubble transport in a liquid. We assume the regime of
bubble growth to be the one resulting from molecules
contacting and joining bubbles, as well as from bubble
coagulation according to the scheme

In particular, for an oxygen bubble that moves in water at room temperature (ρ = 1 g/cm3 , η = 8.9 ×
× 10−3 g/(cm · s)), this formula takes the form
vf l = Cr2 ,

C = 1.6 · 104 cm−1 · s−1 .

Mn−m + Mm → Mn ,

(3.7)

where M is an air molecule. We introduce the size distribution fn of bubbles such that fn dn is the number of
bubbles per unite volume with the number of molecules
between n and n+dn. If bubble growth takes place in a
uniform matter, this distribution function satisﬁes the
Smoluchowski equation [20]

For typical parameters of the process under consideration r ∼ 1 μm and L ∼ 1 cm, we ﬁnd that the lifetime
of oxygen bubbles in water τf l is measured in hours.
We thus have determined that the disperse system under consideration can be constructed from two
phases, the ﬁrst phase being a liquid with bound and
free dissolved molecules, and a gas over the gas–liquid
interface, and the second phase is gaseous bubbles in
the liquid. The second phase is in a metastable state
because bubbles grow steadily within the liquid and
join with the gas over the interface when they reach
that interface by ﬂoating up. Our task is to analyze
evolution of bubbles in the liquid while accounting for
the indicated processes. We consider the regime of bubble evolution under which free molecules in the liquid
reach a bubble interface. This corresponds to the criterion that gas molecules attain the liquid–gas interface primarily in the form of bubbles. The rate of free
molecules reaching the interface is Nf /τD , where Nf
is the number density of free gaseous molecules inside
the liquid and τD is a characteristic time for those free
molecules to reach the interface in accordance with formula (3.2). The rate at which gaseous molecules attain
the interface as bubbles is Nm /τf l , where Nm is the
total number density of molecules inside bubbles and
τf l ≈ L/vf l is the ﬂoating-up time of bubbles. The
regime under consideration in which gaseous molecules
leave the liquid in the form of bubbles requires meeting
the criterion
Nm
Nf

,
(3.8)
τf l
τD

∂fn
= −fn
∂t

Y =

τf l
.
τD


k(n, m)fm dm +

+ k(n − m, m)fn−m fm dm , (4.2)

where k(n − m, m) is the rate constant of process (4.2),
and the distribution function is normalized as

fn dn = Nb ,
where Nb is the number density of bubbles.
Along with the number density of bubbles in a liquid, we introduce the total number density of molecules
as
∞
Nm = nfn dn.
0

We obtain an equation for Nm by multiplying Eq. (4.2)
by n and integrating over dn, which gives
dNm
=−
dt


nk(n, m)fn dnfm dm +

+ nk(n − m, m)fn−m fm dndm,

(4.3)

with n > m in the second integral. Replacing n − m
by n in the right-hand side of this relation, we obtain
the terms that mutually cancel, and dNm /dt = 0, i. e.,
within the framework of the Smoluchowski equation,

which can be represented as
Nm
 Y,
Nf

(4.1)

(3.9)
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the total number density Nm of molecules in bubbles
Nm is conserved in the course of the growth process.
In addition, we can introduce the average bubble size
n, i. e., the average number of molecules per bubble, as
n=

Nm
.
Nb

where Nm is the total number density of molecules in
bubbles. This means that in the course of bubble association in a motionless liquid, the total number of
molecules in bubbles is conserved. We now multiply
Smoluchowski equation (4.7) by n2 and integrate over
dn. Deﬁning the average number of molecules in bubbles as
∞
n2 fn dn

(4.4)

We can also introduce the average number of molecules
per bubble n in the form
∞


ndNm

n=

Nb

n = 0∞

2

n fn dn
= 0∞

nfn dn
.

(4.5)

0

nfn dn

we can reduce the integral relation for a yield to the
form
d
2
(nNm ) = kas Nm
.
(4.10)
dt

0

Association process (4.1) results from diﬀusive motion of bubbles in a liquid, and in the limit where the
mean free path of a bubble is small compared to the
mean bubble size, the rate is determined by the liquid
viscosity coeﬃcient η and is (see, e. g., [21, 22])
k(n, m) ≡ kas =

8T
,
3η

In the foregoing, we ignored transport phenomena
that describe the ﬂowing-up of bubbles. To address
this, we assume the auto-model character of the size
distribution function, as is usually done in processes of
nucleation (see, e. g., [18, 24, 25]). Then the size distribution function has the form

(4.6)

where T is the liquid temperature expressed in energy
units, and we use the analogy of the process (4.1) of
association of liquid clusters in a gas in this regime. In
particular, for bubbles in water at room temperature,
the association rate constant is [23]

fn ≡ F (n/n).

Assuming the association rate constant to be independent of the bubble size, we can reduce the Smoluchowski equation to the form
∞

where the average is taken with the size distribution
function, and we use formula (3.7) for the ﬂoating-up
velocity. This ﬂux is independent of a vertical height z
due to the continuity equation, which allows expressing
the total number density of molecules at a given height
as
j
Nm =
.
(4.13)
C r2

n
fm dm + kas

0

fn−m fm dm.

(4.7)

0

We now operate with average bubble parameters
and their variation in time. Then we use integral relations from the Smoluchowski equation. We replace the
integration sequence for any function of bubble size, to
obtain the symmetry relation
∞

n
F (n, m)dm =

dn
0

∞

0

0

If we use expression (2.6) for the number of bubble
atoms, then Eq. (4.10) and the equation of motion

∞

dz
= C r2
dt

F (n, m) dn.

dm
m

give

Multiplying Smoluchowski equation (4.7) by n and integrating over dn, we can obtain [21, 22]
d
dt

∞
0

dNm
= 0,
nfn dn ≡
dt

(4.11)

This allows us to separate processes of bubble growth
and transport in the vertical direction. For the ﬂux of
molecules inside bubbles, we have

j = vf l (n)nfn dn = C r2 Nm ,
(4.12)

kas = 6.1 · 10−11 cm3 /s.

∂fn
= −kas fn
∂t

(4.9)

,



r2 (r + r0 )
jdz = A( r ) d
r2
2
4πN0 C
,
A=
3kas
2

(4.8)
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with A = 4.3 · 1038 cm−8 · s−1 in the case of oxygen
bubbles in water. This formula testiﬁes to a weak dependence of the ﬁnal sizes of bubbles on the initial ﬂux
of molecules.
The distribution function (4.11) of bubble radii has
a maximum because small bubbles remain below and
may ﬂoat up only after they undergo association. We
consider the limit case where this maximum is narrow
and the distribution function

ra, mm
8

fn ∼ δ[r − ra (z)].

2

7
6
5
4
3

1
10–8 10–7
tfl, hours

Here, r is a current bubble radius and ra (z) is the average bubble radius for a given cross section. Then the
solution of Eq. (4.14) at a given height z gives
Ara7
.
(4.15)
7
We note the peculiarities of the process under consideration. At the beginning, free gas molecules are
formed near the bottom of the reservoir of liquid. These
molecules form bubbles, and during this process, the
paths of free molecules are relatively short. The principal transport of the gas in the liquid proceeds via bubbles ﬂoating up, after the molecules have aggregated
into bubbles. This regime is governed by criteria (3.3)
and (3.8); the fulﬁlment of these criteria does not necessarily mean that the majority of the gas molecules are
in bubbles. Nevertheless, near the gas–liquid interface,
most of the gas molecules are in bubbles and go into
the surrounding atmosphere in this form. We connect
the ﬂux of molecules j reaching the gas–liquid interface
with the energy ﬂux J consumed on formation of these
molecules according to formula

10–5

10–4

10–3

10–2

10–6

10–5

10–4

10–3

10–2

10–6

10–5

10–4

10–3

10–2
J/J0

1
b
0.1
10–8

10–7

Nm/Ns
1
10–1
10–2
c
10–3

(4.16)

where δε is the energy consumed per formation of one
gaseous molecule. Considering the photosynthesis process as
ω + CO2 → C + O2 ,
(4.17)

10–4
10–8

we ﬁnd that the energy for formation of one oxygen
molecule is 11.4 eV if the carbon atom is formed in the
gaseous phase. In reality, this value is less, and for deﬁniteness in our discussion below, we take δε = 10 eV.
It is convenient to take the unit of the energy ﬂux as
2
the solar irradiance J0 = 1365 W/m .
Some results of solving Eq. (4.15) at the interface
are given in Fig. 4. Speciﬁcally, Fig. 4a contains the
dependence of the average bubble radius ra (L) at the
interface on the reduced energy ﬂux of the absorbed
energy, which is based on the equation
Aδε · ra7 (L)
J(L) =
.
7L

10–6

10

jz =

J = δεj,

a

10–7

Fig. 4. Some parameters of oxygen bubbles in water as functions of the relative rate of molecule generation in water: a —
average bubble radius, b — time of ﬂoating-up of bubbles,
c — the total number density of oxygen molecules in bubbles.
L = 1 cm (dark circles) and 10 cm (open circles)

Figure 4b represents the dependence on the reduced
absorbed energy ﬂux for the bubble lifetime τ , which
starts from bubble’s origin and is given by

τf l =

(4.18)
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Next, Fig. 4c represents the reduced total number density Nm (L) of oxygen molecules in bubbles at the interface. As a unit of the molecule number density, Ns
we take given in Fig. 2, the number density of dissolved
oxygen molecules. The results in Fig. 4 correspond to
atmospheric pressure and room temperature.

gas. Because molecules of dissolved oxygen are bonded
in knots of water, we have
Nsat

(5.2)

The equilibrium number density of free molecules in
water Nsat is determined by the energy of the barrier
that must be crossed for transitions from the surrounding air into water,
ε 
sur
,
(5.3)
Nsat (ra ) = Ns exp
T

5. REGIME OF EVOLUTION OF OXYGEN
MOLECULES IN WATER WITH BUBBLE
FORMATION

Analyzing the results of the above evaluations, we
formulate the regime under consideration. Our system
consists of four components: oxygen over the interface,
bound dissolved oxygen, free oxygen molecules inside
water, and bubbles of oxygen molecules. Figure 5 represents the processes that establish equilibrium among
these components; we now consider this equilibrium between oxygen and water at atmospheric pressure and
room temperature. The rate of establishing this equilibrium for free molecules is given by formula (3.1),
νf = 4πDrk Nk ,

Ns .

where εsur is the bubble surface energy per molecule
given by formula (2.7).
We also compare typical times to achieve equilibrium in the oxygen–water system in Fig. 6. In particular, on the basis of formula (3.1), we have a typical
time τat for molecule attachment to a bubble to establish equilibrium between free molecules in water and
bubbles as
1
τat =
,
(5.4)
4πDra Nb
where D = 2.4 · 10−5 cm2 /s is the diﬀusion coeﬃcient
of oxygen molecules in water, Nb is the number density of bubbles, and ra is the average bubble radius. In
particular, it follows from Fig. 6a for the regime under
consideration that

(5.1)

where Nk is the number density of knots where
molecules are in a bound state with the liquid, and
rk is the knot radius. Because Nk > Ns and rk is of
the order of an atomic value, we can estimate this time
as 1/νf ∼ 10−6 s. It hence follows that the equilibrium
between free and bound dissolved molecules is realized
faster than for other channels in Fig. 5.
We let Nsat denote the equilibrium number density of free molecules in the water, by analogy with the
equilibrium between a gas and clusters formed from the

τat

τf l ,

(5.5)

i. e., equilibrium of free molecules with bubbles is established fast. Next, it follows from Fig. 6c that criterion
(3.9) can be fulﬁlled even if Nm
Nf , i. e., the amount
of oxygen in bubbles is small compared with that of free
oxygen molecules in the water. Thus, the regime under consideration, in which transport of molecules out
of the liquid proceeds through gaseous bubbles, is realized even if only a small fraction of the molecules in
water is in bubbles, not only compared with the total
number of dissolved molecules, as in Fig. 6c, but also
compared with the number of only the free molecules
in the water.
Indeed, near the interface, the equilibrium time range is between 10−5 –10−3 s, which is several orders of
magnitude less than the lifetime of bubbles inside water
(see Fig. 4b ). From this analysis, it follows that there
exists a minimal molecular ﬂux jmin and a corresponding energy ﬂux Jmin such that the regime under consideration takes place at J > Jmin . Unfortunately, we
cannot determine this value, which satisﬁes the relation
Jmin
J0 . Nevertheless, the regime under consideration exists above small ﬂuxes J. In this regime, there
is a ﬁxed value of the number density Ns of dissolved

gas over interface

bubbles

free molecules inside

dissolved molecules
Fig. 5. Processes of transfer between oxygen components in
the water and outside it
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tD/tat

6. CONCLUSION

10–9

We here consider some types of equilibria for a
liquid and a gas that is distributed both over the liquid
and in it, in the form of bound dissolved molecules,
free molecules in the liquid, and molecules in gaseous
bubbles. In the regime under consideration, molecules
injected into the liquid leave it in gaseous bubbles.
Assuming the liquid to be simple, i. e., the interface
between the liquid and bubbles to have the same
structure as in the bulk of the liquid, we ﬁnd that a
contact of two bubbles leads to joining of these bubbles
into a single bubble, similarly to two contacting drops,
in accordance with the Smoluchowski mechanism. The
lifetime of gas molecules in a liquid is determined
by the rate of bubbles ﬂoating up, which is in turn
connected with the rate of their growth as a result of
association. This analysis for the oxygen–water system
shows that a typical size of bubbles is of the order of
microns and a typical lifetime of bubbles ranges from
minutes to hours. In addition, the regime of the gas–
liquid interaction considered here, in which gaseous
molecules leave the liquid in bubbles, is realized at low
number densities of free gas molecules in a liquid.
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